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Abstract

The inverse problem considered in this paper is to determine the shape and the impedance
of an obstacle from a knowledge of the time-harmonic incident field and the phase and
amplitude of the far field pattern of the scattered wave in two-dimension. Single-layer
potential is used to approach the scattered waves. An approximation method is presented
and the convergence of the proposed method is established. Numerical examples are given

to show that this method is both accurate and easy to use.
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1. Introduction

The inverse scattering problem for time-harmonic acoustic waves in two-dimension has been

considered for various boundary conditions in a series of papers [1-7]. Among these problems,

we are interested in numerical methods for determining the shape and the impedance of an
obstacle from the knowledge of the incident field and the scattered field of the far field pattern.

Let D be a bounded, connected domain in the plane with boundary 0D € C? and let the
incident field u® be given by u*(z) = explikz - d] where k > 0 is the wave number and d is a fixed
unit vector. If we denote the scattered field by ©* and define the total field u by v = u’+u*, then
the direct scattering problem is to find a solution u € C%(R?\D) N C(R2?\D) of the Helmholtz

equation
Agu+k*u=0 inR*\D,

which satisfies the boundary condition

ou .
9 +ikA(z)u =0 onaD;

and u® satisfies the Sommerfeld radiation condition

lim \/F{aau ikus} =0, r=]lz|,
r

T —00

uniformly in all directions z/|x|.

(1.1)

(1.2)

(1.3)
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Under the above conditions, it is easily shown [8] that «® has the asymptotic behavior
) eik|a:| . 1
() = S {ul@) + Ol )} o] — o (1.4)
where 1, is known as the far field pattern of the scattered wave u®. From Green’s formula and
the asymptotic behavior of the Hankel function Hél), we can easily show [8] that
eiw/4 { . ae—iszc~y ou’
U

L) = — e — ——(y)e Y L s .
wel) = = [ )% - S e e ast) (15)

for & = z/|x|.
For the problem (1.1)-(1.3), there exists the following theorem.

Theorem 1.1. ([9]) The exterior impedance boundary-value problem has at most one solution
provided Im()\) > 0 on dD. The solution u® in R*\D and each differentiation of u® in R?\D
depend continuously on the boundary data.

Let I' € C? be a closed curve contained in D and assume that k2 is not a Dirichlet eigenvalue
of Laplacian in I'. Let the single-layer potential

v(z) = / o)®(z,y)ds(y), ¢ € L(T) (1.6)

approach the scattered field u®, where ®(x,y) = %Ho(l)(k |z — y|) denotes the fundamental
solution to the Helmholtz equation in two-dimension. From the asymptotic for u(x):
eik\x\ . 1
u(@) = —={uce(®) + O(lz| ")}, |z — o0,

Vel

uniformly in all directions & = z/ |z|, and the asymptotic for the Hankel function:

T 1
HP(r) =\ =0/ (14 0()).

we see that the far-field pattern of the potential (1.6) is given by

efi7r/4 o
Uoo(fz'):\/gﬂ—k Fie’l’””'ycp(y)dS(y) (1.7)

To solve inverse obstacle scattering problems, we consider a numerical method to solve the
inverse scattering problem for shape and impedance. Hence, for the given far-field pattern, we
solve the integral equation

(Fp)(2) = uoo(2), (1.8)
where F : L2(T') — L?() is defined by
e—i7‘r/4

—— [ ie *Yp(y)ds(y), & e Q. 1.9
N e(y)ds(y) (1.9)

Then we need to find the boundary I' as the location where the boundary condition (1.2) is
satisfied in a least square sense.

(Fo) (@) =

In comparison with [10], our reconstructions do not require the solution of the function u
and its normal derivative du/dv at each iteration step. We only require the nonzero initials of
©, p, A. Furthermore, this method does not contain the hyper-singular operator, which makes
the computation easy.
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2. Mathematical Analysis of the Inverse Scattering Problem

For the sake of simplicity, we confine our presentation to the case of star shaped domains,
that is, we assume that the boundary I' can be in the form

L A{z(0) = (21(0), z2(0))},

where z1(0) = p(0)cosb, z2(0)

function.

p(0)sinf, 0 < # < 27 and p is 27 periodic positive C?

Now we need the following theorem:

Theorem 2.1. ([10]) The far-field patterns corresponding to an infinite number of plane waves
with distinct directions uniquely determine the shape and location of the scatterer D and the
impedance function \.

We are now in a position to present the method. Eq. (1.8) is ill-posed, so we use the
Tikhonov regularization method to solve this problem. More precisely, for the regularization
parameter o > 0, find the solution ¢, € L?(T) satisfying

2 2
[ Fpa — UOOHL?(Q) ta ||<PaHL2(F)

— 2 P
= 4pelilzf(r){"1*—150*UOOHLz(Q)‘|’OLH<,0HL2(F)}. (21)

Define
U:={\:0< < My, |z(0) —y(0)| < Ma,z,y € 0D},

where M; and Ms are positive constants. From the Arzela-Ascoli Theorem, U is compact in
C(0D). The approach of the scattered wave is the single-layer potential

ut = [ palr)@a)ds(o).
r
We should find p(6) and A(), which minimizes the impedance boundary condition

(2.2)

: o . . _ i .
(ren (@B 2m0 5, (& (P(0)) + ug (p(6))) + k() (u' (p(0)) + ua(P(G)))H-

Define operator S : L?(I') — L%(dD)

(50)@) = [ (. p)dsty). o oD.
r
Then for the boundary p(6) and impedance (), we can define the minimization problem

w(p, N, ;)

_ . Fo— 2 2
e e {10 = el + allol

+

=z
=
=
S

55 (000 + (S(E)) + N (56) +
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3. Convergence Analysis

Definition 3.1. Given the incident field u®, a far field pattern use and a regularization param-
eter a > 0, a pair (po, o) € C2[0,27] x U is called admissible if there exists pg € L*(T') such
that (o, po, No) minimizes the expression in (2.3) over all ¢ € L*(T"),p € C2[0,27] and A\ € U.
Namely, we have

N(poa Aos ¢0; a) - m(a)

where

m(a) = inf

- 7)\) ; *
(pA)ecpznxUxLAm) (0,2 03 )

Theorem 3.1. For each a > 0 there exists an optimal pair (po, \o) € C2[0,27] x U.
Proof. Let (¢n, pn, An) be a minimizing sequence in L?(T") x C2[0,27] x U, i.e.,
lim p(en, Pn, An; @) = m(a).

The sequence {p,, \,} lies in a compact set C?[0,27] x U, and hence there exists convergent
subsequences. We can then assume that p, — pg, A\, — Mg as n — oco. From

«a H‘PnH < M(‘Pnapm)‘n?a) - m(a), n — 00,

and o > 0, we conclude that the sequence {¢,} is bounded, i.e., [l¢n| 12y < ¢ for all n and
some constant c¢. Hence, we can assume that it converges weakly ¢, — o € L%(T") as n — oo.
Since F : L?(T") — L?(0D) and S : L*(T") — L?(9D) represent compact operators, it follows
that
Fo, — Foo, Sen — Spg, n — o0.

This now implies
« H‘Pn”iz(r) = (1(#n; pns An; @) — || Fepn — Uoo”iz(r)

o, . . 2
— Ha(u’ + Son) + ik, (u' + Sen)

L2(dD)

— m(a) = [|[Fpo — tsoll72(r
o . , 2
— Ha(ul + S(po) + ik/’)\o(’uZ + S(po)

L2(dD)

<a ||900Hi2(r) for n — oo.
Since we already have weak convergence ¢,, — @y as n — oo, it follows that
lim [lon = @oll 72y = lim (eal7zy = leollZey) <0
A llon = @ollzzqry = I (lenlzzn) ) <0,

i.e., we also have convergence ¢, — g as n — oo in norm. Finally, from the continuity, we
have

(@05 po, Aos @) = M (pn, oy Ans @) = m(a),

which completes the proof of the theorem. O
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Theorem 3.2. Let usbe the far field pattern corresponding to the incident field u®, (p(0), \(6)) €
C?[0,27] x U. Then we have convergence of the cost functional

lim m(a) = 0. (3.1)

a—0

Proof. See [10, Thm. 7].

Theorem 3.3. If the condition of Theorem 3.2 is satisfied, o, > 0,n = 1,2,--- is a se-

quence converging to zero, {pn, An} is the admissible solutions corresponding to it, then p,(0) —
p(0), A\ (0) — A(0) as n — oc.

Proof. The sequence {py,, A\, } lies in a compact set C2[0,27] x U and hence there exists a
convergent subsequence, which we again denote by {pn, \,}, and p, — p* € C?[0,27], \,, —
A* € U. We want to show that p*(0) = p(#) and A*(0) = A(0) .

Let u* be the scattering waves corresponding to the boundary p* and the impedance \*.
That is, it satisfies the boundary condition

= (u (p7) + (")) + RN (" () + wi(p7) = 0, on 0D, (3.2)
(pn, An) is the admissible solution corresponding to «,, and by Definition 3.1, there exists
¢n € L(T') such that
(P, Prs Anj @) = m(an).
By Theorem 3.2, these boundary data satisfy

i || 2 (S(pn)en + 0 ) + A(S o) + )| <o
n—ee || oV L2(dD)
Now we have
lim H(ﬂs(p )@n + 1kAnS(pn) @ )—(ﬁu*(p*)JrikA*U*(p*))
= lim || (=>S(pn)en +ikAnS(pn)on) + (5-u'(p”) + kA u'(p7))
n—oo 1 v L2(8D)

= 0.

From Theorem 1.1 and the far field pattern (1.7), the far field pattern Fy,, of the acoustic
single-layer potential

() () = / o()®(z, y)ds(y)

converges to the far field pattern u’, of u*.
On the other hand, from Theorem 3.2 and

O k) + (2

ov v

+ ikAu)

— 0,

1Fn — toell ey — O, H(
L2(Q)

*
<}

both as n — oo, we have uo, = u’,, which implies that u® = u*. Notice that u’(p) =

elfrcos(0=¢) where ¢ denotes the incoming angle. So we have
p(0) = p*(0),A(0) = X*(0), 6 € [0,2n].

This completes the proof of the theorem. O
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4. Numerical Examples

In this section, we shall discuss the numerical implementation of the algorithm presented
in the previous section. The data for the inverse problem is the far field pattern for a variety
of incoming waves and choices of the wave number k. To obtain better results, the incoming
waves are written as

N
_ § :eikm~dl,

p=1

and ulY (%) is the far field pattern corresponding to it. For our examples, this data is generated
by approximately solving the direct scattering problem (given the obstacle D). In order to
generate the data, we refer to [8, 12].

The Newton’s iteration is used to solve the optimization problem. To discretize the inverse
problem (2.3), the integrals are approximated using the trapezoidal rule with 6; = jn/n, j =
0,1,---,2n—1 and ¥(0) = ¢(y). By

So(S) = (K~ g,

where

e =2 [ ‘”(f Y o(y)ds(y), € oD,

the representation (2.3) can be written as

(1, p, A )

_17,-/4 2n—1

Z Sk Z o’ (6;)] e~ D) (10D 220D (0) — uog (&)
=0

2

2n—1 ) 2n—1 N-1 6eik3«‘(9j)'dp
ta Yy e@IF+ > (> g, T (& (p(6;)) = D)v(6))
j=0 7j=0 p=0
N— 2

kA Z O 5(o(0,))6(6)))

(4.1)

For the numerical method of the operators S, K’, we will use the following interpolators
quadrature rules
2n—1

2m _
| st 5~ Y R @176,
=0

where

(n) 21 o 1 (n)
R;V(0) = - — cosm(f — 0;
m=1

0 (n)
) — ﬁcosn(e —0;").

In order to discretize the inverse problem (4.1), we approximate the functions 4, p and A by
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finite trigonometric series

bal0) = > g’ g;€C,
Jj=—n1

n2
pal(0) = a(()m) + Z (a§n2) cos j0 + b§n2) sin j6), a§n2), b;nz) €ER,

j=1
n3

Aa(8) = al™ + 3" (@l cos jo + b sin o), al™), 0" € R,
j=1

We now report on the examples we have computed. The approximate minimum occurs at
k = 1.0 and the fixed unit vector

~( cos(2mp/3) B
dp = ( sin(2mp/3) >’ (p=0.1,2).

In our examples, the full line denotes graph of p or A, and the broken line denotes graph of p,
or Ag.

Example 4.1. The pinched ellipse.

The exact figure is the pinched ellipse p(f) = 1+ cos 20 and the impedance is \(§) = 1+sin®(0).
The parameters used for the problem: ng = 6, mg = 64. The number of incoming waves is 3.
For the inverse problem: n; = 8,ny = 4,n3 = 4, L = 30,a = 107'°. The numerical results of
pPo and A, are shown in Fig. 4.1.

Example 4.2. The garlic.

The exact figure is the garlic p(§) = 1 — sinf cos? § and the impedance is A = 2 + cos®(#) +
sin3(9). The parameters used for the direct problem are ng = 6, mg = 64. The number of
incoming waves is 3. For the inverse problem, n; = 8, ny = 4,n3 = 4, L = 30,a = 107'°. The
numerical results of p, and A\, are shown in Fig. 4.3.

About the data involving noise we refer to [10]. In terms of the total field u = S + u® we
introduce the operator G defined by

G:(p,N)| — (v-gradu + ikAu)|r
or in a slight abuse of notation
G:(p,\)| — v-(gradu) o p+ik(Au)op in [0,27].

The perturbations h(6) to the boundary is also starlike. The perturbations to the A is u. Then
for the boundary condition we need to solve the minimization problem

0G 0G
G020+ S 000+ S5

L2(dD) ’

inf
(p(0) x A(0))€(C2]0,27] x C[0,27])

where

9G
dp

(0. VR = — Koo p— - (hu(oe) o p)
. " v ou . oA
+(1k/’)\ — W)hg’d@ op + 1khl,u($u) op
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Fig. 4.2. Example 4.1: Reconstruction with 1% noise.
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Fig. 4.3. Example 4.2: Reconstruction for the garlic and the impedance.
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Fig. 4.4. Example 4.2: Reconstruction with 1% noise.

and

26

oA
both in [0, 27]. For the above two examples, the numerical results of data involving noise are
shown in Figs. 4.2 and 4.4.

(p, M = ik(pu) o p,
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Our reconstructions do not require the solution of the direct scattering problem at each

iteration step. In compared with [11], on boundary p the 2-norm (2.2) is minimized and we
express the unknown impedance function and boundary p by the trigonometric polynomials. So
the reconstruction is insensitive to the initial guess. For both examples we used as initial guess
a circle of radius 1.0 and a constant impedance A = 1.0. The results are found very accurate.

(1]
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