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Abstract

In this paper, we obtain optimal error estimates in both L?-norm and H (curl)-norm for
the Nédélec edge finite element approximation of the time-harmonic Maxwell’s equations
on a general Lipschitz domain discretized on quasi-uniform meshes. One key to our proof
is to transform the L? error estimates into the L? estimate of a discrete divergence-free
function which belongs to the edge finite element spaces, and then use the approximation
of the discrete divergence-free function by the continuous divergence-free function and a
duality argument for the continuous divergence-free function. For Nédélec’s second type
elements, we present an optimal convergence estimate which improves the best results
available in the literature.

Mathematics subject classification: 65N30, 35Q60.
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1. Introduction

Convergence analysis for edge element discretizations of the time-harmonic Maxwell’s equa-
tions have been much studied in the literatures, see [4,5,7,10,12,13]. Monk [12] first proved
error estimates in both L?-norm and H (curl)-norm under the assumption that €2 is convex,
but both the exponent and the constant of convergence rate in L? error estimate involve an
arbitrarily small constant € > 0. Afterward, Hiptmair [10] and Monk [13] obtained asymptotic
quasi-optimality of error estimates in H (curl)-norm for a general Lipschitz polyhedron. Re-
cently, Buffa [5] presented an abstract convergence theory for a class of noncoercive problems
and then applied it to this model.

In this paper, we obtain optimal error estimates in both L?-norm and H (curl)-norm for
the Nédélec edge finite element approximation of the time-harmonic Maxwell’s equations on a
general Lipschitz domain and quasi-uniform meshes. First of all, we use the discrete Helmholtz
decomposition for the difference between the Nédélec finite element solution and a finite element
function, then obtain the discrete divergence-free function w; which belongs to the edge finite
element spaces. Secondly, we transform error estimate in both L?>-norm and H (curl)-seminorm
into the L? estimate of wy, by proving that the error function is discrete divergence-free. Thirdly,
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we obtain the L? estimates of w;, by using its special approximation w which is a continuous
divergence-free function and a duality argument for w. Finally, we obtain optimal error esti-
mates in both L?-norm and H (curl)-norm. Compare with the results in [12], the exponent
and the constant of convergence rate in our error estimates are independent of the constant e,
thereby we improve the L? error estimate in [12].

Combining optimal L? error estimates with the corresponding interpolation error estimates
for Nédélec’s second type elements, we obtain the convergence order of the error function, and
the order only depends on the Lipschitz domain and the smoothness of the solution. Especially,
for the convex domain, we obtain an optimal convergence order. It should be noted that the L?
error estimates are one order higher than the H (curl)-norm estimates for Nédélec’s second type
elements, however, it is not correct for Nédélec’s first type elements, because when restricted to
the elements of the triangulation they fails to provide a complete space of polynomial ( see [12]).

To avoid the repeated use of generic but unspecified constants, following [18], we use the
notation a < b means that there exists a positive constant C' such that a < Cb, the above
generic constants C' are independent of the function under consideration, but they may depend
on €2 and the shape-regularity of the meshes.

The rest of the paper is organized as follows. In Section 2, we introduce the time-harmonic
Maxwell’s equations, then present its corresponding equivalent variational problem and the well-
posedness. In Section 3, we present the discrete variational problem and some preliminaries. In
Section 4, we obtain optimal error estimates in both L?-norm and H (curl)-norm, and present
an optimal convergence order for Nédélec’s second type elements.

2. Formulation of the Problem

For simplicity, we assume that € is a bounded Lipschitz polyhedron in R? with connected
boundary I' and unit outward normal v. For any m > 1 and p > 1, we denote the standard
Sobolev space by W™P (). Especially, when p = 2, we denote the space by H™(Q)) = W™2(Q),
and HE () = {u € H*(Q) : u|r = 0}. Furthermore, we also need some other Sobolev functional
spaces ( see [9,14]):

H(curl; Q) = {u € (L*(Q))? | Vxuce (L), vxu=0o0nT},
H*(curl; Q) = {u € (H*(Q))* | Vxue (H(Q))"},

where s > 0, and the above spaces are equipped with the norms, respectively,
1/2
ol rreurr = (Il + 1V x 0[3)'"* ¥ u € Ho(curl; ),
2 2 1/2 s
lollr-euriey = (I0l3e (o) + IV % 0l3ey) ¥ 0 € H¥ (curl; ).

Here, || - ||o denotes the norm in (L2(£2))3.
We consider the following classical time-harmonic Maxwell’s equations (c.f. [10,12,14])

Vx(u'VxE)—wnE=F inQ,
vxE=0 onTl, (2.2)
where p is called the magnetic permeability, w > 0 is called the angular frequency, n = e+io/w,

where i = v/—1, € and ¢ are called, respectively, the electric permittivity, and conductivity of
the homogeneous isotropic body occupying €2, F' = iwJ with the applied current density J.
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In general, ;1 and € are positive definite functions, o is positive definite in a conductor and
vanishes in an insulator. For simplicity, we assume that 4 = 1, := w? € R,8 := wo € R,
where both € and o are constants. We also suppose that F € Hy(curl; Q)" and Hy(curl; Q)
is the dual space of Ho(curl; ) with respect to the (L?(£2))? inner product.

Remark 2.1. 1. When e = 0, Egs. (2.1) and (2.2) describe the eddy current model (c.f. [1,17]):
Vx(VxE)—ifE=F inQ,
vxE=0 onl.

2. When o =0, Egs. (2.1) and (2.2) describe the lossless case of the time-harmonic Maxwell’s
equations

Vx(VxE)—aE=F inQ, (2.3)
vxE=0 onl.
In this case, « is real, and both E and F' are also real.
The variational formulation of problems (2.1)-(2.2) is to find E € Hy(curl;2) such that
a(E,¢) = (F,v¢) Ve Hy(curl;Q), (2.5)
where

a(E,¢) = (VX E,Vx¢) - (a+if)E,¢). (2.6)

Here, (-,-) denotes the inner product in (L?(£2))3.
In order to ensure the well-posedness of variational problem (2.5), we will always make the
following two assumptions:
B>0 in Q, (2.7)

or
8 =0, and « is not an eigenvalue of Egs. (2.3) and (2.4). (2.8)

The following lemma presents the well-posedness of variational problem (2.5) and its proof
can be found in [10,12].

Lemma 2.1. Assume that Q is a bounded Lipschitz polyhedron with connected boundary, and
that (2.7) or (2.8) holds, then there exists a unique solution E € H(curl; Q) of the variational
problem (2.5), and we have

”E”H(curl;Q) S HFHO

3. Edge Element Discretization

Assume that  is covered by a regular mesh of tetrahedron 7;, where h is the maximum
diameter of the tetrahedron in 7;,. We introduce the following Nédélec’s first type elements
space Vﬁ’l and second type elements space VZ’Q (see [15,16])

V’Cl {vaHO (curl; Q) ‘vh\Ke’Rk forallKE?}L}

VZQ {thHO (curl; Q) ‘vh\Ke (Pr)? forallKeTh},
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where
Ri = (Pi1)* @ {p e (P) |2 p=0},

Py is the set of polynomials of total degree at most k and P}, denotes the space of homogeneous
polynomials of order k.

Let V}, denotes VZ’I (or VZ’2). Now, we introduce the discrete variational problem of (2.5):
Find E} € V', such that

W(Epn, ;) = (F,4py,) YV, € Vy. (3.1)

In the following, we introduce some preliminaries which will be used in the error estimates.

Using the degrees of freedom of Nédélec edge element space VZ’Z(Z = 1,2), we can define the
corresponding edge interpolations qurl’lu € V'Z’l, for any uw € H'Y?*°(curl; K) with constant
§>0and K € T, (c.f. [15,16]).

The next lemma states the interpolation error estimate, see Theorem 8.15 in [14], Lemma
3.2 and Lemma 3.3 in [6].

Lemma 3.1. Let V% and TI"™"? be constructed as above. Then
1. Ifu € (HTH(Q))? for 1 < s <k, we have
= T 2 ullo + AV x (w =T 2w lo S B ull ey (3:2)
2. Ifu € H®(curl; Q) for 1/2 < 6 < 1, we have
Jw— HZMMUHH(curl;ﬂ) S h6||u||H5(curl;Q)' (3.3)

The estimate of (3.3) also holds for the interpolation qurl’l.

Next, we define the following Lagrange finite element space corresponding to H& (Q):
Sk={pn € Hy(Q)NCQ) | pnlk €EPr, VKET, }.

Definition 3.1. A function v € (L*(Q))3 is called discrete divergence-free for VZ’Z(Z =1,2) if
there holds

(v,Var) =0 Vg, Syttt (3.4)

In view of the above definition, we know that a discrete divergence-free function does not
possess normal continuity.

From the exact sequence property of discrete finite element space, we know that gradS}’fH*1
is the kernel of operator curl in V;?l,l = 1,2. Hence, we have the following discrete Helmholtz
decomposition for VZ’Z (see [10,11,14])

Vil =V +gradSEtl (3.5)
where
Vi ={un € Vil | (wn, Vpn) =0 for Vp, € SFH"1

The following lemma shows that the discrete divergence-free function can be well approxi-
mated by a continuous divergence-free function. The construction for continuous divergence-free
function was used for example by Girault [8] and Monk [12]. However a clearer analysis is from
Amrouche et al. [2], Arnold , Falk and Winther [3], Hiptmair [10] or Monk [13,14].
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Lemma 3.2. For any given uy, € Vg:,ll, there exists a w € Ho(curl; Q) that satisfies
Vxu=Vxup V-u=0, (3.6)
and
[ = lo S POV x unllo (3.7)

with a constant § € (0.5,1] and 6 = 1 for the case that Q is smooth or conver.

4. Error Estimates

In this section, we will discuss the finite element error estimates in both L2-norm and
H (curl)-norm.

Let Vg, denotes V]g:,ll (or Vgi) and Sj, denotes SF (‘or SF*1). For any vy, € V7, using
the discrete Helmholtz decompositions (3.5) for vy, — E},, we have

vy — Ep = wp + Vap, (4.1)
where wy, € V), and q;, € S In view of (4.1), we obtain
V xwp =V x (vy, — Ep). (4.2)

At this stage we do not know that E, exists, but if it does exist we define e;, := E — E}. In the
following, we present error estimates in both L?-norm and H (curl)-seminorm, respectively.

Lemma 4.1. The following estimate holds
lenllo < V2 (ILE —wallo + [lwnllo) - (4.3)
Proof. Subtracting (3.1) from (2.5), we obtain the Galerkin orthogonality
alen,¥y,) =0 Vb, € Vp, (4.4)

which leads to
((a+iB)en, Vp,) =0 vV p;, € Sh. (4.5)

For arbitrary real-valued function rj, € Sy, taking Vr, or iVry, instead of Vp,, in (4.5), respec-
tively, and using the assumptions (2.7) and (2.8), we conclude that ey, is discrete divergence-free,
namely

(en,Vp,) =0 VY p, € Sh. (4.6)
Using (4.1) and (4.6), we have

||eh||(2) = (ehaE - ’Uh) + (ehavh - Eh)
= (en, E —vp) + (en,wn + Vag,)
= (eh, FE — Uh) + (eh, wh). (47)

Combining (4.7) with Cauchy-Schwartz inequality yields
lenllo < V2 (1B = wnllo + lwllo)

which completes the proof. O



568 L.Q. ZHONG, S. SHU, G. WITTUM AND J.C. XU

Lemma 4.2. The following estimate holds
IV xenllo < 1B = vallr(caro) + [wrlo, (4.8)
where the constant only depends on the parameters o and (3.
Proof. By (2.6), (4.4), (4.1) and (4.5), we have

IV < en§ = alen en) + (o +if)en en)

= alep, E —vp) + ((a +ifB)en, en)

=(VxepnVXx(E—-wvy))— ((a+if)en, E—vy —ep)
V xenVx(E-wv)+ ((a+if)en, vy, — Ep)

= (
=(VxenVx(E—-vy)+ ((a+if)en, wp).

Then using the Cauchy-Schwartz inequality, we have
IV x enlls S IV x (B —wvi)[I§ + lenll§ + lwnll3,
where the constant only depends on the parameters o and 3. Then we obtain
IV xenllo S IV < (E =wvn)llo+ llenllo + llwnllo- (4.9)
Substituting (4.3) into (4.9), we obtain
IV x enllo S 1B = vnllH(curt:a) + [lwnllo,

which completes the proof. 0

It is clear that it suffices to estimate ||wy||o for completing error estimates in both L?-norm
and H (curl)-seminorm. To this end, we use the approximation of the discrete divergence-free
function by the continuous divergence-free function and a duality argument for the continuous
divergence-free function.

Lemma 4.3. There exists a constant hg > 0 independents of h, E and Ey, such that for all
h < hg, we have

lwallo S 1B = vallo + BV x (E = wvp)llo, (4.10)
where the constant § is the exponent in Lemma 3.2.

Proof. For given wyp € Vo, in (4.1), using Lemma 3.2, there exists a w € Ho(curl; Q)
satisfies

Vxw=Vxw, V- -w=0, (4.11)
and

lw —wllo £ BV x who- (4.12)
Using (4.12), (4.2) and the triangle inequality, we have

lw —wylo SRV x (v, — Ep)|lo

~

<K (|IVxenlo+ IV x(E—=v)o). (4.13)
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Using the triangle inequality, (4.13) and (4.8), we obtain

lwhllo < C1 (B (IV x enllo + IV x (B = vn)]lo) + [[w]lo)
S 02 (htsHE - vhHH(curl;Q) + héllwhHO + ||’LU||0> .

where the constants C; (i = 1,2) independent of h, E and Ej. Choosing h; > 0 satisfies
1-— C’gh‘lS > 0, then for all h < hy, we have

[whllo S B E = vnll geurte) + [[w]lo- (4.14)

Next, we will use a duality argument to obtain the L? estimate of w.
Let ¢ € Hy(curl; Q) solves the following auxiliary problem

a(h, @) = (w,4) Vp e Hy(curl; Q). (4.15)

Taking 1 = Vq with some q € H}(2) in (4.15), and using the Green formula with the fact
V -w =0, we have

(o + i8)Va, ) = 0. (4.16)
Since V - w = 0, we have the following regularity result for auxiliary problem (4.15) (see [13])
1815 emny < leelo (117)

Combining (4.2) and (4.11), we have
V x (w— (vp, — E)) =0. (4.18)

Noting that w — (v, — Ey) € Hg(curl; Q) and (4.18), thus using the exact sequence property,
there exists a p € Hj(£2), such that

w — (’Uh — Eh) = Vp. (419)

Using (4.18), (4.19) and (4.16), we have

Q>

(w — (vh — En), ¢)
VX (w = (vh = Ep)),V x @) — ((a+if)(w — (vi — En)), ¢)
(a+1i3)Vp,¢) = 0. (4.20)

—~

Setting ¥ = w in (4.15), and from (4.20), (4.16), (4.4), (4.15), (3.3) and (4.17), we have

[w|? = a(w, ¢) = a(w — (vy, — Ey),d) + a(vy — En, @)
= a(en, d) — a(E — vy, @)
= alen, ¢ — I p) — (w, E — vy,)
S llenllzeurioy | = T @l g (eurie) + lwllol E = vnllo
< llwllo (h°]lenl r(eure) + 1B = vallo)

1,1 1,2 :
where IIS"! denotes II;"™" (or II;"">%). Hence we obtain

lwlo < 1B = villo + h°llenll #r(curte)- (4.21)
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At last, substituting (4.21) into (4.14) and using Lemmas 4.1 and 4.2, we obtain

lwhllo < Cs (IE = wpllo + h° |V x (B —vp)llo + h°len | mr(curtso))
< Cy (|1 E = wnllo + h° IV x (B —wvp)lo + h°l|whllo) ,

where the constants C; (i = 3,4) independent of h, E and Ej. Choosing hy > 0 satisfies
1 — C4h3 > 0, then for all h < hg := min{hq, ho}, we obtain the estimate (4.10). O

Now, we present our main result as follows.

Theorem 4.1. Let ) be a bounded Lipschitz polyhedron with connected boundary, E and Ej,
satisfy (2.5) and (3.1), respectively, and (2.7) or (2.8) holds. Then there exists a constant
§ € (0.5,1] with 6 =1 for a convex domain, and a constant hg > 0 independents of h, E and
E},, such that for all h < hy, we have

IE—EuloS inf (IE - wnllo+ 9 x (E—vi)lo). (4.22)
vREV
||E - Eh”H(curl;Q) f, inf ”E - vh”H(curl;Q)a (423)
VREV

where the constants only depend on §2, the shape-regularity of the meshes, the parameters o and

3.

Remark 4.1. When  is convex, and (2.8) holds, the following error estimate can be found
in [12]

|E = Eullo < C() (IE - T Ellg + B[V x (E — 5™ E) o) (424)
where the constant C(e) depends on the parameter £ > 0.
Proof. Substituting (4.10) into (4.3) and (4.8), respectively, we have

lenllo S 1B = vallo + h°[IV x (E = wp)|lo; (4.25)
Hv X eh”O 5 ||E - vhHH(curl;Q)a (426)

which concludes the proof of the desired estimate (4.22). The estimate (4.23) is a direct conse-
quence of (4.25) and (4.26). O

Corollary 4.1. Under the hypotheses of Theorem 4.1, then for F € Ho(curl; Q)’, there exists
a constant hy such that for all h < hg, variational problem (3.1) has a unique solution.

Corollary 4.2. Assume that Q is a bounded Lipschitz polyhedron with connected boundary,
(2.7) or (2.8) holds, for some s with 1 < s < k, E € (H**'(Q))? and E;, € V' satisfy
(2.5) and (3.1), respectively. Then there exists a constant 6 € (0.5,1], and a constant hg > 0
independent of h, E and Ey,, such that for all h < hg, we have

|E — Epllo S WP El|(gre+1(0))2-
Especially for the conver domain, we obtain optimal convergence

|E - Epllo S B E| (o1 (0))2-
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Proof. Replacing vy, by qurl,QE in (4.22) and using (3.2), the desired estimates follow. [J

Remark 4.2. The results in Corollary 4.2 can not hold for VZ’I, since the estimate of (3.2)

does not hold for the interpolation qurl’l.
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