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Abstract

We consider an Adaptive Edge Finite Element Method (AEFEM) for the 3D eddy cur-
rents equations with variable coefficients using a residual-type a posteriori error estimator.
Both the components of the estimator and certain oscillation terms, due to the occurrence
of the variable coefficients, have to be controlled properly within the adaptive loop which
is taken care of by appropriate bulk criteria. Convergence of the AEFEM in terms of
reductions of the energy norm of the discretization error and of the oscillations is shown.
Numerical results are given to illustrate the performance of the AEFEM.
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1. Introduction

In this paper, we are concerned with a convergence analysis of adaptive edge element approx-
imations of the semi-discrete eddy current boundary value problem in three space dimensions.

We assume Q to be a bounded domain in R? with polyhedral boundary I' = Q. We adopt
standard notation from Lebesgue and Sobolev space theory. In particular, L?(Q2) (resp. L%(Q))
stands for the Hilbert space of square integrable functions (resp. vector fields) on §2 with norm
Il - llo,, whereas H™(Q2),m € IN (resp, H™({2)) refer to the Sobolev spaces of functions (resp.
vector fields) on .

We define

H(curl; Q) := {q € L?(92)|curl q € L*(Q)}

as the Hilbert space equipped with with the graph norm

1/2
lallcwrio = (lallgq + llcurl qfl§ o) "

We further refer to
~r(q) == qAnp € HY2(divp; T) (1.1)

as the tangential trace and to

7r(q) == np A (q Anp) € H Y2 (curlp; T) (1.2)
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as the tangential components trace of q € H(curl; ), where nr denotes the outward unit nor-

mal on I" and divr, curlp stand for the surfacic divergence and surfacic rotational, respectively

(for a proper definition of these mappings and the associated trace spaces cf., e.g., [11-13]).
We further refer to

H(div; Q) := {q € L*(Q)|div(q) € L*(Q)}

as the Hilbert space with the graph norm

. 1/2
lallaiv.e = (llall§.o + ldiv(a) (5 .q)

and denote by
vr(q) :=np-qe H 3T

the normal trace of q € H(div;Q2) on I'.  We note that for a polyhedral subset D C €, the
spaces H(curl; D) and H(div; D) as well as the associated trace mappings v5p, ®op and vop
are defined analogously. In particular,
Yop : H(curl; D) — H™Y2(divyp; dD),
mop : H(curl; D) — H™Y2(curlyp; dD)
and
vop : H(div; Q) — H~Y/2(8D)

are surjective and continuous, linear mappings such that

||'78D(CI)||H,—1/2,8D < C HQHCMI;Q qc H(curl; D)» (1~3)
Imop(@)llL,—1/200 < C lldllcuro aq € H(curl; D), (1.4)
lvop(a)ll=1/2,00 < C lldllagiv:o q € H(div; D), (1.5)
where || - || —1/2,0p, || - llL,—1/2,0p: 1] - ||=1/2,0p refer to the norms on H~/2(divyp; D),

H~1/?(curlpp; 0D) and H~'/2(0D), respectively, and C stands for a positive constant not
necessarily the same at each occurrence (cf., e.g., [13]).
We introduce the subspace

Ho(curl; Q) := {q € H(curl; Q)|wr(q) =0} (1.6)
and define the bilinear form a(-,-) : Hg(curl; Q) x Ho(curl; Q) — R according to
a(j,q) := /(Xcurlj -curlq + kj - q)dz, j,q € Ho(curl; Q). (1.7)
Q

We assume y, x € L>®(Q) such that x; > x > xo a.e. and k1 > Kk > Ko a.e. for some x,,k, €
R4, v € {0,1}. Hence, the bilinear form a(-,-) is Ho(curl; Q)-elliptic and defines an equivalent
norm on Hg(curl; Q) according to

lllalll? == a(a,q), q € Ho(curl; ). (1.8)

Moreover, we suppose that f € [[/~, H(div;Q;) and x,x € [[;-, W°(€2;) with regard to a
partition of © into non overlapping subdomains €;,1 < i < m. We consider the following
variational problem: Find j € Ho(curl; ) such that

a(j,q) = /f -q dz, q € Hg(curl; ). (1.9)
Q
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It is well-known that under the given assumptions (1.9) admits a unique solution.

Remark 1.1. We point out that the approach presented in this paper can be extended to the
case of complex-valued semi-discrete eddy current equations caused by a complex-valued & in
(1.7). We further note that j is not uniquely determined in subregions with vanishing . In
such regions, an additional gauge condition is needed to enforce uniqueness (cf. also Remark
2.1 in section 2).

For the edge element discretization of (1.9) we consider a shape regular simplicial tri-
angulation Ty of  which is consistent with the partition Q = I, €, in the sense that
each Q;,1 < i < m, inherits a shape regular, simplicial triangulation Tz (€;). We refer to
Nu(D),Ex(D), Fu (D), and Ty (D) as the sets of vertices, edges, faces, and elements of the
triangulation in D C Q. We denote by hy (hr) the diameter of an element 7' € T () (face
F € Fy) and by hg the length of an edge E € £ (). Further, we refer to wp = T UT_ as the
union of the triangles Ty € Ty sharing the common face F' € Fp (). Throughout the sequel,
for two quantities A and B we will use the notation A < B, if there exists a constant v > 0,
depending only on the data of the problem and on the shape regularity of the triangulations,
such that A <~yB. We will write A~ B, if A< B and B < A.

The variational equation (1.9) is discretized by the lowest order edge elements of Nédélec’s
first family

Ndi(7) == {3a € R?, 38 € R® Vx = (v1,22,23) €T : q(z) = + BAX}.
The associated curl-conforming edge element space Nd1(€; 75 (Q)) C H(curl; Q) is given by
Nd(Q;7y) :={ qu € H(cur]; Q)| qu|r € Nd,(T), T € Tg},
and we refer to Ndq,0(€2; 7 (Q)) as its subspace
Nd1,0(7y) :== {ay € Nd1(Q; Ty)| 7r(qe) =0onT}.

Then, the edge element discretization of (1.9) amounts to the computation of ji; € Nd1,0(2; 7x)
such that

a(jm,qm) = /f'QH7 qn € Nd1,0(Q; 7x). (1.10)
)

An Adaptive Finite Element Method (AFEM) consists of successive loops of the cycle

SOLVE — ESTIMATE — MARK — REFINE . (1.11)

Here, SOLVE stands for the numerical solution of the finite element discretized problem, ESTI-
MATE requires the a posteriori estimation of the global discretization error in some appropriate
norm or with respect to a goal oriented error functional. The step MARK is devoted to the
selection of elements and edges for refinement, and the final step REFINE takes care of the
technical realization of the refinement process.

The development, analysis and implementation of efficient and reliable a posteriori error
estimators has been the subject of intensive research in the past two decades and has actually
reached some level of maturity (see, e.g., the monographs [1,4,5,18,26,31] and the references
therein). On the other hand, a rigorous convergence analysis of (1.11) relying on appropriate
error reduction properties has so far only been done for conforming AFEMs [17,22,24] and
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by the first author for mixed and nonconforming finite element methods in [15,16]. Optimal
convergence rates for conforming AFEMs have been obtained in [9] and [30].

In the framework of a residual-type a posteriori error analysis of adaptive edge element
discretizations of the semi-discrete eddy current equations, we note that efficient and reliable a
posteriori error estimators have been developed and analyzed in [6-8,21,29]. We emphasize that
Hy(curl)-elliptic variational problems are more involved than standard H{-elliptic problems
due to the occurrence of a non-trivial kernel of the curl-operator which has to be treated
separately. As far as a convergence analysis by means of a guaranteed error reduction within
the adaptive loop is concerned, so far only the 2D equations have been considered assuming
constant coefficients [14]. Here, we will address the more realistic 3D scenario with variable
coefficients which gives rise to additional oscillations which can be treated following similar
arguments as in the convergence analysis of AFEMs for general linear second order elliptic
PDEs [22].

The paper is organized as follows. Section 2 describes the adaptive loop including the
reliability of the error estimator and states the main convergence result. Section 3 is concerned
with an error reduction result by means of the discrete local efficiency of the estimator, whereas
Section 4 establishes oscillation reduction. Section 5 contains the proof of the main convergence
result which follows from the error and the oscillation reduction properties. Finally, Section 6
contains a documentation of numerical results illustrating the performance of the adaptive edge
element method.

2. Adaptive Loop and Main Convergence Result

The step SOLVE in the adaptive loop (1.11) requires the numerical solution of the edge
element discretized problem (1.10) for which efficient multilevel techniques have been derived
in [3,19,27] (cf. also [6,20,23]).

For the following step ESTIMATE, we will provide a residual-type a posteriori error esti-
mator similar to those considered in [7] and [29]. For this purpose, we consider the element

residuals
Rgpl)(jH) := curl(xcurl(ju)) + <ju — f, Te Ty, (2.1)
RY (ju) := div(kju) — div(f), T € Ty, (2.2)
and the face residuals associated with interior faces
R () 1= [xeurl(u) Anplr.  F € Fu(9). (2.3)
R () = Inp - (sji = Dlr. F € Fa(Q), (2.4)

where [-]F denotes the jump across F.
Since we only want to select faces for refinement in the bulk criterion, for an interior face
F =T nNnT_,Ty € Ty, we define n(Fl) as a weighted sum of the L2Z-norms of the element

residuals Rgi;) (ju),1 < v <2, according to

h3 1 1
(1)y2 o Ty R(l) s 2 R(2) s 2
(mp’)” . <XT+ Ry, Ge)llo,r, + i 1Ry, Ge) 15,7,

h?ﬂ 1 1),. 1 2),.
+<w#m%j+M#mm¢, (2.5)
XT1_ RT_

m_
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where
X1, = |Ti|71/ x dr, Fr, = |Ti|71/ K dx
T+ T+

and
my = card({F € Fu(Q)|FNFu(Ty) # 0}).

Moreover, we define 77%2) by means of

9 1 . 1 2) /s
@) = hp (RS;)(JH)naF T ||R%><JH>||37F) , (2.6)
XF Rp
where
. 1, B . 1 _
XF = i(XTJr +XT,)a Rp = §(KJT+ + HT,)~
We set
1 2
W= S mhes e = R + 5P 2.7)
FE.FH(Q)

The convergence analysis further involves the oscillations

0scy = Z osc%’p, oscfiF = (OSCS?F)Q + (oscg?F)2. (2.8)

FeFu(Q)

Here, oscg)F, 1 < v <2, are given by

h%“ . —(1) /. . —=(2) .
(oscipe)* = = (IR () = Fr) Gen) e, + 1B Gen) — B Gl . )
hi_ 1) /s 1) /. 2) /. -2) /.
+ = (18 Gr) = By Gel3 . + 18 Ge) = By Gl ). (29)

1 . 1) . 1 . -2 /.
(osei? i= e (=1 o)~ B G+ I o)~ B Gl )« (210

where

By (er) = | T | ! / RY (n) de , BY (u) = |F|™ / RY () do, 1<v<2.
F

Ty

Remark 2.1. In subregions of vanishing x and solenoidal right-hand side f, the estimators

77%”) and the oscillations osc%)F, 1 < v < 2, have to be modified by dropping the residuals

R(T2)7 T € Ty, and Rg), F € Fr(Q) (cf. also Example 2 in section 6).

The subsequent step MARK is devoted to the selection of interior faces F' € Fg(Q),
F=T,.NT_, Ty € Ty, and adjacent elements from 7y for refinement. In particular, given two
universal constants 0 < ©,, < 1,1 < v < 2, we select subsets M) C F(Q) such that

O, Z 7)12L1,F§ Z n%{,F? (2-11)

FeFu(Q) FemM®
O, Z 0sct p < Z 0scY p- (2.12)
FeFu(Q) FeM®)

These so-called bulk criteria (2.11),(2.12) can be realized by a greedy algorithm (cf., e.g., [9,16,
30)).
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In the final step REFINE of the adaptive loop (1.11), for a face F € MM u M@ F =
T, NT_, Ty € Ty, we refine all elements T’ € Ty with Fgy(T')NFgy(Tx) # 0 such that all such
T and all faces F' € Fy(T")NFy(Ty) contain a node in their interior. For a realization of this
so-called interior node property we refer to [24]. Eventually, further refinements are necessary
to guarantee that the resulting refined mesh 7}, is geometrically conforming such that the edge
element spaces Ndy ,0(2; 7g) and Ndq,0(€2;7,) are nested.

If we proceed according to the steps SOLVE, ESTIMATE, MARK, and REFINE as specified
above, we can prove the following convergence result:

Theorem 2.1 Let ju and jn be the edge element approximations of the solution j of (1.9) with
respect to the triangulation Ty and its refinement T, generated according to the steps MARK
and REFINE of the adaptive loop. Let further ng and oscy be the residual-type a posteriori
error estimator and the oscillations given by (2.7) and (2.8) respectively. Then, there exist
constants 0 < p < 1 and C > 0, depending on the data x, k, on the constants ©,,1 <v <2, in
(2.11), (2.12), and on the shape regularity of the triangulations, such that

1§ = nlll* + C osci, < p(Illi —Julll* + Cosch). (2.13)

The proof of Theorem 2.1 hinges on the reliability of the estimator ny and on an error
reduction and an oscillation reduction result. As far as the reliability is concerned, we note that a
residual-type a posteriori error estimator similar to (2.7) has been derived and analyzed in [7]. In
particular, its reliability has been shown by means of a Scott/Zhang-type interpolation operator
which, however, required some additional regularity of the solution, namely j € Ho(curl; Q) N
H!(Q). This result has been significantly improved in [29] relying on a Clément-type commuting
quasi-interpolation operator ITy : Ho(curl; ) — Ndj o(2, 7g) with the property: For every
q € Ho(curl; Q) there exist p € H}(Q) and z € H(Q) such that

q— IIgq = grad(p) + z, (2.14)
hztllellor + lgrad(e) o < lallo.or T € 7Tn, (2.15)
hr'llzllor + |grad(z) o < [eurl(@)loor, T € Tn. (2.16)

Here, the element patch @ is given by
or =U{T" € Ty| T' Nwr # 0},
where
wr = U{T/ S TH| NH(T/) ﬂNH(T) 7& @}

(cf. Theorem 1 in [29]).
Using (2.14)-(2.16), reliability of ng can be shown:

Theorem 2.2.(cf. Corollary 2 in [29]) For the estimator ny as given by (2.7) there holds
Wi —jull® < nF - (2.17)

Remark 2.2. The proof of the reliability uses standard tools from the residual-type a posteriori
error analysis based on the decomposition (2.14) and the estimates (2.15),(2.16). We note that
the constant in (2.17) depends on the ratios of the upper and lower bounds x,, k,,v € {0,1},
of x,x and is thus affected by possible discontinuities of the coefficient functions.
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3. Error Reduction

The error reduction property asserts that, up to the oscillations oscy, the energy norm
of the difference between the fine and coarse mesh approximations jn € Ndj (12, 7;) and
ju € Ndi1 0(2, 7g) is bounded from below by the error estimator.

Theorem 3.1. There exists a constant Cp > 0 , depending only on the data X, k, the constant
O in the bulk criterion (2.11), and on the shape regularity of the triangulations such that

ny < C1 (|llin — ulll® + oscy) - (3.1)

The proof of Theorem 3.1 follows from a series of lemmas providing upper bounds for the local
components of the error estimator and thus establishing what is known as the discrete local
efficiency of the error estimator. The estimates rely on the construction of appropriate ’discrete
bubble functions’ which are admissible fine mesh test functions whose support is restricted to
the respective elements in case of the element residuals R%r) ,1 <v <2 (Lemmas 3.1 and 3.2),

and to appropriate patches of elements in case of the face residuals R;i'), 1 < v <2 (Lemmas

3.3 and 3.4). The first two results deal with 77( ).
Lemma 3.1. Assume that Ty € Ty are refined triangles. Then, there holds

(maXr, ) B3, RE) Ge) I3 7
Slin = dual 2y +mat b RS i) - By () (3.2)
Proof. The triangle and Cauchy Schwarz inequalities readily give
(miYTi) ”RTi Gl Ty
<X, )" 1hTi (IRE, Grl ., + 1R Gr) = B () .1, ) - (3.3)

We denote by aj"},, € Tp(int(T%)) an interior nodal point in Ty and refer to

hore = U € Tu(Ty) | ik, € Nu(T')}

as the union of all fine mesh elements having amt as a common vertex. Moreover, we denote
by Ef . € En(int(Df 7, ), 1 <wve <vi,vi > 3, the interior edges in Dj; 7. C Ty and refer to
Py € Ndlﬁg(D;iTi ; 71,) as the associated edge basis functions satisfying

1, F=FE}
El7' [ tp- ds = v
] /E Ph,s @8 { 0, otherwise.
E

We choose

a —
qh,Ti T § Ay (Ph,l/i

vy=1
as a linear combination of the basis functions associated with the interior edges such that

(meXr, ) BEIRY. Ge)lI2

(1)
“hi (RTi( H), Qﬁ,Ti)O,Ti
1)

1 a - . 1) /. a
_h2 (R( )(.] )7qh,Ti)0,Ti + hi (RTi (JH) - ngi) (JH)>qh’Ti)0,Tia (34)
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and

& —-(1)

Z |Ol’/:l:| SJ (mini)*l/z |RTi(jH)‘ (35)

vy=1
By means of (2.3) and in view of Trt(qi'il,TiﬂaDZ_Ti = 0, Stokes’ theorem gives

1) /.
W%, (RY) (Gu), @hory Jo.re

=hi, (curl(xeurl(ju)) + sju — £, dh 1. o7

= l12Ti ((Xcurl(jH), curl(qf 1, ))o,7e + (kju — f, qﬁ,Ti)O,Ti). (3.6)
Further, we take advantage of the fact that qj; 1, is an admissible test function in (1.10) whence
(xcurl(jn), curl(af 1, ))o,ry + (Kjn — £, a4k v, Jo,r. =0. (3.7)
Combining (3.6),(3.7) and using (3.5) as well as
lnpellory S hre,  [leurl(ey, oz ST,

we obtain

1) /e
h2. [(RY) Gur). ar, o7 |

= hz, |((xcurl(ju — jn), curl(qf v, ))o.ry + (k(ju — Jjn), ah v, o7 )|

. . . . -1 /.
S(hre IXlloo e leurl(Ga — jn)llore + Py I6llco,re 13m = nlloze ) 1By Gen) o,z
. . — =12 .
Sllin = dulleurt e (maexr, )" Y2 Ry, Gu)llo,rs - (3.8)
Finally, for the second term on the right-hand side in (3.4) we get
-1 /. 1) .
W, (R, GGr) — Ry (). af oz, Doz |
-1 /. . — =172 .
She, | Ry, Gr) = By (s lo.rs (maXor,) ™/ [ R (el (3.9)
The assertion follows readily from (3.3),(3.8) and (3.9). O
Lemma 3.2. For refined triangles Ty € Ty there holds
- 71}12 R(g) H 2
(mfry)” hpy 1Ry, ()61,
. . - 2) /. -2) /.
Slin = duld 2, +mat b3, |BE Gu) — Ry, () 3 2. - (3.10)
Proof. Obviously, we have
7 ) h2 IRP (5 2
(m+Fry)” hy, 1Ry, (Gu)0, 1y
< 2(myrr,) " h2. (IRY (a2 R? () — B () |12 3.11
> (mi“Ti) i l Ty (JH)HO,Ti + |l Ty (Ju) Ty (JH)HO,Ti . (3.11)

In order to derive an upper bound for the first term on the right-hand side in (3.11), let
aﬁt € Ny, (T+) be an interior nodal point and T,Li € Tr, such that aﬁf’ S Nh(T,Li), 1<wy <vf.
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We choose ¢f T, € S1.0(€;7,) as a multiple of the P1 conforming nodal basis function with

¢ according to

supporting point a”‘
-1

vy
i —= ! a p(2) /s
oip (@ift) = |Fry YT, 1| (v2IT]) RY Gu) -

vy=1

Due to the shape regularity of the triangulations, we have

—~

a n — — (2 .
s 2 (@ oy S (mafir, ) IR [lo.r (i), 3.12)

—~

3.13)

lgrad (g 7, (@) llo.re S (marr, ) HTe| 2R Ger) o,z -
Due to the definition of ¢} ., we have

(2)

(marry) B3RS Gr) 12 2, b3 Ry, (e, @hm ot
—(2) . a
= W3R (ju), ¢} 7 Jo.re + 13 (R, (r) — RY) (er), 0, o7 - (3.14)

In view of (3.12), we obtain

|<RTi (im) — RS (im1)s 03 7 o1 | (3.15)

2) /e a
2 Ry Gm) — R Ge) o, 15

—(2) . _ —(2),.
S(mako)”?hs |Ry, (i1) —R(Ti)(JH)IIo,Ti (m+Fry)”?hs | Ry, Gu)lo.zs -

Moreover, observing ¢y 7, lor. = 0, Green’s formula implies
T (RS (). 0f o e |
= [Te|(div(kjr) — div(f), ¥f 1, )o,r. = (kju — £, grad(g} 1, ))o,r. - (3.16)
On the other hand, since grad(y, 7, ) is an admissible test function in (1.10), we have
(kjn, grad(ef, 1, ))o,r. = (f, grad (e 1, ))o. 1 - (3.17)
Consequently, combining (3.16) and (3.17) and taking advantage of (3.13), it follows that

ITs (R Gimn). 08 1 )ore | = (6(in — ), grad (9 1, o,z |

)(JH)

S(maFr,) T 6lloor, 5 — ju)

(3.18)

Sk I8lloo, e 1660 — u)llore (maFry)” l/lei\m IR (i)
The estimate (3.10) follows from (3.11),(3.14) and (3.18). O

The following two results are concerned with an upper bound for 772,)F

Lemma 3.3. For a refined face F' € Fy there holds

J—— 1) /. . .
Xt he | RS Gen) |2+ < lin — de 2urton
(1)

1 1) /. - .
+ Y B3 RY Ga)lR . + ke RS (1) — Re Gr) 13 6 (3.19)
T+ETy (wr)
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Proof. We have
. 1) /s
Xt he B Gellg e

J— (1) . 1
<2x;t e (IR Grn) r

2+ + IRY () — By ()

2r). (3.20)
Let a}'}, € N (F) be an interior point and denote by

Dy e = J{T € Tilwr) | ajiy € NW(T')}

the union of all fine mesh elements sharing a%"} as a common vertex. We denote by Ej, €

a

En(F),1 < v < v, the interior edges in Dy , N F. Then, we choose qf g := Soor Py
as a linear combination of the basis functions ¢y, 3, € Ndi,0(Dj, ... 7n) associated with the
interior edges Ej, , such that

_ —=(1),. —(1) . a
Xr' hel|Re Ga)lgr ~ he(Rp (ju), me(qf g))o,r

. a —=(1),. . a
= hr (R Gn), we(a p))o.r + (B Gur) — R G, e (0 ))o. k) (3.21)
and
> lon | < X R o) (3.22)

Recalling (2.5) and observing qf, plape =~ = 0, Stokes’ theorem gives
: wp

he(RY (u), we (@l p))o.r = he([xeurl(ia) A nelp, mo(q g))o,r
—h ((xeurl(ju), curl(af p))o.ws + (Kin — £, G 5o

- Y (BY)GH).ahpory). (3.23)
T+ €T (wr)

Since qgj, g is an admissible test function in (1.10), we have
(xeurl(jn), curl(ag, ))o.wr + (Kin = £, dh plo.wr =0 (3.24)
Hence, subtracting (3.24) from (3.23) and using (3.22) as well as
lenpllowr S hr, lleurlienp)llow, S 1, 1<v <,
it follows that

1),. a
hF|(Rgr)(JH)’7Tt(Qh,F))0,F
Sbig([[Xllco,we leurl(Ga — ju)llo.ws + hr [|Ellco,we lin — jn

O,wp
1) . _—1/2,1/2,=(1),.
the YIRS Ge)llor )Xr R R Gien)llo,r- (3.25)
TieTy(wr)
Using (3.22) and
Ime(enp)lor Shy® 1<v <,

for the second term on the right-hand side in (3.21) we obtain

—),. ) N
h| Ry (in) — RY (jm), we(afp))o, r
(1) .

. (1) . _ —
<k 2R Gu) — Ry G llo,rx e 1y 2 | Ry (i) llo, - (3.26)
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We conclude by combining (3.20),(3.25) and (3.26). O
Lemma 3.4. Let F' € Fy be a refined face. Then, there holds

R 2) /e . .
Rrthrel| R (m) 2 p < lin — ull3.,

. . —(2)
+ S R RY ()3 ry + el RY Gu) — Ry Gu) 12 5 (3.27)
T+ €T (wr)
Proof. We have
7 hpl|RY (m) 12 5
_ —(2),. —(2)
<2 b (IRE Gr)l 7 + IR ) = R G I ) - (3.28)

We choose Chr € S1.0(9;7,) as a multiple of the P1 conforming nodal basis function with
supporting interior nodal point a’”t € Ny (F) such that

-1

Vp
a mn — a -(2) /.
ehrlai’s) = [Fe Y IF ] (vEIF))RE (w), (3.29)

where F), € Fy(F),a}' € Ni(F)),1 < v < v§. Due to (3.29) and the shape regularity of the
triangulations, there holds

_ —(2) ,.
1 pllor < EF1||R%)<JH>H0 P (3.30)
R 2R Ge) o, T € Ty (wr), (3.31)

a . 1/2,5(2) /.
lgrad (¢} p)llor. < Fpthp 2 IRE (iu)

Moreover, for the first term on the right-hand side in (3.28) it follows from (3.29) that

__ —=(2),. (2) a
K‘FthHRF (JH)||(2JF ~ hp(Rp (ju), ‘ph,F)O,F
—(2) .
(m) — RY (u), @5 p)o.r- (3.33)

= hp (R (), h, o, + hr (R
In view of (2.4) and taking ¢, p|sw, into account, by partial integration we find

Ty € TH(Q)F). (332)

he (R (u), 0.1 )o.r = he([ne - (ki — B)] 5, @ po.r

=hp Y ((div(sju) - div(f), ¢} oz + (sja — £, grad(ef, p))or. ). (3.34)
T+ €T (wr)

Since grad(¢j ) is an admissible test function in (1.10), we have

(Kjn, grad (g}, r))ow, = (f,grad(@h r))o.w- (3.35)
Hence, inserting (3.34) into (3.33) and using (3.30), (3.31) yields

he (RS Gu), 08 p)o.r| < hel(k(GE — in), grad(e} #))o.ws]
+he Y |(div(sie) — div(E), ¢f 2oy

T+ €T (wr)
ShrellEllco.we lin = Jallo.ws llgrad(vh #)llows

+hp Y |div(kie) — div(f)
T+ €Ty (wr)

(3.36)
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The estimate (3.27) is a direct consequence of (3.28),(3.33) and (3.36). O

Proof of Theorem 3.1. Combining the estimates provided by Lemmas 3.1 - 3.4 and summing
up over all F € M) readily gives (3.1). O

4. Oscillation Reduction

Besides the reliability (2.17) of the error estimator and the error reduction property (4.1),
another important tool to establish the main convergence result is an oscillation reduction
property. For standard finite element approximations of second order elliptic boundary value
problems, such an oscillation reduction has been established in [22]. Here, we have to cope
with two types of oscillations stemming from the residuals Rg}i) and R%l) (cf. (2.1) and (2.3))
associated with the strong form of the semi-discrete eddy current equations and arising from
the residuals R% and Rg) as given by (2.2) and (2.4), respectively. The oscillation property
is as follows:

Theorem 4.1. There exist constants 0 < £ <1 and Cy > 0 , depending only on the data x, K,
the constant ©y in the bulk criterion (2.12) and on the shape regularity of the triangulations,
such that
oscy, < & oscy + Colllin — jull*. (41)
Proof. We set g := jn — ju. Then, for T/ € Ty and T € T5(T") we define S(Tu)(éH)J <
v < 2, by means of

Sé})(csH) := curl(xcurl(dn)) + Kém, S(TQ)(dH) = div(kdm). (4.2)

In much the same way, for F' € Fy(Q) and F € Fp,(F') we define S’%V)(JH),l < v <2

according to

S (6w) == [xeurl(6u) Anglp, S (8u) = [np - kéu]p. (4.3)
It follows readily from (4.2) and (4.3) that for 1 <v < 2,
RY () == RY (n) — S5 (0m),  RY (in) = RY (jn) — S (dm). (4.4)

We set
S5 6n) = (11 [ s @n)de, 5 0w = 17" [ S0 (Gu)dor
T F
Observing (2.9) and (2.10), for F' € Fp(F'),wp = T4 UT_, Ty € Tp, Young’s inequality implies
that for some € > 0

(0sci, )2 (4.5)
hi N cOp - e
<o (4 OIBR) o) — B () Iz, + (1<) IS5 (6w) = 57 Gw) ., )

2
T . -2) /. — <2
+ L (14 IRE Gr) — Ry Gl + (e )ISE (6m) — S (0m) I3 1, )

my
h2
= : 51 . - )
+ % ((1 +o)|RY (u) — Ry Gm)l2r + (1 4+ ISP (6u) — Sg” (5H)||g,1)

h2
- . -(2) /. - —=(2)
+—= (1 + IR (o) = By Gl + 1+ )IISP(0r) =57 GmlE 7 ).
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and
(0sci))? (4.6)
< he ((L+ IR Gr) = By Gl 7+ L+ (0m) = S5 (Gm) I )

. —(2) /. - <2
+ i (14 IRP Gr) = B Gl p + (14752 (0n) - 55 Gu)li3 ¢ ) -

Now, for 1 < v < 2, we have

v *(’/) v
1S5 (881) — S (8s0) o < 1S (8ex) o, (4.7)
1S9 (851) — S (8u1) 0. < 1% (851)lo, - (4.8)

In order to obtain an upper bound for ||S(T1)(5H)||0,Tia 1 <v <2, in view of
curl(xcurl(dy)) = xcurl(curl(dng)) + grad(x) A curl(d)
and curl(curl(dg)) =0 on T € 7y, we find
157 @) 5. < max((lgrad(0)lso,r, [l e, ) |85a] Zurtr- (49)

Likewise, observing
div(kdm) = kdiv(dm) + grad(k) - 0m

and div(dg) = 0 on T € T, we obtain
2
155 (8u) 13,7 < llgrad(s)] oo,z | Sl - (4.10)
On the other hand, to derive an upper bound for ||S§,”)(6H)||07F, 1 <v <2, we have

1 _ 2 _
1S9 (88) 2. S hitlIxOm 2 1SS 0w 2 5 S hptllkdul 2w, (4.11)

curl,wr»

Hence, summarizing (4.9),(4.10) and (4.11), there exists a constant Cp > 0, depending on the
data x and , such that for 1 < v <2

3, 1S9 G2 . < Cpllloull®, hrllSE (m)3 » < Cpll|dwl|[>. (4.12)

Moreover, due to the refinement strategy in MARK, for F’ € Fg(Q) such that F/ = T, N
T, T, € Ty,and F € Fp(F'),F =T, NT_,Ty € T,,(T) ), we have

hp < 7po hpr,  hry < 7rohry, (4.13)
where TF, T < To, if /'€ M®_ and 7 = T =1, otherwise. Consequently, in view of
(4.5),(4.6) and (4.12),(4.13) we obtain

Osci’F/ == Z OSC%L,F

FeFy(F")

<1+ E)maX(TF/,T%/i)OSC%I)F/ + (1 4+ HOp|||0u]|? (4.14)

Wpr*®
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Summing up over all F’ € F (), the bulk criterion (2.12) yields

E max (g, T%,i )osciy g

F/eFn(Q)

< 2 2

STo OSCH,F, + OSCH,F/
FreM@) FreFu(Q)\M®

<(1— (1 —70)02)0sc%.
Hence, by means of (4.14)

osc% < (1+e)(1-(1-179)02) osc%{ + (1 —H—:_l) ~ Cp |H5H|H2

where v > 0 is a constant, depending only on the shape regularity of the triangulations, which
accounts for the finite overlap of the wp/, F’ € Fy (). Finally, if we choose

e < (1 — To)@g/(l — (1 — T())@Q),

the assertion follows with £ := (1 +¢)(1 — (1 — 79)©2) and Cs := (1 + e~ 1)7Cp. O

5. Proof of Theorem 2.1

The main convergence result as stated in Theorem 2.1 can be shown by means of the
reliability of the estimator, the error reduction and the oscillation reduction properties as well
as the Galerkin orthogonality following the lines of proof as in the case of standard elliptic
boundary value problems [22]. In particular, the reliability (2.17) and the error reduction (3.1)

imply
1lin = Jellli® = G (115 = Jul|* — osci;. (5-1)

On the other hand, the orthogonality property a(j — jn,dn) = 0,an € Nd1,0(2,7}) gives
1l —dwlll® = 1l = dwlll® = 11li — nll*,
and hence, for some 0 < € < 1 we get
15 = 3nll* = [l = julll® = elllin = julll® = @ = )lllin — jull*. (5:2)
Using (5.1) in (5.2) yields
115 = 3l < (1 = eCT DI = jmlll + coscty — (1 = )lllin — jral |
Incorporating the oscillation reduction property (4.1) results in
1l = dnlll* + Cosci, < pallli — julll” + (e + (1 = £)C '€)osc,

where p; ;=1 _501—1 <land C:=(1 —5)02_1. If 0 < p2 < 1 is such that £ < po and if we
choose € according to
_ G, —9)
1+ Gy (p2 = &)

the assertion follows with p := max(p1, p2). O
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6. Numerical Results

The performance of the adaptive scheme is illustrated by some representative numerical ex-
amples. The discretized problems have been solved by multigrid featuring Hiptmair’s smoother
(cf. [19]) with respect to the adaptively generated hierarchy of triangulations. For the evaluation
of the matrix entries and the oscillations we have used standard Gaussian quadrature.

Example 1 deals with an edge singularity occurring on the L-shaped domain

Q= (—1,+1)3\ [0,1]* x [~1,+1].
The coeflicients x, k are given by x = k = 1 and the source term is chosen such that

j=grad (rz/?’sin(2¢/3)) (in cylindrical coordinates).
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Fig. 6.1. Example 1: Adaptively generated grid after 5 (left) and 7 (right) refinement steps (0; =
0.4,1 <4 < 2, in the bulk criteria)

. Experiment 1: Theta = 0.4
T

Error
Error
P

.
" " . . 10 10° 10* 3
10 10 10 10

Degrees of Freedom

Fig. 6.2. Example 1: True error (straight line), error estimator (dashed line) and data oscillations

(dotted line) for ©; = 0.4,1 < ¢ < 2 (left), adaptive refinement (dashed line) versus uniform refinement
(solid line) (right)
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Table 6.1: Example 1: True error |||j — ju|||, error estimator iy, oscillations oscu , and percentages
of faces refined according to the bulk criteria (0; =0.4,1 <i < 2)

Naot | |ll7 = gulll Ul oscu Mn | Mos.
81 4.56e-01 8.97e-01 | 6.02e-01 | 15.71 | 18.57

488 3.46e-01 5.20e-01 | 2.11e-01 6.48 4.97
1829 2.72e-01 3.98e-01 | 1.03e-01 4.30 4.94
5707 2.02e-01 3.07e-01 | 4.69e-02 4.18 2.87
16526 1.48e-01 2.33e-01 | 2.26e-02 3.94 4.50
44958 | 1.11e-01 | 1.73e-01 | 1.07e-02 | 4.04 | 4.13
11379 8.10e-02 1.29e-01 | 5.80e-03 4.37 4.87
327303 5.87e-02 9.49e-02 | 3.05e-03 3.95 1.72

N OOt W NN~ O~

Table 6.2: Example 2: True error |||j — ju|||, error estimator ny, oscillations oscy , and percentages
of faces refined according to the bulk criteria (6; = 0.4,1 <13 < 2)

! Naot [l7 — julll ults oscH Mn Mose
0 279 7.84e-01 5.18e+00 7.73e-01 8.89 15.93
1 1634 5.13e-01 2.99e+00 3.24e-01 8.32 6.02
2 4980 3.17e-01 1.93e+-00 1.71e-01 5.75 4.51
3 13529 2.16e-01 1.35e+-00 8.10e-02 7.74 5.79
4 37810 1.48e-01 9.08e-01 4.54e-02 8.49 4.36
5 90668 1.05e-01 6.67e-01 2.29e-02 8.71 2.54
6 247681 7.59e-02 4.77e-01 1.28e-02 6.71 4.14

is the exact solution of the problem. Homogeneous Neumann boundary conditions are given on
Dy = {0} x [0,1] x [~1,41]U[0,1] x {0} x [1,+1] U{a € Dlag = +1},

whereas inhomogeneous Dirichlet boundary conditions (according to the exact solution) are
imposed elsewhere on I'.

An initial triangulation with 81 degrees of freedom has been created by the grid generator
NETGEN (cf. [28]). Figure 6.1 displays the adaptively refined grid after 5 (left) and 7 (right)
refinement steps where the universal constants ©;,1 < ¢ < 2, in the bulk criteria (2.11),(2.12)
have been chosen according to ©; = ©5 = 0.4. We observe a pronounced refinement in a small
vicinity of the edge singularity.

Figure 6.2 (left) shows the history of the refinement process in terms of the true error, the
error estimator 7y and the oscillations oscy, whereas Figure 6.2 (right) reflects the benefits
of adaptive versus uniform refinement. More detailed information is given in Table 6.1. In
particular, the last two columns contain the percentages My and Mose of faces marked for
refinement in the step MARK of the adaptive loop according to the bulk criterion (2.11) and
(2.12), respectively.

Example 2 illustrates the adaptive refinement process in the case of discontinuous coeffi-
cients. The computational domain is Q = (—1,+1)3 and the coefficients , x are given by

L max(fa, [zo], [23]) < 1/2,
— 1 k=
Xx==4n { 0,  elsewhere.

The right-hand side f and the boundary conditions have been chosen such that j = (0, 0, sin(7z1))
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is the exact solution. The initial grid with 279 degrees of freedom has been generated by NET-
GEN.

This example deals with the case of locally vanishing x which is not covered by the theory
(cf. Remark 2.1). Figure 6.3 shows the (z1, z2)-cross section at x3 = 0 of the adaptively refined
grid after 6 refinement steps with a proper resolution of the material interface on the left and
the history of the refinement process on the right. Again, more detailed information is provided
in Table 6.2.

We expect a higher impact of the data oscillations on the adaptive refinement process
in case of strongly varying coefficients. Therefore, Example 3 and Example 4 deal with
the case of oscillating coefficients. The computational domain is Q := (—1,+1)3, and x =
1.5 + sin(27zq )sin(27ze)sin(27xs), « = 1 in Example 2, whereas in Example 3 the roles of the

107 L L L
10

10
Degrees of Freedom

Fig. 6.3. Example 2: Cross section ((x1,x2)-plane) of the adaptively generated grid (left) after 7
refinement steps (©; = 0.4,1 < ¢ < 2, in the bulk criteria) and history of the refinement process (right)
[true error (solid line), error estimator (dashed line) and data oscillations (dotted line)]

Error

2 2

10° 10° 10 10 10° 10° 10
Degrees of Freedom Degrees of Freedom

10

Fig. 6.4. Examples 3 and 4: History of the refinement process for Example 3 (left) and Example 4
(right) (©; = 0.6,1 < ¢ < 2, in the bulk criteria) [true error (solid line), error estimator (dashed line)
and data oscillations (dotted line)]
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Table 6.3: Example 3: True error |||j — ju|||, error estimator 7y, oscillations oscu , and percentages

R.H.W. HOPPE AND J. SCHOBERL

of faces refined according to the bulk criteria (0; = 0.6,1 < i < 2)

! Not 7 = julll ults oscy Mn Mose
0 19 8.23e+00 1.05e+02 9.20e+01 66.67 66.67
1 98 6.41e+00 5.08e+01 3.12e+01 48.61 50.00
2 667 3.03e+00 2.21e401 8.85¢+00 38.27 41.96
3 4651 1.59e-+00 1.11e+01 2.77e+00 30.04 27.99
4 33561 8.63e-01 5.83e+00 9.45¢-01 26.59 12.76
5 159482 5.35¢-01 3.47e+00 4.50e-01 25.97 4.82
6 684546 3.37e-01 2.23e+00 1.58e-01 12.56 9.28

Table 6.4: Example 4: True error |||j — ju|||, error estimator 7y, oscillations oscu , and percentages

of faces refined according to the bulk criteria (©; = 0.6,1 <17 < 2)

! Naor |[l7 = julll N osch Mn Mose
0 279 6.94e+00 7.34e+01 6.04e+401 66.67 66.67
1 98 5.57e+00 3.75e+01 1.60e401 50.00 51.39
2 640 2.63e+00 1.77e+01 5.98e+00 41.17 41.71
3 4424 1.37e400 8.99e-+00 1.73e+00 32.95 32.88
4 33010 7.16e-01 4.63e+00 4.98e-01 28.87 25.73
5 263283 3.90e-01 2.49e+00 1.58e-01 24.54 7.41

coefficients are reversed, i.e.,

x =1, k=15+sin(2mrz;)sin(2rxs)sin(2rxs).

In both examples, the right-hand side f and the boundary conditions have been chosen such
that j = (0,0,sin(mx1)) is the exact solution. For both examples, a coarse initial grid has been
created by using NETGEN resulting in 19 degrees of freedom.

Figure 6.4 displays the history of the refinement process for Example 3 (left) resp. Example
4 (right), and Tables 6.3 and 6.4 provide detailed information including the percentages of faces
marked for refinement. It can be clearly seen that at the beginning of the adaptive process the
oscillation terms significantly contribute to the refinement, whereas at a later stage (when the
data oscillations have been resolved) the process is dominated by the error estimator.

Acknowledgements. The authors would like to express their thanks to the referees for vari-
ous helpful comments and suggestions. They are also grateful to Werner Schabert for providing
the numerical examples. The work of the first author was supported by the NSF under Grant
No. DMS-0411403 and Grant No. DMS-0511611. The second author acknowledges the support
from the Austrian Science Foundation (FWF) under Grant No. Start Y-192. Both authors
acknowledge support and the inspiring athmosphere at the Johann Radon Institute for Com-
putational and Applied Mathematics (RICAM), Linz, Austria, during the special semester on
computational mechanics.

References

[1] M. Ainsworth and J.T. Oden, A Posteriori Error Estimation in Finite Element Analysis, Wiley,
Chichester, 2000



Convergence of Adaptive Edge Element Methods for the 3D Eddy Currents Equations 675

2]

[9]
[10]

[11]

[12]

[13]
[14]
[15]
[16]
[17]
18]
[19]
[20]

21]

[22]

[23]

C. Amrouche, C. Bernardi, M. Dauge, and V. Girault, Vector potentials in three-dimensional
non-smooth domains, Math. Method. Appl. Sci., 21 (1998), 823-864.

D. Arnold, R. Falk, and R. Winther, Multigrid in H(div) and H(curl), Numer. Math., 85 (2000),
197-218.

I. Babuska and T. Strouboulis, The Finite Element Method and its Reliability, Clarendon Press,
Oxford, 2001.

W. Bangerth and R. Rannacher, Adaptive Finite Element Methods for Differential Equations,
Lectures in Mathematics, ETH-Ziirich, Birkh&user, Basel, 2003.

R. Beck, P. Deuflhard, R. Hiptmair, R.H.-W. Hoppe, and B. Wohlmuth, Adaptive multilevel meth-
ods for edge element discretizations of Maxwell’s equations. Surveys of Math. in Industry, 8 (1999),
271-312.

R. Beck, R. Hiptmair, R.H.W. Hoppe, and B. Wohlmuth, Residual based a posteriori error es-
timators for eddy current computation, MPAN Math. Modeling and Numer. Anal., 34 (2000),
159-182.

R. Beck, R. Hiptmair, and B. Wohlmuth, Hierarchical error estimator for eddy current compu-
tation. In: Proc. 2nd European Conf. on Advanced Numer. Meth. (ENUMATH99), Jyvéskyla,
Finland, July 26-30, 1999 (Neittaanmaki, P. et al.; eds.), pp. 111-120, World Scientific, Singapore,
2000

P. Binev, W. Dahmen, and R. DeVore. Adaptive finite element methods with convergence rates,
Numer. Math., 97 (2004), 219-268.

A. Bossavit, Electromagnétism, en vue de la Modélisation, Springer, Berlin-Heidelberg-New York,
1993.

A. Buffa and Ph. Ciarlet Jr., On traces for functional spaces realted to Maxwell’s Equations. Part
I: An integration by parts formula in Lipschitz polyhedra, Math. Method. Appl. Sci., 24 (2001),
9-30.

A. Buffa and Ph. Ciarlet Jr., On traces for functional spaces realted to Maxwell’s equations. Part
II: Hodge decompositions on the boundary of Lipschitz polyhedra and applications, Math. Method.
Appl. Sci., 24 (2001), 31-48.

A. Buffa, M. Costabel, and D. Sheen, On traces for H(curl, Q) in Lipschitz domains, J. Math.
Anal. Appl., 276 (2002), 845-867.

C. Carstensen and R.H.W. Hoppe, Convergence analysis of an adaptive edge finite element method
for the 2d eddy current equations, J. Numer. Math., 13 (2005), 19-32.

C. Carstensen and R.H.W. Hoppe, Error reduction and convergence for an adaptive mixed finite
element method, Math. Comput., 75 (2006), 1033-1042.

C. Carstensen and R.H.W. Hoppe, Convergence analysis of an adaptive nonconforming finite
element method, Numer. Math., 103 (2006), 251-266.

W. Dorfler, A convergent adaptive algorithm for Poisson’s equation, SIAM J. Numer. Anal., 33
(1996), 1106-1124.

K. Eriksson, D. Estep, P. Hansbo, and C. Johnson, Computational Differential Equations, Cam-
bridge University Press, Cambridge, 1995.

R. Hiptmair, Multigrid method for Maxwell’s equations, SIAM J. Numer. Anal., 36 (1998), 204-
225.

R. Hiptmair, Finite elements in computational electromagnetism, Acta Numerica, 11 (2002), 237-
339.

P. Houston, I. Perugia, and D. Schétzau, Energy norm a posteriori error estimation for mixed
discontinuous Galerkin approximations of the Maxwell operator, Comput. Method. Appl. M., 194
(2005), 499-510.

K. Mekchay and R. Nochetto, Convergence of adaptive finite element methods for general second
order linear elliptic PDE, SIAM J. Numer. Anal., 43 (2005), 1803-1827.

P. Monk, Finite Element Methods for Maxwell’s equations, Clarendon Press, Oxford, 2003.



676 R.H.W. HOPPE AND J. SCHOBERL

[24] P. Morin, R.H. Nochetto, and K.G. Siebert, Data oscillation and convergence of adaptive FEM,
SIAM J. Numer. Anal., 38 (2000), 466-488.

[25] J.-C. Nédélec, Mixed finite element in R®, Numer. Math., 35 (1980), 315-341.

[26] P. Neittaanméki and S. Repin, Reliable methods for mathematical modelling. Error control and a
posteriori estimates, Elsevier, New York, 2004.

[27] S. Reitzinger, and J. Schoberl, Algebraic multigrid for edge elements, Numer. Linear. Algerb., 9
(2002), 223-238.

[28] J. Schoberl, NETGEN - An advancing front 2D/3D-mesh generator based on abstract rules, Com-
put. Visual. Sci., 1 (1997), 41-52.

[29] J. Schoberl, A posteriori error estimates for Maxwell equations, Math. Comput., 77 (2008), 633-
649.

[30] R. Stevenson, Optimality of a standard adaptive finite element method, Found. Comput. Math.,
2 (2007), 245-269.

[31] R. Verfiirth, A Review of A Posteriori Estimation and Adaptive Mesh-Refinement Techniques,
Wiley-Teubner, New York, Stuttgart, 1996.



