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Abstract

In this paper we consider nonlinear delay diffusion-reaction equations with initial and
Dirichlet boundary conditions. The behaviour and the stability of the solution of such
initial boundary value problems (IBVPs) are studied using the energy method. Simple
numerical methods are considered for the computation of numerical approximations to the
solution of the nonlinear IBVPs. Using the discrete energy method we study the stability
and convergence of the numerical approximations. Numerical experiments are carried out
to illustrate our theoretical results.
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1. Introduction

Initial boundary value problems with memory defined by the nonlinear delay diffusion-
reaction equation

ou 0%u
E(m,t) = a@(x,t) + flu(z,t),u(z, t — 1)), (x,t) € (a,b) x (0,7, (1.1)

where 7 > 0 is a delay parameter, a > 0, and by the conditions

u(aat) = Ua(t)v u(bat) = Ub(t)a te (OvT]a (12)
u(z,t) = uo(z, t), z € (a,b), t € [-7,0], (1.3)
or systems of delay diffusion-reaction equations of type (1.1), are largely used on the description

of biological phenomena. The simplest model is the one obtained replacing the diffusion Verhulst
equation by the logistic delay equation (1.1) with the reaction term

u(z,t — 1)
s )

where r and [ are positive constants. Other versions of Eq. (1.1) are considered to model
growth population phenomena. For instance, the z-independent version of Eq. (1.1) with

flu(z,t),u(z, t — 7)) = ru(z,t)(1 -

f(U(IL', t)a u(x, t— T)) = beiau(z’ti‘r)idl‘ru(xa t— T) - du(x, t)a
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where a,b,d and d; are positive parameters, is proposed in [5] to study a grow birth population.
Eq. (1.1) with

f(u(:c,t),u(:c,t - T)) = bu(:c,t - T)(]- - U(Zat)) - CU(:L’,t),

where b and ¢ are positive parameters, is considered in [11] independent of z, to model epidemic
propagations phenomena.

Systems of delay partial differential equations of type (1.1) have been also used to describe
mathematically biological phenomena. In [13], the z-independent version of the system

2
% = Oél% — Ro’ul(I, t)'Uz2(I;t - T) + U’Q(I’ t)’
ot Ox? (1.4)
ou 0%u '
a—; = 0628722 + ROUI(Ia t)’U’Q(I’t - T) - u2($’ t)7

where u; and us represent the ratio of susceptible and infected individuals and «;,i = 1,2, Ry
are positive constants, was used to study an epidemic propagation.

All the models presented before have been based on the Fick’s law for the flux combined
with a mass conservation law. The memory in the mathematical model is introduced using the
reaction. Recently, some new models have been proposed, where the memory phenomenon is
taken into account by changing the Fick’s law, see, e.g., [1, 2, 6].

On the context of biological phenomena, the qualitative properties of the solution of the
nonlinear problem (1.1)-(1.3) have an important role on the description of the dynamic of the
species that are being studied. Such qualitative properties depend on the behaviour of reaction
terms.

It is known that in general the explicit expression for the solution of (1.1)-(1.3) is unavailable,
numerical methods are the only way to get quantitative information to the nonlinear problem
(1.1)-(1.3). The study of delay Cauchy or delay IBVPs has been very fruitful in the last twenty
years, see, e.g., the books [3, 4, 14, 15] and the references therein. Moreover, the study of
mathematical models containing delay equations continues to be a fruitful topic. We mention,
without being exhaustive, the papers [7, 10, 12] contain the analysis of some biological systems,
[9] presents a qualitative study of the solution of a hyperbolic delay equation. In [8], spectral
collocation methods for a parabolic reaction-diffusion equation of type (1.1) are studied.

The characterization of the behaviour of the solution u of the IBVP (1.1)-(1.3) and the
solution uj of its discretization using the behaviour of the reaction term f is the aim of this
paper. This characterization has an important role on the description of the behaviour of whole
system.

Using energy method we establish estimates for © and u} that depend on the derivatives of
the reaction term f. As a consequence of these estimates, we reach conclusions concerning the
stability of the solutions when the initial condition wug is perturbed.

The paper is organized as follows. In Section 2 we consider IBVPs (1.1)-(1.3) with the
reaction term depending only on w(z,t — 7). In Section 2.1 the behaviour of the solution v and
its stability are studied. In Section 2.2 a numerical method which can be seen as a combination
of the spatial discretization defined by the centered finite difference operators and a time inte-
gration defined by the #-method is considered. We study the behaviour of the finite difference
solution and a discrete version of the result established in the continuous context is obtained.
The stability and the convergence of the numerical method are also proved. The procedures
used for the continuous and discrete models with a reaction term depending on u(x,t — 7) are
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easily extended in Section 3 to delay partial differential equations with a reaction term depend-
ing on u(x,t) and u(z,t — 7). In Section 4 some extensions to systems of delay equations are
considered. Numerical simulations illustrating the theoretical results obtained in this paper are
included in Section 5.

2. Reaction Term Depending on u(z,t — 7)

In this section we assume that the reaction term depends on u(x,t—7),7 > 0. Then, f is a
single variable function.

2.1. Continuous models

The stability of the IBVP (1.1)-(1.3) is studied with respect to the L?-norm. In what follows
we use the following assumptions:

u(z,t) € [e,d], (z,t) € [a,b] x [-7,T7, (2.1)
for some ¢, d, and
f € (Cl[ca d]a f(O) =0, f'r/nag; = yrél[%)é] f/(y) (22)

We assume that T' = k7, for some k € N. Let v be a function defined in [a, b] x [—7,T]. Then,
for each ¢, v is a function of « which is denote by v(t).

Theorem 2.1. Let u be a solution of the IBVP (1.1)-(1.3) with homogeneous boundary con-
ditions. Let us suppose that u satisfies (2.1) and the reaction term f satisfies (2.2). If Ou/0ot,
)0z’ € L*(a,b),l = 1,2, then, for t € [(m — 1)7,m7] C [0,T)], the following estimate holds

[u()[7: < €™ max |luo(s)[|7, (2.3)
s€[—7,0]

where v = (f!..)2 (b —a)?/2a.

Proof. Multiplying Eq. (1.1) by u(t) gives

1d

(032 = —all S22 + (F(ult — ), u(t). 24)

As (f(u(t —7)),u(®)) = (f (u@t)(u(t —7) — u(t)),u(t)) with u(t) in the segment defined by
u(t — 7) and u(t), we deduce that

(f (ult = 7)), ul()) < 0* frma lu(@)l|72 + 4—7172|\U(t =1L, (2.5)

where 1 # 0 is an arbitrary constant. Using (2.5) in (2.4) and considering the Poincaré-
Friedrichs inequality, we obtain

’ 1
3Ol < (= =g + Ak [ s + g e = 7)) (26)

Let n be such that

« /
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Then, from (2.6) we get

d 1
el < 5 lhut =), (2.8)
which is equivalent to
d I
(10l = 55 [ luts = lias) <o. (2.9)

From (2.9) we conclude that, for ¢t € [0, 7],

9 b_ 2
M) max_|luo(s)||7:.

2. < (1
lu@lFs < (1 rome =25 max

The above inequality can be easily extended for ¢ € [(m — 1)7, m7]

2a(b—a)?

el < (1 7o =20)™ max uo(s)lE

s€[—7,0

which allows us to conclude (2.3). |
Let u; and ug be solutions of the IBVP (1.1)-(1.3) with initial conditions ug,; and w2,

respectively. Then w = u; — uso satisfies the nonlinear delay equation

ow 0w

= = gyt St = 7)) = flus(t = 7).

Following the proof of Theorem 2.1 and noting that

flua(t = 7)) = flua(t = 7)) = f/(Quw(t —7),

where ¢ in the segment with end points uy (¢t — 7), ua(t — 7), and w satisfies the homogeneous
boundary conditions, the next stability result can be proved.

Theorem 2.2. Let u1,us be solutions of the IBVP (1.1)-(1.3), with initial conditions ug 1, uo,2
respectively. If u; and us satisfy (2.1), then, under the assumptions of Theorem 2.1, for t €
[((m —1)r,m7] C [0,T], we have

lea(t) = ua(®)[72 < ™7 max [Juoa(s) = o a(s) 2 (2.10)

where v = (f..)2(b—a)?/2a.

The behaviour of uq — ug is tremendously determined by the magnitude of ||ug1 — uo 2] 2
and by the behaviour of the reaction term. Nevertheless, independently of f,2, . if [lwo,1(s) —
u0,2(8) |2, for s € [0, 7], is small enough, then ||us(t) — uz(t)| L2 is also small enough in [0, 7.
As a consequence of Theorem 2.2, we conclude that, if u; and us are solutions of the IBVP
(1.1)— (1.3), then u; = us.

Finally, we compare the estimate (2.3) with the one obtained when the reaction term
f depends also on wu(x,t). In this case, we obtain (2.3) with v = —a(b—a)"2+ f! .. and
maxe[_rq] ||uo(s)]|32 replaced by [Juo||2 .. For instance, if f” < 0 then we conclude that ||u()]| 2
decreases in time. This behaviour can not be deduced from the energy estimate obtained for
the solution of the IBVP when the reaction term depends on u(x,t — 7).
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2.2. Discrete models

In this section, we study the behaviour of the finite difference approximations for the solu-
tions of IBVPs considered in Section 2.1. The numerical approximation is defined by a spatial
discretization using centered finite differencing and a time integration using the 6-method.

In [a,b], we introduce the grid I, = {z;,i = 0,--- , N} with g = a,zy = b and 2;4; =
x;+h,i=0,--- N —1. Let At be the temporal stepsize and let j € N be such that j = 7/At.
In [—7,T], we consider the grid {¢;,,¢ = —j, -+, M} defined by

t,j = 7T,t4+1 :t4+At, {= 7]‘,"' ,M*].
Let u} ™ (z;) be the fully discrete approximation to u(w;,t,+1) defined by

™ (25) = up(x;) + AtaDauf ™ 4+ At(1 — G)f(uz_j(aci)) + At@f(uzﬂ_j(xi)), (2.11)

fori=1,--- , N—1,n=1,---,M — 1, and such that
up, (7o) = va(tn), up(rn) = up(tn), n=1,---, M, (2.12)
up(x;) = uo(x4,tn), i=0,---,N, n=—j+1,---,0. (2.13)

In (2.11), 8 € [0,1] and the difference operator D is the usual second-order centered finite
difference operator

i+1) — 20p(T; i .
Dy (ay) = 2T 22 L) -y,
The stability and convergence analysis are established with respect to a L? discrete norm
which is defined below. By L?(I;) we denote the space of grid functions vy, such that vy (zg) =

vp(xn) = 0. In L2(1;), we introduce the inner product

N-1
(Vp, wp)n = h Z v (z)wp (25), vn,w, € L*(I,). (2.14)
i=1
By ||./lz2(1,) we denote the norm induced by the inner product (2.14).
Let D_, be the usual backward finite difference operator. The following relations

N
(Davn, wp)n = —h > Do (2:) D_gwi(w:), vn, wn € L2(I1), (2.15)
=1
N
[vnll72r,) < (b—a)* > W(D_gvn(w:))?, vn € L*(I1), (2.16)
=1

play a central role on the proof of the main result, i.e., Theorem 2.3. The identity (2.15) can
be proved using summation by parts. The second relation is known as a discrete Poincaré-
Friedrichs inequality.

The next result is a discrete version of Theorem 2.1 and establishes a characterization of
the solution of (2.11), (2.13) when homogeneous boundary conditions are considered.

Theorem 2.3. Let u)t" be defined by (2.11)-(2.13) with homogeneous boundary conditions and
such that uf(z;) € [e,d],i = 1,--- N — 1,6 = —j + 1,--- , M. If the reaction term f satisfies
(2.2), then

mj+£

[|up, ||2L2(I;L) < Cuz@?{é OH“O(tM)H%Wh)’ n=0--,M-1, (2.17)
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withm e {1,--+  k—1},kr=T,0€{1,--- ,j},

C= (1 + ’yT)m+1, (2.18)
and
b—a)? "2
SO Ul (2.19)

2c
Proof. Multiplying (2.11) by u}*! with respect to the inner product (.,.)s, we have
lub M 17 r,y =(uhsup ™ + Ata(Daup ™ up ™)y,
+ AL((1=0)(f(up, ), ul ) +0(f (up T, up ), (2.20)

where f(u})(z;) = f(u}(z;)),i=1,--- ,N —1,for p=n—j,n+1— j. Considering in (2.20)
the identity (2.15) with v, = wy, = ’U,Z+1, and using the Poincaré-Friedrichs inequality and the
Cauchy-Schwarz inequality, we obtain

1 o n
G+ atg gl e
1 n n—j n n+l—j n
<SRl + AL = O)(f (™)™ 0(f (™) u ) (2:21)

Since

» , 1 »
(f Qg ), up ™0 < 0P flasllun M T e,y + 4—7’2||“Z N2,
for p =mn,n+ 1, where n # 0 is an arbitrary constant, from (2.21), we deduce

1 (e} / n
(5 + 2t o — 7 Fma)) 1 a1,

1 n 1 n—j n+l—j
§§||Uh||%2(1h) +At4_772((1 = 0)||uy, ]||%2(1h)+9||uh+1 NE2))- (2.22)

!/

! az) 2, We obtain

Fixing n by 7% = a(b —a)~2(
i L
o M ey < NuitlZer,) + Aty (L =)y 122, + Ol ™ 122r,)), (2.23)

with -y defined by (2.19).

We remark that the grids considered in [—7,7] are such that jAt = 7, MAt = T and
kjAt =T (k is such that k7 = T'). In what follows we establish an estimate for ||uZ”+e||Lz(1h)
with m € {1,--- ,k — 1}.

From (2.23), it can be shown that

lurllZer,y < (14~EAt) oomax iz, 6= 1, (2.24)

which implies that

Iz, < (1+77) iz_f}@f_ﬁell%llizghy =1, ,j. (2.25)
As we have

i+ ; .
[|lu7, ||%2(Ih) < (1 + 77‘) i=IOn~E~i~X€j ||uﬁb||%2(1h), (=1,---,7, (2.26)
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from (2.25) we conclude the following estimate
j+¢ 2 ' :
o o < (1 +7m) max b lary =10 (2.27)

Following the previous steps, it can be shown that (2.17) holds. O
We establish in the next result the stability of the method (2.11)-(2.13).

Theorem 2.4. Let u}™', @t be defined by (2.11)-(2.13) with initial conditions uo and g
respectively, and such that uf (z;),as (x;) € [e,d],i = 1,--+ N — 1,0 = —j + 1,--- , M. If the
reaction term f; satisfies (2.2), then

4l -
st = s,y < ©_max[luo(t) = do(t)[Fagry m =00 M =1, (2:28)

s )

withm e {1,--- k=1 ,kr=T,0€{l,---,j}, and C is defined by (2.18).
Proof. Let ’UZH be defined by ’UZH = uﬁ“ — ﬂZ“. We have

o (@) =oj (20) + AtaDavp ™+ At((1 = 0)(f(u 7 (22)) — f (g, (22))

FO(f (™ () = (@ (@) (2.29)
and
of (o) = vi(an) =0, £=0,--- M,
vh (x5) = uo (i, te) — Go(ws,te), i=0,---,N, £=—j+1,---,0.

Using the fact that

Fluf ™ (i) = (a7 (i) = f/(&)ofy 7

where & belongs to the segment with the end-points u} 7 (x;) and ﬂf;j (x;), for p = n,n + 1,
we can obtain (2.28) by following the proof of (2.17). |
Theorem 2.4 implies that the method (2.11) is unconditionally stable — stable without any
condition on the step sizes At and h — with stability coefficient C defined by (2.18).
The convergence of the method (2.11) can be shown from the consistency and following the
proof of Theorem 2.3. Let eZH(xi) = u(wi, tny1) — uzﬂ(aci),i =1,---,N — 1, be the global
error. This error satisfies the finite difference equation

ezﬂ(xi) =ej(x;) + AtaDgeZH + At((l — 9)(f(u(xi,tn_j)) — f(uzfj(acz)))
FO(f(u(@i,tnsi—g)) — flup ™ 7 (@) + AT (), 1<i<N-1, (2.30)

and
eh(z;)) =0, 0<i<N, —j+1<p<0, ep(xo)=ep(zn)=0, 1<n<M. (2.31)

In (2.30), 7" (z;) denotes the truncation error at point (;,%,+1). Under certain smoothness
assumptions, this error behaves like O(At, h?).
Following the procedure used in the proof of Theorem 2.3 and noting that

1
(e < e M + gl W
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where 77 # 0 is an arbitrary constant, it can be shown that

a ’
(14 A5 = 72 + D)) len ™ as,)
(b—a)
1 —j 1-j n
SleRlEaqr,) + Atz (L= O™ Wz + 0™ 1oy HITE Eas,)- (2:52)
Fixing in (2.32) n by
= .

(b - a)2( 'r/?%ax + 1)7
we obtain

||€Z+1||%2(1h) < H€Z||%2(1h) + Aty ((1 - 9)||@Zﬂ||%2(1h)+9||@;:+17j||%2(1h) + ||T;?+1||%2(1h))~
(2.33)
with + defined now by
(b - a)Q( ;r%a:n + 1)

N = o . (2.34)

We establish in what follows an estimate for ||eznj+e||L2(Ih), withl<m<k—-—1land1</{¢<j.
Noting that

¢
el s S (1m) _mas - leblagy + A0 Y 1T e,
T i=1
and ||e§L||%2(Ih) =0fori=—j,---,—j+ ¢ we deduce
4
¢ i
||€h||%2(1h) < AWZ HThH%?(Ih)' (2.35)
i=1
We also have
j+e
j+£ 7 0
len N,y < A +97) ,_max, leblZ2r,y + Aty Z T3 21,
=0, ,4,j S
By using the estimate (2.35) we conclude
J J+e
L ; ,
led W72y < AYA+97) D ITi T2 + Aty Y I1Til T2, (2.36)
i=1 i=j+1
It is now a simple task to prove the following general estimate
mj—+~ i %
157 Wy < v _max TRy (1 +77) (237

=0

forme{l,--- ,k—1},0e{1,--- 5}

Theorem 2.5. Under the assumptions of Theorems 2.1 and 2.4 for the error eZH, we have
||eZ+1||2L2(I}L) < ~7C, #:T-B-L-X,M ||T,’;||%2(Ih), n=0,---,M—1, (2.38)
with v defined by (2.34) and
C. = i (L+~1)™. (2.39)

m=1
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For 6 € [0,1] and @ # 1/2, the truncation error is of order O(At, h?). By Theorem 2.5, we
conclude that
1 2
nzorga}]%—1 HGZJF ||L2(1n) = O(At’ h )
For 6§ = 1/2, the truncation error is of order O(At?, h?), we conclude, by using Theorem 2.5,
that holds
n+1 _ A 2 12
podmax  llep™ e, = O(AL7, A7)
Remark 2.1. The numerical method (2.11) is obtained using the second-order centered finite
difference operator D5 followed by a time integration. We point out that the semi-discrete
system was integrated implicitly on the diffusion term and by using the §-method in the reaction
term. The stability of the method, with respect to ||.|[z2(z,) norm, for all § € [0,1], without
any condition on the temporal stepsize, is a consequence of the stability inequality (2.22) and
from the explicitly character of the discretization of the reaction term.

Let us consider the implicit-Euler method corresponding to (2.11). In this case, the reaction
terms depending on u(z,t) are being regarded. As a result, (2.23) is replaced by

H“ZHHQL?(I,L) < 7||UZH%2(1,L)a (2.40)

with
1

T 1-2At(alb—a) 2+ fi.)]

5y (2.41)

provided that

1- 2At(ﬁ + f,’,m) > 0.

In this case we easily get the estimate

nt1 < 62(n+1)At(a(b—a)*2+f,’nw)

g M 12 ) < bl

where v is defined by (2.41). When the reaction term depends on u(x,t — 7), the estimate
for [|u} || 12(z,) depends on HuZHﬂ |21,y (see(2.23)). Such dependence does not allow us to
obtain easily an estimate for the discrete solution as we can see in the proof of Theorem 2.3.

3. Reaction Term Depending on u(z,t) and u(x,t — 1)

In this section we consider the IBVP (1.1)-(1.3) with the reaction term depending on wu(z, t)
and u(z,t — 7). Our aim is to extend the results obtained in the previous section.

3.1. Continuous models

We suppose that the solution of (1.1)-(1.3) satisfies the assumption (2.1), but the assumption
(2.2) is replaced by the following one:

IS (Cl([ca d] X [Ca d])v f(an) =0,
o of of (3.1)

max —, maz i= mMax ——.
(z,y)€lc,d]? O (fy) (z)ele,d? Oy
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We will prove that for the solution of the IBVP (1.1)-(1.3) with the reaction term f(u(t), u(t—
7)) an extension of Theorem 2.1 is possible. We start by mentioning that the following inequality
holds:

(Fuft)u(t = 7),0(6) < ((Fr)ar + 2 (O + gt = 7).

where 77 # 0 is an arbitrary constant. If the reaction term and the diffusion coefficient satisfy

G- a)

_(fx)max + > 07 (32)

then fixing n by
72 = (~(fodmas + b = @) %) /(£ 2uae

and following the proof of Theorem 2.1 we conclude (2.8). Otherwise, it can be shown that

d

%HU(UHQH < 29[|u(®) |72 + flult = 7)I7e, (3.3)
with )
o
Y= §(fy)$nax - (I)_T)Q + (fm)maz-

For (3.3) we obtain, for t € [(m — 1)7,m7] C [0,T], the estimate

l®llz: < (1 + )7 max fluo(s)lz (3.49)
We have proved the following extension of Theorem 2.1 which establishes an estimate for the
total energy of the solution of the IBVP (1.1)-(1.3) when the reaction term f depends on wu(t)
and u(t — 7).

Theorem 3.1. Let u be a solution of the IBVP (1.1)-(1.3) with homogeneous boundary condi-
tions and assume that (2.1) holds and Ou/0t, 0°u/dx* € L?(a,b),¢ = 1,2. If the reaction term
f satisfies (3.1), then for t € [(m — 1)1, m7] C [0,T], we have

[u()[7: < €™ max |luo(s)[|7, (3.5)
s€[—7,0]

where ) )
v = l (b_a) (fy)maac
2a— (b - a’)2(fm)maz
provided that the diffusion coefficient and the f satisfy (3.2); and

()22 < @0 max fluo(s)|z, (3.6)
where .
«
Y= §(fy)$nax - m + (fl‘)maam

provided that f does not satisfy (3.2).

We point out that, for the IBVP (1.1)-(1.3) with a reaction term f depending on u(z,t) and
u(z,t — 7), a stability result analogous to Theorem 2.2 also holds.
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3.2. Discrete model

Consider the numerical method (2.11) where f(u} 7 (x;)) is replaced by f(u} (2;),u} 7 (z;))
with p =n,n + 1. A discrete version of Theorem 3.1, which can be regarded as an extension of
Theorem 2.3, may be proved. In fact, for homogeneous boundary conditions and the condition

@
m — e(fg,)max > 0 (37)
which replaces (3.2), it can be shown by following the proof of Theorem 2.3 that the inequality
(2.23) is replaced by

ey < A=A il 22, + Aty ((1=0) iy 3 s,y + 0l s,y ) (38)

with v is given by , ,
_ (1 B 0)(f$)maaz + (fy)maa:
7T 200 —a) 2 — 0(f2)maz ) (39)

Noting that At < 7, the inequality (3.8) allows us to conclude the estimate (2.17) with
2 —g\m+l
y(m+1)T (_) 0 1
€ 1 _ 9 Y # )
(1 + ’YT)erla 0=1,

C= (3.10)

where 7 is defined by (3.9).
If the diffusion coefficient and the reaction term do not satisfy (3.7), then the inequality
(2.23) is replaced by

n ]' n
I o) <7—gg (04 A4 = Olluk )

+ AL = O)un ™ g, + A e s, ), (3.11)
provided that At is such that
1—2vAt > 0, (3.12)
where v is defined by
1 «
1= 5 (0= O + Ulhar) + 00 mas = = (3.13)

From inequality (3.11) it can be shown that

mj+e m T 2y —0 2(7+1)79 m+l1
o g < 000 (SRR e ol (319

for m € {0,--- ,k —1}.

We have proved the next result:
Theorem 3.2. Let up™" be defined by (2.11)-(2.13) where Fl™ (;)) is replaced by f(ub (z;),
uy(x;)), for p=mn,n+ 1, and with homogeneous boundary conditions and such that ufl(aci) €
[e,d,i =1,--- N —1,0=—j5+1,---, M. If the diffusion coefficient and the reaction term
satisfy (3.7), then it holds (2.17) with ~y defined by (3.10). Else, it holds (2.17) with

C = e(m+1)7(%+1—9) (M>mﬂ
2y+1-0 ’

provided that At satisfies (3.12).
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The stability of the method (2.11) with f(u? ™7 (z;)), p = n,n+1, replaced by f(u? (z;), ub 7
(x:)),p =n,n+ 1, can be also established.

Remark 3.1. We remark that if (3.7) holds which means that the diffusion-reaction is domi-
nated by diffusion when (f;)max is positive, the stability can be established without requiring
any conditions on the time step-size. Otherwise, if the problem is dominated by the reaction
then the stability is observed provided that (3.12) holds. In this case the restriction is severe
when the constant v defined by (3.13) increases which happens when 6 decreases.

As far as the convergence is concerned, if (3.7) holds, then the global error e}, n =1,--- , M,
satisfies the inequality (2.38) with C. and + defined, respectively, by

Ve (1 I 20y
e(m+1)7y(1 0)7(1—9)2(1—9)’ 0+£1

C.= m =0 (3.15)
TZ(]. +97) =1,

1=0

and
_ (1 B 9)(f1’)$nax + (fy)?nax +1
7T (b — a)"2 = 0(Fa)man) (3.16)

If the diffusion coefficient and the reaction term do not satisfy (3.2), then the global error
satisfies the following inequality

1 n n—j
e a0ty < Ty (0 (0= AR s,y + (1= DA ac,

+0AL e 300, + At|\T,?+1||2L2(I,L)) , (3.17)

forn=20,---, M — 1, provided that At satisfies (3.12) with ~ defined by

(1 - 9)(f1)72naz + (fy)inaa: +1| + 9(f$)m0«1 - (318)

1
773

-7

In (3.17), T;""'(z;) denotes the truncation error at (2;,¢,41)). The inequality (3.17) implies
for the global error the estimate

142
_1,...§+1HT}Z|‘L2(I’l)2fy+1 -0 2v+1—-46
(3.19)

'l m - e
||@Z+1||%2([, < _ma 1 (D T(1—0+ =) Z (2(’)’ +1) 9) '
n IJ/_
(=0

We have proved the following convergence result.

Theorem 3.3. Let u be a solution of the IBVP (1.1)-(1.3) satisfying (2.1). Letu} ™" be the fully
discrete approzimation defined by (2.11) with f(uy ™'~ (x;)) replaced by f(ul ™ (x;), u) ™ 77 (24)),
where the reaction term f satisfies (3.1). If (3.2) holds, then the global error efb,é =1,---, M,
satisfies the inequality (2.38) with v defined by (3.16). Else, the global error satisfies (3.19)
provided that the time-step size satisfies (3.12) with v defined by (3.18).
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4. Systems of Delay Equations

In this section we extend the results presented in the last two sections to systems of partial
differential equations. Let u = (u1,u2) be a solution of the partial differential problem

%:Oﬂ% 3 +f1(U1() ug(t),ul(t—7'),112(75_7-))7 "
% = a@ = + fa(ur(t), ua(t),us (t — 7),uz(t — 7)), in(a,b) x (0,7,
with
ui(a,t) = uia(t), wi(b,t) =us(t), te€(0,7], (12)
ug(a,t) = ugq(t), ug(b,t) =ugy(t), te(0,T), :
and
ui(z,t) = uro(z,t), x€(a,b), tel[-7,0] 43)

ug(x,t) = ug0(z,t), =€ (a,b), te[-,0].

We suppose that the components of the solution, u = (u1, uz), of this problem satisfy (2.1) and
the reaction terms f;,7 = 1,2, verify the following:

of;
(f

= max -——
&w)mm z€fc,d)4 Oxp’

fi € CY([c,d)), £(0,0,0,0) =0, i=1,2, £=1,2,34. (4.4)

In (4.4) we use the notation [c,d]* = {z = (z1,29,23,24) : T; € [c,d],i = 1,2,3,4}.
v = (v1,v2) is such that v; € L%(a,b), then ||v| 12 is defined by

[vllZ> = llvillZe + llvalle.

Theorem 4.1. Let u = (u1, u2) be a solution of the IBVP (4.1)-(4.3) with homogeneous bound-
ary conditions and such that u;,i = 1,2, satisfy (2.1). If the reaction terms f;,i = 1,2, satisfy
(4.4), then for t € [(m — 1)7,m7] C [0,T], we have

@) < ™ o fuo(s)I ws)
with , a
_ fiy2 fz
= (zmzlué (6x3)maz 0x4 maz)/fh’ (4.6)

provided that

min o

=12 ofi df1 df2
n= (b _ a)2 - gnl > (6$ )maa - _(|(6$ )maac| |(a—x1)max|) > 0. (47)
If v1 <0, fort € [(m —1)r,m7] C[0,T], we have
[u®)72 < 2™ max ug(s)]|7e, (4.8)

s€[—7,0]

with

_ af’t 2 0fl 2
7—,{251%,); ((azs)mam—i_ (ax4)maz> - 71 (49)
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The proof of this result follows the proof of Theorem 3.1 . The stability of u, when the
initial conditions uj g, u2,0 are perturbed, can also be established. As a consequence of such
stability result, we conclude that, if u and v are solutions of the IBVP (4.1)-(4.3), then u = v.

A stability result for the solution of (4.1)-(4.3) when the initial conditions are perturbed can
also be established. Such stability result enable us to conclude that, if u; and us are solutions
of the IBVP under consideration, then uy = us.

In order to simplify the presentation we consider in what follows the implicit Euler’s method.
We denote by u!(z;) = (u?zl(zz),ugzl(zz)) the numerical approximation for the solution
w(wi, tny1) = (w1 (24, tng1), u2(xs, tny1)) of the IBVP (4.1)-(4.3) defined by

n+1 n
uyy, (i) —uf () _; _;
S = e Dau () + fu (), g ) wp T ) (),
u"*,'l(:cz) —ul ,(x;) L L
S = eDaug ) + ol () g ), wp Y ) wg T (),
(4.10)
fore=1,--- ,N—1,n=0,--- ,M — 1, with
¢ ¢
ui (o) = u1a(te), ul,(xn) =u1p(te),
@) = walte). () o

for £=1,---,M, and
uf,h(xi) = ul,o(.ﬁi,tg), ug,h(aci) = UQ,O(Ii,tg), = 1, s ,N — 1, é = —j, s 7O. (4.12)

We remark that, in this case, it can be shown that

i M 12y < Wi,y + Atylluy ™ 12, (4.13)
with ~ defined by
Ofi\2 Ofi2
TR <(ax3)maw " (6304)7”‘“‘) - (4.14)

provided homogeneous boundary conditions are considered.
In (4.13) we use the discrete L? x L? norm

||Uh|\%2(1h) = H(Ul,havlh)HQL?(Ih) = ”ULhHQL?(Ih) + HUQJl”QL?(I;L)'
Assuming that the time stepsize satisfies
1— Aty >0, (4.15)

then the inequality (4.13) allows us to conclude that for the solution of (4.10)-(4.12) with
homogeneous Dirichlet boundary conditions holds an extension of Theorem 3.2.

A convergence result analogous to Theorem 3.3 can be established for the solution of (4.10)-
(4.12).

5. Numerical Results

In this section we consider some numerical experiments that illustrate the theoretical results
presented in this paper. The numerical results were obtained by using a computer program
developed by us by using MATLAB version 7.04. In the Examples 5.1 and 5.2 we illustrate
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Fig. 5.1. Example 5.1: Numerical solutions obtained with At = 0.01,0.05,0.1.
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Fig. 5.2. Numerical solution obtained with At = 0.05,7 =1 (left) and At = 0.05,r = 4.8 (right).

the stability results obtained in Section 3.2. The convergence results obtained in this section
are illustrated in Example 5.3. Finally, we consider the behaviour of the methods studied in
Section 4 in Example 5.4. We point out that we took in all numerical experiments 6 = 1.

Example 5.1. Consider Eq. (1.1) with the reaction term
flu(z,t),u(t — 7)) = ru(z, t)(l —u(x,t — T))7

[a,b] = [0,100], complemented with the initial condition

1, z<g,
’ll,()(l‘) {

0, z>c¢,
with ¢ = 50 and with the boundary conditions defined by
u(a,t) =1, wu(b,t)=0, t>0.

The solution of this problem is a traveling wave connecting the stationary states u = 0 with
u = 1. We start by considering o and r satisfying condition (3.2). In this case we have stability
without any restriction to the stepsize At. In Fig. 5.1 we plot the results obtained with o = 0.1,
r=1,7=0.2 and h = 0.1 for different stepsizes.

Let us consider now a and r such that the condition (3.2) does not hold. In this case we
use time stepsizes satisfying (3.12) with v defined by (3.13). In Fig. 5.2 we plot the numerical
results obtained using method (2.11) with @« = 0.1, 7 = 0.2, h = 0.1 and At = 0.05,7 = 1,
which satisfy the condition (3.12) and then presents a stable behaviour; At = 0.05,r = 4.8,
which violate the mentioned condition and then presents an unstable behaviour.
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Fig. 5.3. Numerical solution obtained with » =1, Fig. 5.4. Numerical solution obtained with r = 2,
T=0.5 T=0.2.
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Fig. 5.5. Example 5.2: Numerical solution obtained with r = 3.6 (left) r = 3.8 (middle) and the zoom
of the solution obtained with r = 3.8 (right).

The behaviour of the solution when the delay parameter increases is illustrated in Fig. 5.3.
We observe that an increasing of 7 implies a decreasing on the propagation speed of the front.

An increasing of the reaction parameter r implies an increasing of the propagation speed of
the front. This is illustrated in Fig. 5.4.

Example 5.2. Consider now ug as in the previous example, but with [a,b] = [0,1] and ¢ = 0.5.
In order to illustrate the sharpness of the estimate (3.12) with ~ defined by (3.13) we remark

that, in this case, we have

1

At . 5.1
<r2+2r72a(bfa)*2 (5.1)

We consider 7 = 0.2 and h = 0.01. Consequently the method (2.11) should fail when r
violates condition (5.1). For At = 0.05, a = 0.1, the condition (5.1) is violated for

r=—14 /21 +2a(b—a)"2.

In Fig. 5.5 we plot the numerical results obtained with r = 3.6 (this value of r does not violates
(5.1) and method (2.11) presents a stable behaviour), » = 3.8 (this value of r violates condition
(5.1) and method (2.11) presents a unstable behaviour.)

We point out that r = 3.7 violates the condition (5.1) but the method (2.11) presents a
stable behaviour.

Example 5.3. Consider the initial boundary value problem of Example 5.2 with T =1, a =
0.1,r=1,7=0.2.
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Infected individuals Susceptible individuals

Fig. 5.6. Example 5.4: Numerical approximation for the infected individuals and for the susceptible
individuals with a = 1.

As such initial boundary value problem does not have a close form for the solution u we
compute the “exact solution” using method (2.11) with A = A¢ = 0.0005. In order to illustrate
the convergence of method (2.11) we compute the error max,c1,... ary [|u(tn) — upllz2(s,) for
h = At =0.1,0.01,0.001. The numerical results obtained are presented in Table 5.1.

Table 5.1: Example 5.3: Numerical errors for the numerical results obtained by using method (2.11).

h=At=0.1| h=At=0.01 | h= At =0.001

t,) — ul 8 x 1072 2 x 1072 4x 1073
pefpax Nutn) = uillzaa,

Example 5.4. Consider the system (1.4) with [a,b] = [0,2], Ry = 5, and a; = ag = «. The
boundary conditions are given by

u1(0,t) =u1(2,t) =0.98, t>0, u2(0,t) =u2(2,t)=0.02, >0,
and with the initial conditions
ui(2,0) =0.98, =z €[0,2], wua(z,0)=0.02, z€][0,2]

The dependent variable u; represents the infected individuals being the susceptible individ-
uals represented by us.
We consider the method (4.10)-(4.12) with

Pl @) ug b @), ul 5 (@), uy T (@) = — Rout ) (@a)uy 17 (@) + ul i (w0),

Fa(uf M o), ug (), w3 () w7 () = Roug' (a7 () — gy ().

In the numerical experiments we consider A = 0.1 and A = 0.05. For these stepsizes the
condition (4.15) holds with v defined by (4.14). Figs. 5.6 illustrates the behaviour of the infected
and susceptible individuals when the diffusion of all individuals is equal to one.

The influence of the diffusion coefficient on the dynamics of infected individuals is illustrated
in Fig. 5.7.
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Fig. 5.7. Example 5.4: Numerical approximation for the infected individuals for a = 0.2, 1.
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