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Abstract

In this paper, we investigate a priori error estimates and superconvergence properties

for a model optimal control problem of bilinear type, which includes some parameter es-

timation application. The state and co-state are discretized by piecewise linear functions

and control is approximated by piecewise constant functions. We derive a priori error es-

timates and superconvergence analysis for both the control and the state approximations.

We also give the optimal L
2-norm error estimates and the almost optimal L

∞-norm es-

timates about the state and co-state. The results can be readily used for constructing a

posteriori error estimators in adaptive finite element approximation of such optimal control

problems.
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1. Introduction

The finite element approximation of optimal control problems has been extensively studied in

the literature. There have been extensive studies in convergence of the standard finite element

approximation of optimal control problems, see, some examples in [2, 3, 9, 10, 18, 20, 23],

although it is impossible to give even a very brief review here. For optimal control problems

governed by linear state equations, a priori error estimates of the finite element approximation

were established long ago; see, e.g., [9, 10]. But it is more difficult to obtain such error estimates

for nonlinear control problems. For some classes of nonlinear optimal control problems, a priori

error estimates were established in [4, 11, 17]. The optimal control problem of bilinear type

considered in this paper includes a useful model problem of parameter estimation, and there

does not seem to exist systematical studies in the literature on its finite element approximation

and error analysis, except [14] where a posteriori error estimates were presented.

Furthermore superconvergence analysis is an important topic for finite element approxima-

tion of PDEs. Due to the lower regularity of the constrained optimal control (normally only

H1(Ω) ∩ W 1,∞(Ω)), only a half order of convergence rate can be expected to gain by using
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the standard recovery techniques, see [26]. Very recently Meyer and Rösch in [19] showed that

in fact one order can be gained via using a special projection, which was unique to the linear

optimal control problem they studied. This is a quite interesting result considering the low

regularity of the optimal control. It is useful to establish such a superconvergence property for

our model control problem, which is normally difficult to compute with higher accuracy.

In this paper we firstly study a priori error estimates, superconvergence analysis of the

control problem with a projection and interpolator different from [19].

The plan of the paper is as follows. In Sections 2-3, we describe the control problem and give

the finite element approximation. In Section 4, we derive a priori error estimates. In Section 5,

superconvergence analysis is carried out. Then some applications and super-convergent result

are discussed in Section 6.

2. Optimal Control Problem

In this section, we formulate the bilinear optimal control problem. Let Ω be a bounded

convex polygon in R2 with boundary ∂Ω. We adopt the standard notation Wm,q(Ω) for Sobolev

spaces on Ω with the norm ‖ · ‖m,q,Ω and the seminorm | · |m,q,Ω. We set Wm,q
0 (Ω) ≡ {w ∈

Wm,q(Ω) : w|∂Ω = 0} and denote Wm,2(Ω) (Wm,2
0 (Ω)) by Hm(Ω) (Hm

0 (Ω)) with the norm

‖ · ‖m,Ω and the seminorm | · |m,Ω. We shall take the state space V = H1
0 (Ω), the control space

U = L2(Ω), and the observation space Y = L2(Ω). Define the control constraint set K ⊂ U :

K = {v ∈ U : v ≥ 0}.

We are interested in the following optimal control problem of bilinear type :

(a) min
v∈K

{
1

2
‖y − yd‖

2
0,Ω +

α

2
‖v‖2

0,Ω},

(b) − div(A∇y) + vy = f in Ω , y|∂Ω = 0,

(2.1)

where α is a positive constant. f ∈ L2(Ω) and A(·) = (aij(·))2×2 ∈ [W 1,∞(Ω)]2×2 is a symmetric

positive definite matrix. This problem can be interpreted as a model of estimating the true

parameter u via the measured data yd using the least square formulation.

To consider the finite element approximation of the above optimal control problem, we have

to give a weak formula for the state equation. Let

a(y, w) =

∫

Ω

(A∇y) · ∇w ∀ y, w ∈ V,

(v, w) =

∫

Ω

vw ∀ v, w ∈ U.

We assume that there are constants a0 > 0 and C0 > 0 such that

a0‖y‖
2
V ≤ a(y, y), |a(y, w)| ≤ C0‖y‖V ‖w‖V , ∀ y, w ∈ V. (2.2)

Then the standard weak formula for the state equation reads as follows: find y(v) ∈ V such

that

a(y(v), w) + (vy(v), w) = (f, w) ∀ w ∈ V. (2.3)

Introduce a cost function

J(v) =
1

2
‖y(v) − yd‖

2
0,Ω +

α

2
‖v‖2

0,Ω. (2.4)
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Then the above control problem can be restated as follows, which we shall label OCP: find

u ∈ K such that

J(u) = min
v∈K

J(v), (2.5)

associated with

a(y(v), w) + (vy(v), w) = (f, w), ∀ w ∈ V. (2.6)

It is well known (see, for example [16]) that the control problem OCP has at least one

solution (y, u), and that if the pair (y, u) is a solution of OCP then there is a co-state p ∈ V

such that the triplet (y, p, u) satisfies the following optimality conditions, which we shall label

OCP-OPT:

(a) a(y, w) + (uy, w) = (f, w), ∀ w ∈ V,

(b) a(q, p) + (up, q) = (y − yd, q), ∀ q ∈ V,

(c) (αu − yp, v − u) ≥ 0, ∀ v ∈ K.

(2.7)

The inequality (2.7)(c) is equivalent to

u = max{0,
1

α
yp}. (2.8)

3. Finite Element Approximation

In this section, we study the finite element approximation of the bilinear optimal control

problem OCP. Here we consider only n-simplex elements, as they are among the most widely

used ones. Also we consider only conforming finite elements.

Let Ωh be a polygonal approximation to Ω. Then we know that Ωh = Ω in this paper. Let

T h be a partitioning of Ωh into disjoint regular n-simplices τ , such that Ω̄h =
⋃

τ∈T h τ̄ . Each

element has at most one face on ∂Ωh, and τ̄ and τ̄ ′ have either only one common vertex or a

whole edge or face if τ and τ ′ ∈ T h. Associated with T h is a finite-dimensional subspace Sh of

C(Ω̄h), such that χ|τ are polynomials of m-order (m ≥ 1) for each χ ∈ Sh and τ ∈ T h. Let

V h = Sh ∩ H1
0 (Ω). It is easy to see that V h ⊂ V .

Let T h
U be another partitioning of Ωh into disjoint regular n-simplices τU , such that Ω̄h =⋃

τU∈T h
U

τ̄U . Assume that τ̄U and τ̄ ′
U have either only one common vertex or a whole face or are

disjoint if τU and τ ′
U ∈ T h

U . Associated with T h
U is another finite-dimensional subspace Wh

U of

L2(Ω), such that χ|τU
are polynomials of order m (m ≥ 0) for each χ ∈ Wh and τU ∈ T h

U .

In this paper, we will only consider the simplest finite element spaces, i.e., m = 1 for V h

and m = 0 for Uh. Let hτ (hτU
) denote the maximum diameter of the element τ (τU ) in T h

(T h
U ), let h = maxτ∈T h{hτ}, hU = maxτU∈T h

U
{hτU

}.

Then a possible finite element approximation of OCP, which we shall label OCPh, is: find

uh ∈ Kh such that

J(uh) = min
vh∈Kh

J(vh), (3.1)

associated with

a(yh, wh) + (vhyh, wh) = (f, wh), ∀ wh ∈ V h, (3.2)

where Kh is a closed convex set in Uh. This is a finite-dimensional optimization problem and

may be solved by existing mathematical programming methods such as the steepest descent

method, conjugate gradient method, trust domain method, and SQP.
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It follows that the control problem OCPh has at least one solution (yh, uh) and that if the

pair (yh, uh) ∈ V h × Kh is a solution of OCPh then there is a co-state ph ∈ V h such that the

triplet (yh, ph, uh) ∈ V h ×V h ×Kh satisfies the following optimality conditions, which we shall

label OCP − OPT h:

(a) a(yh, wh) + (uhyh, wh) = (f, wh), ∀ wh ∈ V h,

(b) a(qh, ph) + (uhph, qh) = (yh − yd, qh), ∀ qh ∈ V h,

(c) (αuh − yhph, vh − uh) ≥ 0, ∀ vh ∈ Kh.

(3.3)

Introduce an averaging operator πc
h from U onto Uh such that

(πc
hv)|τ =

1

|τ |

∫

τ

v, ∀ τ ∈ T h
U , (3.4)

where |τ | is the measure of τ . The inequality (3.3)(c) is equivalent to

uh = max{0,
1

α
πc

h(yhph)}. (3.5)

In the next section, we will analyze convergence and convergent rate of the finite element

approximation.

4. Convergence and a Priori Error Estimates

In this section, we are interested in deriving some error estimates for the finite element ap-

proximation of the control problem. To this end, we firstly need to show the strong convergence

of the approximation. We will proceed in two steps: first to show the weak convergence and

then the strong convergence.

4.1. Weak convergence

Theorem 4.1. Let (yh, ph, uh) be the solutions of (3.3). Then there exists a subsequence

(yhk
, phk

, uhk
) such that (yhk

, phk
, uhk

) weakly converge to a solution (y, p, u) of the system

(2.7) in H1(Ω) × H1(Ω) × L2(Ω) as k tends to infinity such that hk tends to zero.

Proof. The proof is divided into two steps. In the first step, we prove there exists one

weakly convergent subsequence. In the second step, we prove the limit of the subsequence is a

solution of the problem (2.7).

First step of proof. Taking wh = yh and qh = ph in (3.3), we have

‖∇yh‖L2(Ω) ≤ C‖f‖L2(Ω), ‖∇ph‖L2(Ω) ≤ C‖yh − yd‖L2(Ω). (4.1)

These imply that yh and ph are bounded in H1
0 (Ω). Furthermore, we see that

‖uh‖
2
L2(Ω) =

∫

Ω

|uh|
2 =

∑

τ∈T h
U

∫

τ

|uh|
2

≤C
∑

τ∈T h
U

h−d(

∫

τ

|yhph|)
2 ≤ C

∑

τ∈T h
U

(

∫

τ

|yh|
4)1/2(

∫

τ

|ph|
4)1/2

≤C[

∫

Ω

|yh|
4]1/2[

∫

Ω

|ph|
4]1/2 ≤ C‖yh‖

2
H1(Ω)‖ph‖

2
H1(Ω), (4.2)
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where we have used the fact that ‖w‖L4(Ω) ≤ C‖w‖H1(Ω) for each w ∈ H1(Ω). This means that

uh is uniformly bounded in L2(Ω). It follows from the embedding theorems that there exists

a subsequence (yhk
, phk

, uhk
) such that (yhk

, phk
) is weakly convergent in H1

0 (Ω) × H1
0 (Ω) and

strongly convergent in Hs(Ω) for 0 ≤ s < 1, and uhk
is weakly convergent in L2(Ω). Let the

limit of (yhk
, phk

, uhk
) be (y, p, u).

Second step of proof. We prove (y, p, u) is a solution of (2.7). Let wIh
∈ Vh and qIh

∈ Vh

be the interpolations of w ∈ V and q ∈ V . Note that

a(y, w) + (uy, w) =(f, w) + a(y − yhk
, w) + (u(y − yhk

), w)

+ (u − uhk
, (yhk

− y)w) + (u − uhk
, yw)

+ a(yhk
, w − wIhk

) + (uhk
yhk

, w − wIhk
) + (f, wIhk

− w) (4.3)

and

a(q, p) + (up, q) =(y − yd, q) + a(q, p − phk
) + (u(p − phk

), q)

+ (u − uhk
, (phk

− p)q) + (u − uhk
, pq)

+ a(q − qIhk
, phk

) + (uhk
phk

, q − qIhk
) + (y − yd, qIhk

− q). (4.4)

By use of weak convergence of (yhk
, phk

) in H1(Ω) × H1(Ω) and weak convergence of uhk
in

L2(Ω), we have

lim
hk→0

[ a(y − yhk
, w) + a(q, p − phk

) + ((u − uhk
), yw) + ((u − uhk

), pq) ] = 0.

By use of strong convergence of (yhk
, phk

) in Hs(Ω) for 0 ≤ s < 1, we obtain

lim
hk→0

[
|(u(y − yhk

), w)| + |(u − uhk
, (y − yhk

)w)|

+ |(u(p − phk
), q)| + |(u − uhk

, (p − phk
)q)|

]
= 0.

Since

lim
hk→0

[‖w − wIhk
‖H1(Ω) + ‖q − qIhk

‖H1(Ω)] = 0,

we have

|a(yhk
, w − wIhk

)| + |(f, wIhk
− w)|

≤ ‖∇yhk
‖L2(Ω)‖∇(w − wIhk

)‖L2(Ω) + ‖f‖L2(Ω)‖wIhk
− w‖L2(Ω) → 0, as hk → 0

and

|a(q − qIhk
, phk

)| + |(y − yd, qIhk
− q)|

≤ ‖∇(q − qIhk
)‖L2(Ω)‖∇phk

‖L2(Ω) + ‖y − yd‖L2(Ω)‖qIhk
− q‖L2(Ω) → 0, as hk → 0.

Noting that (uhk
yhk

, w − wIhk
) ≤ Ch‖uhk

yhk
‖L2(Ω)‖w‖H1(Ω) and

‖uhk
yhk

‖2
L2(Ω) =

∫

Ω

|uhk
|2|yhk

|2 ≤ [

∫

Ω

|yhk
|4]1/2[

∫

Ω

|uhk
|4]1/2

≤ [

∫

Ω

|yhk
|4]1/2[hd

∑

τ∈T h
U

(h−d

∫

τ

|yhk
phk

|)4]1/2

≤ [

∫

Ω

|yhk
|4]1/2[hd

∑

τ∈T h
U

(h−d/2(

∫

τ

|yhk
|4)1/4(

∫

τ

|phk
|4)1/4)4]1/2

≤ h−d/2[

∫

Ω

|yhk
|4]1/2[

∑

τ∈T h
U

[

∫

τ

|yhk
|4

∫

τ

|phk
|4]1/2
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and using ‖v‖L4(Ω) ≤ C‖v‖H1(Ω) for each v ∈ H1(Ω), we infer

|(uhk
yhk

, w − wIhk
)| ≤ Ch1−d/4 → 0.

Similarly, we have

|(uhk
phk

, q − qIhk
)| ≤ Ch1−d/4 → 0.

Substituting above estimates into (4.3) and (4.4) leads to

(a) a(y, w) + (uy, w) = (f, w), ∀ w ∈ V,

(b) a(q, p) + (up, q) = (y − yd, q), ∀ q ∈ V.

Finally, we see that for each v ∈ K,

(αu − yp, v − uhk
) = (α(u − uhk

) − (yp − yhk
phk

), v − uhk
)

+ (αuhk
− yhk

phk
, (v − πc

hk
v)) + (αuhk

− yhk
phk

, πc
hk

v − uhk
)

≥ (α(u − uhk
), v − uhk

) − (yp − yhk
phk

, v − uhk
)

+ (αuhk
− yhk

phk
, (v − πc

hk
v)).

By using the weak convergence of uhk
to u in L2(Ω), the strong convergence of yhk

phk
to yp

and the strong convergence of πc
hv to v, we infer

(αu − yp, v − u) ≥ 0, ∀ v ∈ K.

We thus have proved that (y, p, u) is a solution of (2.7). The proof of Theorem 4.1 is then

completed. �

4.2. Strong convergence

Next we prove a strong convergence result. To this end, introduce two auxiliary operators:

for each v ∈ U , (y(v), p(v)) ∈ V × V is the solution of the equations:

(a) a(y(v), w) + (vy(v), w) = (f, w), ∀ w ∈ V,

(b) a(q, p(v)) + (vp(v), q) = (y(v) − yd, q), ∀ q ∈ V,
(4.5)

and (yh(v), ph(v)) ∈ V h × V h is the solution of the equations:

(a) a(yh(v), wh) + (vyh(v), wh) = (f, wh), ∀ wh ∈ V h,

(b) a(qh, ph(v)) + (vph(v), qh) = (yh(v) − yd, qh), ∀ qh ∈ V h.
(4.6)

Lemma 4.1. For each v ∈ U , if there exists a constant α0 > 0 such that

α0‖w‖2
H1(Ω) ≤ a(w, w) + (vw, w), ∀ w ∈ V, (4.7)

then (4.5) and (4.6) have unique solutions respectively. Moreover, yh(v) and ph(v) strongly

converge to y(v) and p(v) respectively. If the domain Ω is convex, then there hold a priori error

estimates

(a) ‖y(v) − yh(v)‖L2(Ω) + h‖∇(y(v) − yh(v))‖L2(Ω) ≤ Ch2‖y(v)‖H2(Ω),

(b) ‖p(v) − ph(v)‖L2(Ω) + h‖∇(p(v) − ph(v))‖L2(Ω) ≤ Ch2‖p(v)‖H2(Ω).
(4.8)
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Proof. It is clear that

(a) a(y(v) − yh(v), wh) + (u(y(v) − yh(v)), wh) = 0, ∀ wh ∈ V h,

(b) a(qh, p(v) − ph(v)) + (u(p(v) − ph(v)), qh) = (y(v) − yh(v), qh), ∀ qh ∈ V h,
(4.9)

such that

(a) ‖∇(y(v) − yh(v))‖L2(Ω) ≤ C‖y(v) − yIh
(v)‖H1(Ω),

(b) ‖∇(p(v) − ph(v))‖L2(Ω) ≤ C{‖p(v) − pIh
(v)‖H1(Ω) + ‖y(v) − yIh

(v)‖L2(Ω)}.
(4.10)

These mean that (yh(v), ph(v)) strongly converges to (y(v), p(v)). If Ω is convex, then y(v) and

p(v) are in H2(Ω). Using the standard analysis of finite element methods, we can obtain the

error estimate (4.8). �

Lemma 4.2. For v, w ∈ U , we have

‖∇(y(v) − y(w))‖L2(Ω) + ‖∇(p(v) − p(w))‖L2(Ω) ≤ C‖v − w‖H−1(Ω), (4.11)

‖∇(yh(v) − yh(w))‖L2(Ω) + ‖∇(ph(v) − ph(w))‖L2(Ω) ≤ C‖v − w‖H−1(Ω). (4.12)

Furthermore, for the domain Ω is convex, then

‖y(v) − y(w)‖L∞(Ω) + ‖p(v) − p(w)‖L∞(Ω) ≤ C‖v − w‖L2(Ω). (4.13)

Proof. It is clear that for any w, v ∈ V ,

(a) a(y(v) − y(w), w) + (v(y(v) − y(w)), w) = (w − v, wy(w)),

(b) a(q, p(v) − p(w)) + (v(p(v) − p(w)), q) = (y(v) − y(w), q) + (w − v, qp(w)).
(4.14)

As a result of (4.14), we obtain (4.11) and (4.12). On the other hand, we see that

(a) − div(A∇(y(v) − y(w))) + v(y(v) − y(u)) = (w − v)y(w),

(b) − div(A∇(p(v) − p(w))) + v(p(v) − p(w)) = (w − v)p(w) + y(v) − y(w).
(4.15)

For a convex domain, we have that y(v) − y(w) ∈ H2(Ω) and p(v) − p(w) ∈ H2(Ω) such that

(a) ‖y(v) − y(w)‖H2(Ω) ≤ ‖v − w‖L2(Ω),

(b) ‖p(v) − p(w)‖H2(Ω) ≤ ‖v − w‖L2(Ω) + ‖y(v) − y(w)‖L2(Ω).
(4.16)

By virtue of the embedding theory, we know that ‖v‖L∞(Ω) ≤ C‖v‖H2(Ω). So the estimate

(4.13) is derived. �

Theorem 4.2. Let (yh, ph, uh) be the sequence of solutions of (3.3) weakly converging to a

solution (y, p, u) of the system (2.7) in H1(Ω) × H1(Ω) × L2(Ω). Then (yh, ph, uh) strongly

converges to (y, p, u) in H1(Ω) × H1(Ω) × L2(Ω).

Proof. Using the embedding theory, we know that (yh, ph) is strongly convergent in Hs(Ω)×

Hs(Ω) for 0 ≤ s < 1. Furthermore, since

‖v‖L4(Ω) ≤ C‖v‖
H

1
2 (Ω)

∀ v ∈ H
1
2 (Ω), (4.17)

hence (yh, ph) is strongly convergent in L4(Ω) × L4(Ω).
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Firstly, we prove that uh is strongly convergent in L2(Ω). It is clear that

|u − uh| = |max{0,
1

α
yp} − max{0,

1

α
πc

h(yhph)}|

≤ |max{0,
1

α
yp} − max{0,

1

α
πc

h(yp)}| +
1

α
|πc

h(yp − yhph)|

≤
1

α
|yp − πc

h(yp)| +
1

α
|πc

h(yp − yhph)|.

Hence we have

‖u − uh‖L2(Ω) ≤ C{‖yp− πc
h(yp)‖L2(Ω) + ‖πc

h(yp − yhph)‖L2(Ω)}.

Similarly to (4.2), we have

‖πc
h(yp − yhph)‖2

L2(Ω) ≤ C[

∫

Ω

|yh − y|4]1/2[

∫

Ω

|ph − p|4]1/2 → 0, as h → 0. (4.18)

Hence,

‖u − uh‖L2(Ω) → 0, as h → 0.

Then we prove that (yh, ph) is strongly convergent in H1(Ω) × H1(Ω). It follows from the

Lemma 4.1 that (yh(u), ph(u)) strongly converges to (y, p) = (y(u), p(u)) in H1(Ω)×H1(Ω). On

the other hand, from the Lemma 4.2, we know that (yh − yh(u), ph − ph(u)) strongly converges

to (0, 0) in H1(Ω)×H1(Ω), since ‖u−uh‖L2(Ω) tends to zero. We thus have proved that (yh, ph)

strongly converges to (y, p) in H1(Ω) × H1(Ω). �

4.3. A priori error estimates

Now we are in the position of giving a priori error estimates. To this end, we need some

facts as follows. Firstly, it is a matter of calculation to show that

(J ′(v), w) = (αv − y(v)p(v), w), ∀ w ∈ U. (4.19)

Similarly, for each vh ∈ Uh, there holds

(J ′
h(vh), wh) = (αvh − yh(vh)ph(vh), wh), ∀ wh ∈ Uh. (4.20)

Furthermore we have

Lemma 4.3. Let u be a solution of (2.7). If there exist constants ǫ > 0 and c0 > 0 such that

for all v ∈ L2(Ω) and w ∈ L2(Ω) satisfying ‖v − u‖L2(Ω) ≤ ǫ and ‖w − u‖L2(Ω) ≤ ǫ, then the

following inequality holds:

c0‖v − w‖2
L2(Ω) ≤ (J ′(v) − J ′(w), v − w). (4.21)

The proof of Lemma 4.3 is referred to [5], [6] and [14]. Now we can derive a priori error

estimates.

Theorem 4.3. (Error Estimate) Let (yh, ph, uh) be the sequence of solutions of (3.3) strongly

converging to a solution (y, p, u) of the system (2.7) in H1(Ω) × H1(Ω) × L2(Ω). Then, there

holds the following a priori error estimate:

‖u − uh‖L2(Ω) + ‖y − yh‖L2(Ω) + ‖p− ph‖L2(Ω) ≤ C(h2 + hU ). (4.22)
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Proof. Since the domain Ω is convex, hence y ∈ H2(Ω), p ∈ H2(Ω) and u ∈ H1(Ω)∩L∞(Ω).

Note that uh strongly converges to u in L2(Ω). It follows from the definition of J(u), Lemma

4.3 that we have

c0‖u − uh‖
2
L2(Ω) ≤ (J ′(u) − J ′(uh), u − uh)

= (αu, u − uh) − (αuh, u − uh) − (yp − y(uh)p(uh), u − uh)

≤ (yp, u − uh) + (yhph, uh − u) + (yhph, u − πc
hu)

+ (αuh, πc
hu − u) − (yp − y(uh)p(uh), u − uh)

= (αuh − yhph, πc
hu − u) + (yhph − y(uh)p(uh), uh − u)

= I1 + I2 + I3 + I4,

(4.23)

where

I1 = (yp − y(uh)p(uh), πc
hu − u),

I2 = (y(uh)p(uh) − yhph, πc
hu − u),

I3 = (yhph − y(uh)p(uh), uh − u),

I4 = (yp, πc
hu − u) = (yp − πc

h(yp), πc
hu − u).

(4.24)

Now let us to estimate term by term. It is easy to show that

I1 ≤ C‖u − πc
hu‖2

L2(Ω) +
c0

4
‖u − uh‖

2
L2(Ω), (4.25)

I2 ≤ C[ ‖u − πc
hu‖2

L2(Ω) + ‖ph − p(uh)‖2
L2(Ω) + ‖yh − y(uh)‖2

L2(Ω) ], (4.26)

I3 ≤
c0

4
‖u − uh‖

2
L2(Ω) + C[‖ph − p(uh)‖2

L2(Ω) + ‖yh − y(uh)‖2
L2(Ω)], (4.27)

I4 ≤ ‖u − πc
hu‖2

L2(Ω) +
c0

4
‖yp− πc

h(yp)‖2
L2(Ω). (4.28)

Thus, by using the estimates above and Lemma 4.1, we have

‖u − uh‖L2(Ω) ≤ C[ ‖ph − p(uh)‖L2(Ω) + ‖yh − y(uh)‖L2(Ω)

+ ‖u − πc
hu‖L2(Ω) + ‖yp− πc

h(yp)‖L2(Ω) ] ≤ C(h2 + hU ).
(4.29)

Then, it follows from the Lemma 4.2 that

‖y − yh‖L2(Ω) + ‖p− ph‖L2(Ω)

≤ ‖y(u) − yh(u)‖L2(Ω) + ‖p(u) − ph(u)‖L2(Ω)

+ ‖yh(u) − yh(uh)‖L2(Ω) + ‖ph(u) − ph(uh)‖L2(Ω)

≤ Ch2 + ‖u − uh‖H−1(Ω) ≤ C(h2 + hU ).

The proof of Theorem 4.3 is completed. �

5. Superconvergence Analysis

In this section, we will provide some super-close results. Let us start from the superconver-

gence analysis for the control u. Let

Ω+ = {x : u(x) > 0}, Ω0 = {x : u(x) = 0}.

We decompose Ωh into three parts:

Ωh
+ = {τU : τU ⊂ Ω+, }, Ωh

0 = {τU : τU ⊂ Ω0},

Ωh
b = Ωh \ Gh, Gh = Ωh

+ ∪ Ωh
0 .
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5.1. Super-close result for u

In this section, we assume that ∂Ω+ is piecewise smooth and has a finite length such that

meas(Ωh
b ) ≤ ChU . (5.1)

We also assume that p, y ∈ H2(Ω)
⋂

W 1,∞(Ω), and then u ∈ W 1,∞(Ω). Introduce a function:

ũ =






πc
hu, in τU ⊂ Gh;

0, in τU ⊂ Ωh
b and uh = 0;

α−1πc
h(yp), in τU ⊂ Ωh

b and uh > 0;

(5.2)

and we have the following result.

Theorem 5.1. Assume the condition (5.1) holds. Let u be the solution of (2.7) and uh be the

solution of (3.3) strongly converging to u. Then,

‖uh − ũ‖L2(Ω) ≤ Ch2
U . (5.3)

To prove Theorem 5.1, we need to prove two lemmas.

Lemma 5.1. Let u and uh be the solutions of (2.7) and (3.3), respectively. Then,

(αũ − yp, ũ − uh) ≤ 0 (5.4)

and

(αuh − yhph, uh − ũ) ≤ 0. (5.5)

Proof. It is clear that

u =

{
α−1yp yp ≥ 0,

0 yp < 0;

so that πc
h(u) = α−1πc

h(yp) in Ωh
+ and πc

h(u) = 0 in Ωh
0 . We have

αũ(ũ − uh) =






πc
h(yp)(ũ − uh) in Ωh

+;

0 ≤ πc
h(yp)(ũ − uh) in Ωh

0 ; (yp ≤ 0, ũ = 0)

πc
h(yp)(ũ − uh) in Ωh

b and uh > 0;

0 = πc
h(yp)(ũ − uh) in Ωh

b and uh = 0;

or equivalently,

(αũ, ũ − uh) ≤ (πc
h(yp), ũ − uh).

Noting (αũ − yp, ũ − uh) = (αũ − πc
h(yp), ũ − uh), we thus have derived (5.4).

Similarly, noting that

uh =

{
α−1πc

h(yhph) πc
h(yhph) ≥ 0;

0 πc
h(yhph) < 0;

and ũ ≥ 0 if uh = 0, we have

αuh(uh − ũ) =

{
πc

h(yhph)(uh − ũ) πc
h(yhph) ≥ 0;

0 ≤ πc
h(yp)(uh − ũ) πc

h(yhph) < 0; (uh = 0)
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or equivalently,

(αuh, uh − ũ) ≤ (πc
h(yhph), uh − ũ).

This leads to (5.5). �

Lemma 5.2. Assume the condition (5.1) holds. Then,

‖yh(ũ) − yh(u)‖H1(Ω) + ‖ph(ũ) − ph(u)‖H1(Ω) ≤ Ch2
U . (5.6)

Proof. It follows from the definition of yh(u) and yh(ũ) that for each wh ∈ Vh,

a(yh(u), wh) + (uyh(u), wh) = (f, wh)

and

a(yh(ũ), wh) + (ũyh(ũ), wh) = (f, wh).

Thus

a(yh(ũ) − yh(u), wh) + (u(yh(ũ) − yh(u)), wh)

=(u − ũ, (yh(ũ) − y(ũ))wh) + (u − ũ, y(ũ)wh). (5.7)

Taking wh = yh(ũ) − yh(u) in (5.7), we have

‖yh(ũ) − yh(u)‖2
H1(Ω) ≤ C|(u − ũ, y(ũ)(yh(ũ) − yh(u)))|

≤C[ |(u − ũ, y(ũ)(yh(ũ) − yh(u)) − πc
h(y(ũ)(yh(ũ) − yh(u))))Gh |

+ |(u − ũ, y(ũ)(yh(ũ) − yh(u)))Ωh
b
| ]

≤C[h2
U‖u‖H1(Ω)‖yh(ũ) − yh(u)‖H1(Ω) + |(u − ũ, y(ũ)(yh(ũ) − yh(u)))Ωh

b
| ]. (5.8)

By using the trace theory of Sobolev space ‖v‖L1(∂Ω+) ≤ C‖v‖H1(Ω), and noting that

|(u − ũ, y(ũ)(yh(ũ) − yh(u)))Ωh
b
|

≤|(u − ũ, y(ũ)(yh(ũ) − yh(u)) −Q(y(ũ)(yh(ũ) − yh(u))))Ωh
b
|

+ |(u − ũ,Q(y(ũ)(yh(ũ) − yh(u))))Ωh
b
|

≤Ch2
U‖u‖W 1,∞(Ω)[ ‖y(ũ)(yh(ũ) − yh(u))‖H1(Ωh

b
)

+ ‖Q(y(ũ)(yh(ũ) − yh(u)))‖L1(∂Ωh
+

)]

≤Ch2
U‖u‖W 1,∞(Ω)‖yh(ũ) − yh(u)‖H1(Ω), (5.9)

where Q is an orthogonal projection from H1(Ωh
b ) onto L1(∂Ω+), we have

‖yh(ũ) − yh(u)‖H1(Ω) ≤ Ch2
U . (5.10)

From the definition of ph(u) and ph(ũ), we have that for each wh ∈ Vh,

a(qh, ph(u)) + (uph(u), qh) = (yh(u) − yd, qh)

and

a(qh, ph(ũ)) + (ũph(ũ), qh) = (yh(ũ) − yd, qh).
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So that for each qh ∈ Vh,

a(qh, ph(ũ) − ph(u)) + (u(ph(ũ) − ph(u)), qh)

=(u − ũ, (ph(ũ) − p(ũ))qh) + (u − ũ, p(ũ)qh) + (yh(ũ) − yh(u), qh). (5.11)

Taking qh = ph(ũ) − ph(u) in (5.11), we have

‖ph(ũ) − ph(u)‖2
H1(Ω)

≤C[ |(u − ũ, p(ũ)(ph(ũ) − ph(u)))| + |(yh(ũ) − yh(u), ph(ũ) − ph(u))| ]

≤C[ |(u − ũ, p(ũ)(ph(ũ) − ph(u)) − πc
h(p(ũ)(ph(ũ) − ph(u))))Gh |

+ |(u − ũ, p(ũ)(ph(ũ) − ph(u)))Ωh
b
| + ‖yh(ũ) − yh(u)‖2

L2(Ω) ]

≤C[h2
U‖u‖H1(Ω)‖ph(ũ) − ph(u)‖H1(Ω) + ‖yh(ũ) − yh(u)‖2

L2(Ω)

+ |(u − ũ, p(ũ)(ph(ũ) − ph(u)))Ωh
b
| ]. (5.12)

By using (5.10) and bounding the last term on the right-hand side of (5.12), similarly to (5.9),

we also can show that

‖ph(ũ) − ph(u)‖H1(Ω) ≤ Ch2
U . (5.13)

Thus (5.6) is derived. This ends the proof of Lemma 5.2. �

Now we are in the position of proving Theorem 5.1.

Proof of Theorem 5.1. Note that uh and ũ strongly converge to u in L2(Ω). It follows from

Lemma 4.3 and Lemma 5.1 that

c0‖uh − ũ‖2
L2(Ω) ≤ (J ′

h(uh) − J ′
h(ũ), uh − ũ)

=α(uh − ũ, uh − ũ) − (yhph − yh(ũ)ph(ũ), uh − ũ)

≤(yhph, uh − ũ) − (yp, uh − ũ) − (yhph − yh(ũ)ph(ũ), uh − ũ)

=(yh(ũ)ph(ũ) − yp, uh − ũ) = R1 + R2, (5.14)

where

R1 = (yh(u)ph(u) − yp, uh − ũ),

R2 = (yh(ũ)ph(ũ) − yh(u)ph(u), uh − ũ).

Then it gives

|R1| ≤ |((yh(u) − y)p, uh − ũ)U | + |(yh(u)(ph(u) − p), uh − ũ)|

≤
c0

4
‖uh − ũ‖2

L2(Ω) + C(‖yh(u) − y‖2
L2(Ω) + ‖ph(u) − p‖2

L2(Ω))

≤
c0

4
‖uh − ũ‖2

L2(Ω) + Ch4(‖y‖2
H2(Ω) + ‖p‖2

H2(Ω)) (5.15)

and

|R2| ≤ |(yh(ũ)(ph(ũ) − ph(u)), uh − ũ)| + |((yh(ũ) − yh(u))ph(u), uh − ũ)|

≤
c0

4
‖uh − ũ‖2

L2(Ω) + C(‖yh(ũ) − yh(u)‖2
H1(Ω) + ‖ph(ũ) − ph(u)‖2

H1(Ω)). (5.16)

Thus, we have

‖uh − ũ‖L2(Ω) ≤ C(‖yh(ũ) − yh(u)‖H1(Ω) + ‖ph(ũ) − ph(u)‖H1(Ω)). (5.17)

Applying Lemma 5.2 to (5.17) leads to (5.3). This ends the proof of Theorem 5.1. �
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5.2. Super-close results for y and p

Theorem 5.2. Assume that all the conditions in Theorem 5.1 are valid. Let yh, ph be the

solutions of (3.3). Then,

‖yh − yh(u)‖H1(Ω) + ‖ph − ph(u)‖H1(Ω) ≤ C(h2 + h2
U ). (5.18)

Proof. Noting that

a0‖yh − yh(u)‖2
H1(Ω)

≤a(yh − yh(u), yh − yh(u)) + (u(yh − yh(u)), yh − yh(u)) = I1 + I2 + I3, (5.19)

where

I1 = ((uh − ũ)yh, yh − yh(u)),

I2 = −(ũ − u, yh(yh − yh(u)))Ωh
b
,

I3 = −(ũ − u, yh(yh − yh(u)) − πc
h(yh(yh − yh(u))))Gh .

(5.20)

Now we have

|I2| ≤ |(u − ũ, yh(yh − yh(u)) −Q(yh(yh − yh(u))))Ωh
b
|

+ |(u − ũ,Q(yh(yh − yh(u))))Ωh
b
|

=: I21 + I22,

(5.21)

where I21 and I22 satisfy

I21 ≤ Ch2
U‖u‖W 1,∞(Ωb

U
)‖yh − yh(u)‖H1(Ωh

b
),

I22 ≤ Ch2
U‖u‖W 1,∞(Ω)‖Q(yh(yh − yh(u)))‖L1(∂Ω+).

(5.22)

Consequently,

I2 ≤ Ch2
U‖u‖W 1,∞(Ω)‖yh − yh(u)‖H1(Ω). (5.23)

Using standard techniques, it is easy to estimate I1 + I3 where we omit the details. It gives

‖yh − yh(u)‖H1(Ω) ≤ C(h2
U + h2).

Noting that

a0‖ph − ph(u)‖2
H1(Ω) ≤ a(ph − ph(u), ph − ph(u)) + (u(ph − ph(u)), ph − ph(u))

= (yh − yh(u), ph − ph(u)) − ((uh − u)ph, ph − ph(u)), (5.24)

and similarly to estimate ‖yh − yh(u)‖H1(Ω), we also have

‖ph − ph(u)‖H1(Ω) ≤ C(h2
U + h2).

The proof of Theorem 5.2 is completed. �

In the next section we will discuss a superconvergence result for u and some applications.

6. Superconvergence Result for u and Some Applications

As a consequence of super-close results in the section 5, we can derive the following optimal

a priori error estimates in L2-norm.
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6.1. L2-norm and L∞-norm error estimates

Theorem 6.1. Assume that all the conditions in Theorem 5.1 and 5.2 are valid. Then there

holds the following a priori error estimate:

‖y − yh‖L2(Ω) + ‖p − ph‖L2(Ω) ≤ C(h2
U + h2). (6.1)

Proof. It follows from results in Theorem 5.2 that

‖y − yh‖L2(Ω) + ‖p − ph‖L2(Ω)

≤ ‖y − yh(u)‖L2(Ω) + ‖p − ph(u)‖L2(Ω) + ‖yh(u) − yh‖L2(Ω) + ‖ph(u) − ph‖L2(Ω)

≤ C(h2
U + h2).

This completes the proof of Theorem 6.1. �

Furthermore, we can have the following almost optimal a priori error estimates in L∞-norm.

Theorem 6.2. Assume that all the conditions in Theorems 5.1 and 5.2 are valid. If y, p ∈

W 2,∞(Ω), then there hold the following a priori error estimates:

‖y − yh‖L∞(Ω) + ‖p − ph‖L∞(Ω) ≤ C(h2
U + h2)| lnh|

1
2 (6.2)

and

‖u − uh‖L∞(Ω) ≤ C(h + hU ). (6.3)

Proof. In the 2-d case, it follows from the known result

‖wh‖L∞(Ω) ≤ C| lnh|
1
2 ‖∇wh‖L2(Ω) ∀ wh ∈ Vh,

and results in Theorem 5.2 that we have

‖y − yh‖L∞(Ω) + ‖p − ph‖L∞(Ω)

≤ ‖y − yh(u)‖L∞(Ω) + ‖p − ph(u)‖L∞(Ω)

+ C| lnh|
1
2 [ ‖∇(yh(u) − yh)‖L2(Ω) + ‖∇(ph(u) − ph)‖L2(Ω) ]

≤ C| lnh|
1
2 (h2 + h2

U ).

This is (6.2). On the other hand, by using the inverse property of finite element spaces,

‖vh‖L∞(Ω) ≤ Ch−1
U ‖vh‖L2(Ω) ∀ vh ∈ Uh

and the results in Theorem 5.1, we have

‖u − uh‖L∞(Ω) ≤ ‖u − ũ‖L∞(Ω) + ‖ũ − uh‖L∞(Ω)

≤ ‖u − ũ‖L∞(Ω) + Ch−1
U ‖ũ − uh‖L2(Ω)

≤ C(h + hU ).

This is (6.3). The proof of Theorem 6.2 is then completed. �
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6.2. Superconvergence result for u and a posteriori error estimators

As a consequence of the optimal L2-norm estimation for yh, ph, we have the following su-

perconvergence result for u.

Theorem 6.3. Assume that all the conditions in Theorems 5.1 and 5.2 hold. Let

ûh = max(0,
1

α
yhph).

There holds a superconvergence error estimate:

‖u − ûh‖L2(Ω) ≤ C(h2
U + h2). (6.4)

Proof. Since max is Lipschitz continuous, hence

|u − ûh| = |max{0,
1

α
yp} − max{0,

1

α
yhph}|

≤
1

α
|yp − yhph| ≤ C[ |p − ph| + |y − yh| ].

By using Theorem 6.1, we derive (6.4). �

As another application of the results in Theorems 5.1 and 5.2, we derive super-convergence

for the states y, p and the optimal control u. To this end, let us adopt the same recovery

operator Ghv = (Rhvx, Rhvy) as in [26], where Rh is the recovery operator defined for the

recovery of u in [26], vx = ∂v/∂x and vy = ∂v/∂y. It should be noted that Gh is same as the

Z-Z gradient recovery (see, e.g., [28, 29]) in our piecewise linear case. Then we have:

Theorem 6.4. Suppose that all the conditions in Theorems 5.1 and 5.2 are valid. Moreover,

we assume that y, p ∈ H3(Ω). Then,

‖Ghyh −∇y‖L2(Ω) + ‖Ghph −∇p‖L2(Ω) ≤ C(h2 + h2
U ). (6.5)

Proof. First note that

‖Ghyh −∇y‖L2(Ω) ≤ ‖Ghyh − Ghyh(u)‖L2(Ω) + ‖Ghyh(u) −∇y‖L2(Ω). (6.6)

It follows from Theorem 5.2 that

‖Ghyh − Ghyh(u)‖L2(Ω) ≤ C‖∇(yh − yh(u))‖L2(Ω) ≤ C(h2 + h2
U ). (6.7)

It has been proved in [27] (Remark 3.2 and Theorem 3.2) that GhvI = ∇v on τ if v is a

quadratic function on the neighborhood of τU (∪τ̄ ′∩τ̄ 6=∅{τ
′}). Then, it follows from the standard

interpolation error estimate technique (see, e.g., [7]) that

‖Ghyh(u) −∇y‖L2(Ω) ≤ ‖Ghyh(u) − GhyI‖L2(Ω) + ‖GhyI −∇y‖L2(Ω)

≤Ch2(|y|3,Ω + ‖y‖2,Ω). (6.8)

Here yI is the linear interpolation of y. Therefore, it follows from (6.6)-(6.8) that

‖Ghyh −∇y‖L2(Ω) ≤ C(h2 + h2
U ). (6.9)

Similarly, it can be proved that

‖Ghph −∇p‖L2(Ω) ≤ C(h2 + h2
U ). (6.10)
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Therefore, (6.5) follows from (6.9) and (6.10). �

Using the above two results, we can easily construct a posteriori error estimators for the

control problem as follows:

ητU
= ‖uh − ûh‖L2(τU ), ξτ = ‖∇yh − Ghyh‖L2(τ), ζτ = ‖∇ph − Ghph‖L2(τ). (6.11)

They can be used as error indicators of finite element approximation with adaptive meshes.

It is clear that such estimators are asymptotically exact on uniform meshes, see [26] for more

details.
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