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Abstract

This paper proposes a reliable and efficient a posteriori error estimator for the finite
element methods for the beam problem. It is proved that the error can be bounded by the
computable error estimator from above and below up to multiplicative constants that do
neither depend on the meshsize nor on the thickness of the beam.
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1. Introduction

The beam model [1,2,12] considered here reads: Seek two functions ¢4 () and wq(z) defined
in the unit interval I = [0, 1] such that

—pq+d(pa —wy) =0, in (0,1),
d=2(pq —wh) =g, in (0,1), (1.1)
¢d(0) = ¢a(1) = wa(0) = wa(l

v
I
.Ou

Here and throughout the paper, the parameter d (0 < d < 1) denotes the thickness of the
beam. This model may be derived from the equations of plane linear elasticity by dimensional
reduction, which means that an undisplaced plane body occupying the region {0 < = < 1, 7% <
y < %} be subject to a smooth vertical body force —d?g(x). Physically wy represents the vertical
displacement of the midline, and ¢4 the rotation of the cross section.

The corresponding variational formulation is as follows. Given g € L2(I), find ¢4, wq €
H{(I) such that

(Dl ¥") + d " (pa — wh,p — V') = (g,v),  for all y,v e Hy(I), (1.2)

with the shear force
va = d?(pa — w)). (1.3)

This paper is devoted to this beam problem which is difficult due to the small parameter
related to the thickness of the beam. For the reason of a highly desirable quality of a numerical
method, we hope to approximate the solution as accurately as possible for all values of this
parameter. For a priori error estimate analysis of the beam problem, Arnold [1,2] investigates
the robustness of two families of finite element methods with respect to the parameter d.
He points out that a standard linear finite element is found to be not robust at all which
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means the approximation errors do not converge to zero at the optimal rates uniformly in d.
Although the same method does converge uniformly with respect to the parameter when the
spaces of piecewise polynomials of order at least two are used, the approximation degenerates
as the thickness of the beam decreases, resulting in a reduced uniform order of convergence.
Comparatively, the mixed method he considers as the second method produces good results
and the errors converge uniformly with respect to the parameter for (almost) any choice of
finite element spaces for the original displacement without the degeneracy mentioned above.
All aforementioned papers are only concerning the a priori error analysis of the beam problem.
As for a posteriori error analysis of this problem, as far as we know, no work can be found in
the literature.

It is worth mentioning that recently there are some progress on the a posteriori error esti-
mates of the Reissner-Mindlin plate problem [7,8,11] and the unifying theory of a posteriori error
analysis of finite element methods [5-9,11]. In [11], Hu and Huang introduce a sparse mixed for-
mulation and establish the equivalence between the energy norms of errors and the dual norms
of the residuals. They propose some sufficient conditions and provide a unified framework
for the a posteriori error analysis of the finite element methods of the Reissner-Mindlin plate
problem. This paper follows these ideas and establishes some residual representation which
is closely related to the approximation errors, and presents a posteriori error estimates of the
beam problem. Then we analyze the Arnold’s discrete scheme of this problem [1,2] within this
framework, and propose a reliable and efficient residual-based a posteriori error estimator. The
related multiplicative constants do neither depend on the meshsize nor on the beam thickness.

The outline of the paper is as follows. In Section 2 we establish some equivalence between
the norms of errors and the dual norms of some residuals. In Section 3 we present Arnold’s
discrete scheme for the beam problem. The main results of this paper will be also stated. We
prove the results in Sections 4 and 5.

Throughout this paper, all function spaces will be formed with respect to the unit interval
I =10,1]. For functions f(z) and g(z) defined in [0, 1], we let (f,g) denote the inner productor
fol f(z)g(x)dz. The associated L?—norm of the function is written as || f||, while || f||, denote
the norm in the Sobolev space H'(I) : |fI12 = | fI> + IIf1... + [ f©)?, where f0) = 41
The space HY(I) = {f € H'(I)|f(0) = f(1) = 0}, on which the norm ||f'| is equivalent to the
H' norm. The space H*(I) is dual to H{(I) equipped with the norm

gl = sup Y29
fEH} Hf ||

Vg € H(I).

In this paper the generic constant C' > 0 independent of the beam thickness d below may be
different at different occurrences. An inequality a < b replaces a < Cb, a ~ b abbreviates
a=<b=<a.

2. Residual-based a Posteriori Error Control

Follows the ideas of [3,7,11], let d=2 = % + 372 and introduce an additional independent

variable
Vi =B (pa — ). (2.1)

We obtain a new established mixed version of the beam problem which is equivalent to the weak
formulation (1.2): Given g € L(I), find (¢4,wq,7)) € W x © x Q = Hi(I) x H}(I) x L*(I)
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such that
Bg(pa,wa, va:%,v,¢) = (9,v),  V(P,v,() € W x O xQ, (2.2)
where the bilinear form Bg(-,-) is defined by
Bg(d,wd; V351, 0, C) = a(pa, wa; ¥, v) + b(e, v;75) + b(pa, wa; ¢) — B7(Ca, ), (2.3)

with the bilinear forms
apuwin) = [ i@ @de+ 7 [ (oalo) = @)Wl ~ v @)de. (24
b, vi75) = / ((x) — v/ (2)) 73 (2)d. (2.5)

We define the norms on the spaces W x © as follows
1 3 1
I, )l = ale,wip,w)? = {ll¥'” + 7l =P}z, for all p,w e Hy(D), (2.6)

which is equivalent to the (HE(I))%norm ||(¢, )| = {[|¢'||2 + ||«’||2} 2. In fact, by Poincare’s
inequality ||| < ||¢’||, and the triangle inequality [|w'|| < |[¢ — w'|| + ||¢]|, we have

1 5
g{llsﬂ'll2 + 17} < Ml ) II” < SN + w117}, for all g,w € Ho(D).  (2.7)
Define the following parameter dependent norm for the space @,

(W =1".q)
= —|— 2.8
I<he (w,v)e(lsfgg))?\{o} |||(?/f, )||| 5l 28)

It is in fact owing to this norm that we can obtain robust error estimates.

Remark 2.1. We set the space Qo = {¢|¢ € H *(I),{’ € H™'(I)} with the norm ||¢[|g,0 =

{IICI2, + I¢'II21}2 . Then the norm ||¢]|g.o is equivalent to SUP (4 v)e (A (1))2\{0} W In
fact,

sup (=20
(Yw)e(HL(1)2\ {0} @, )
@, Q) sup (v, Q)

sup +
= wemmnoy W wemangy 1V
= [[¢l-1 + 1<)l -1
On the other hand,
I¢l=1 + 1< =1
!
— sup (¢7/C) sup (U /C)
vemanioy 111 vemingoy IVl
(l/} — a() (1/) - C)
= sup sup
YEHG (I)\{0}, |||(¢a )||| veHY(D\ {0}, |H(w7 |||
v=0 =0
< sup (w - C)

wwecrimagor NV

Since the bilinear form a(-,-) defined by (2.4) is coercive on the whole space W x O, we can
conclude from Theorem 2 of [4] that
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Theorem 2.1. The bilinear form Bga(-,-) defined by (2.3) provides an isomorphism between
W x © x Q and its dual space of W x © x Q, namely,

Bgs(p,w,7";,,()
sup
wwewxoxa\(oy @0l +1<lq
~ |, )l + 17" l@,  for all (p,w,v¥) € W x O x Q. (2.9)

Suppose (@n, Wn, V) € W x © x Q) is some approximation to (¢4, wq,y;) over some partition
A of I. Then we obtain the immediate corollary of Theorem 2.1.

Corollary 2.1. The error |||(¢q — @n,wa — @r)||| + |[va — Vi ll@ is equivalent to the dual norms
of residuals:

I(ea = on,wa = @n)lll + llva = Fnlle
Bﬁ((pd - ()Zh7wd - afu,)/; - §}t7w7vag)

R~ sup
(,0,0)EW xOxQ\{0} 12, 0)[I| + [I<ll@
- sup Reso () + Resw (v) v sup ResQ((j), (2.10)
()W x O\ {0} (2, v)]l] ceq\ior  ll<lle
with the residuals
3. - ~ s
Resw (v) = (g,v) + Z(goh —wp, )+ (V' 0), (2.11)
~ 3 - - —~
R(BS@(”L/)) = 7(90/}”1/)/) - Z(@h - W;M/)) - (1/1,’7}'{)7 (212)
Resq(C) = —(&n — &, — 8297, ). (2.13)

Proof. We can immediately get the first “~” in (2.10) from (2.9) in Theorem 2.1. In order
to get the second “~”, we use the following two steps. First,

sup Bs(pd — ¢n,wd — @hy Vi — Vi ¥, v, €)
(4,0,0)EW xOx Q\{0} (@, o)l + i<l
_ sup Resg(¢) + Resw (v) + Resq(()
($,0,0)EW xOxQ\{0} (@, o)+ 1I<le
< sup Rese(¥) + Resy (v) Resqg(C)
T wwoewxoxa\or @0+ 1Cle  ww.oewxexavioy @, )+ lI<lle

< sup Reso (V) + Resw (v) 4 osu Resqg(C)

T (6,0)eW xO\ {0} [[1(2, v)][] ceovoy  Clle
Second,
sup Reso (1)) + Resw (v) v sup Resg(€)
(,0)EW x O\ {0} (2, v)][] ceovioy Clle
_ sup Rese(¥) + Resw (v) + Resg(€)
(6.0, )W XOXQ\0), I, )T+ i<l
N sup Rese(¥) + Resw (v) + Resg(C)
(0, W xOXQ\ (0], (o, )] + 1<l
~ sup Rese(v) + Resw (v) + Resg(€)
T (0,0)EW xOXQ\{0} (2, v)[I| + 1[<llq

That ends the proof. O
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Remark 2.2. Here and throughout the paper, @y, ¢y, ;,f are not necessarily the discrete func-
tions. However, the subindex h refers to the fact that they might be closely related to some
discrete functions ¢, wn,y; and they are on our disposal. We will propose one simplest style
of them in Section 3 just as Wy, = wh, Pr = @, ;,f = ;. Nevertheless, we have different choices
of these functions when we cope with different classes of methods which is one of the key ideas
of uniform a posteriori error analysis in [5,6,11].

3. Discrete Schemes of the Beam Problem and the Main Results

For the purpose of discretization we shall use finite element spaces defined with reference to
partitions of I. If A = {xo, 20, ,2n} (0 =20 < 21 < -+ < 2, = 1) is a partition of I, let
I n = [ic1, 2], hin = |2 — xi—1|, ha = max h; o. Without misapprehending, we often omit
the subscript A, just denote I; o by I;, hiAl by h;, ha by h. For r > 0 and the partition A,
1" 1(A) denotes the spaces of functions on I which restrict to polynomial functions of degree
at most r on each subinterval [z;_1,x;] = I;. The subscript —1 refers to the lack of continuity
constraint. For k£ > 0, we let

HR(D) = nL (D) NCH), (L) = pi(D) N Hy (1),

Let W}, ©4, Qp be finite dimensional subspaces of W, O, @ with respect to a partition A
of I, and pf o(A) C Wi, pigo(A) C Op. The discretization scheme for the beam problem reads:
Find (pn,wn,yn) € Wp, x O X Qp, such that

{ (@h: ¥5) + (v, R (¥n — o)) = (g,vn), V(¥n,vn) € Wy X O, (3.1)
(Rnlen —wp),Ch) — d*(9m, Gr) = 0, VCh € Qn,
with the discrete shear force

Yn = d"*Ru(en — wj). (3.2)

Here the operator Ry, is a reduction integration operator which can be regarded as a L? projec-
tion onto the space Q5. Note that the discrete scheme is often not of the discrete counterpart
of the mix formulation introduced in Section 2. This discrete scheme has been analyzed by
Arnold in [1,2]. For (almost) any choice of finite element spaces for the original displacement
variables, it is proved that there is a finite element space in which to approximate the shear
stress variable such that the resulting mixed finite element method is stable with the constant
independent of the beam thickness. A special case of the scheme will be provided as an example
in this section.
We define
Vi = B Ra(n — wp)- (3.3)

and note that 73 = 872(pg — ) is defined by (2.1). We choose in (2.10)
Ph = Ph, Wh=wn, V=" (3.4)
Then we will prove in Sections 4 and 5 the following conclusion.

Theorem 3.1. The error |||(wq — ¢n,wa —wr) ||| + |75 — Villo can be bounded from above and
below by the estimator ny, in the sense that

1(pa — pn,wa — wi)lll + [17g — i llQ = 1 + 0sc(g), (3.5)
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where the estimator and the oscillation read, respectively,
M = Z hillg = vullg= ) + Z W v = ol Z2ry + 1= R)(on — wi) 1%, (3.6)

K] 7
0sc?(g) = Y hilg — gnlliar,- (3.7)

Here gy, is the L? projection of g onto the space p' ().

Example 3.1 ([2]) Consider a special case of the discrete scheme (3.1). Take Wj, = O =
1o o(4), and Qp = " H(A). A reduced integration finite element is given as follows: Find
(pn,wn) € Wj, x ©p, such that

(@hsh) + d 2 (pn — Wiy bn —vR)a = (g,v),  for all (Yp,vp) € Wi, X O, (3.8)

The reduced integration (-,-)a here is defined as below.

n

(€.6)a = Z(mz —Ti-1) ZPj(C(s)[ﬂCi—l + (zi —@i—1)ly],  for all (6 € pu”y(D),

i=1 j=1

where 0 <1y < --- <. <1and py,ps,---,pr denote respectively the points and weights of the
r point Gauss quadrature rule on [0,1].
Let 4, = d~2Pp,(¢p, —w),) with the Ly projection Py, onto the space "7 (A) = Qp,. We can
show that
(Vs Pa(¥n — v3,)) = d72(pn — Wiy Yn — vp) A (3.9)
To show this claim it suffices to prove that

(Ph<7 J) - (Ca U)Aa for Ca S lu’r—l(A)a (310)

which means the scheme (3.8) is just the scheme of (3.1) with Ry, = Pp,. For ¢ € u"(4A), let
InC € u"7H(A) interpolate ¢ at the Gauss points. Then, for n € u” ' (A),

Ia¢m) = (IaC,m)a = (¢ n)a = (C,n), (3.11)
so Ian¢ = Pp(. Hence, for o € p" (D),
(PhCaU) = (IACaU) = (IACaU)A - (CaU)Aa

which proves (3.10). Consequently, the claim (3.9) is proved.

4. The Reliability of the Estimator

This section is devoted to prove that the dual norms of residual Resy (v) + Resg (1)) and
the residual Resg(¢) can be bounded by the estimator 7.

Theorem 4.1. It holds that

Resw (v) + Reso (1))
sup 2 7hs
P weHL (H\{0} I[(2, v)][]

where the estimator ny, is defined by (3.6).
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Proof. From the definitions of Resy (v) and Resg(?) in (2.11) and (2.12), and the choice of
(3.4), we have, for all (¢),v) € W x O,

Resw (v) + Rese (¢)
2 (on — why ') + (0, B Ro(ion — )

4
3
— (@), ¥") — Z(% —wh, ) — (¥, B *Ru(pn — w})

= (9,0 = Jv) + (9, (v = Jv)) = (Y, b — J) — (@}, (¥ — J))')
+ (g, Jv) = (&hs (J)') = (va, RaJp — Ry (J0)) + (yn — %(@h —wp)
— B7Ru(on — wp), ¥ — ') + (yn, R = D (Y — (Jv)"))
=hLh+L+ I3+ 1+ I5, (4.1)

=(g,v) +

where J: Hj(I) — po(A) is the usual Lagrange interpolation operator:
Jp(x) =P(x;), zi€ AN={xo,z1,,2p} O=xo<z1 <--- <z =1). (4.2)
From this interpolation, one has
o = Tl L2,y 2 hilld' L2y, ¢ € Hy(I). (4.3)
Estimate for I;. Using an integration by parts and the Lagrange interpolation of (4.2) yields
L = (g,v— Jv) + (9, (v—Jv))

= (9= hv = J) + D @) = o)) = (@) (v — o) (i)}

= Z lg = nllzzllv = JollLz )

<> hillg = illz2 o IV 2
[
< 3" R2lg = hlZan I )N (4.4)

Estimate for . Again using an integration by parts and the Lagrange interpolation of (4.2)
leads to

Iy = —(hy & — J) — (&, (& — J))
= (= + el = ) = D {Gh (@) — ) (@) = P (1) — ) (i) }

K2

<Y hall = v+ Dhllz2ao 1 |2
<D =+ Ghllie 2@, )l (4.5)

Estimate for I5. Note that

o o(D) C Wiy and  pg (D) C Op. (4.6)
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It follows from the discrete Problem (3.1) with vy = Ju and ¢, = Ji) that

I3 = (g, Jv) = (¢}, (J)) = (v, RnJp — Ri(Jv)') = 0. (4.7)

Estimate for ;. By v, = (3 + 872)Ry(n — w}), we derive that

Iy = (’Yh - z(soh —wp,) — B Ru(on — wp), ¥ — v’)

=@ =Ra)(on = wi) |2 (%, )] (4.8)

Estimate for I5. Since Ry, is a L? projection onto @Qy,, we have

Is = (yn, R = D(JY = (Jv)')) = 0. (4.9)

Combining (4.1)-(4.9) ends the proof of the theorem. O
We now prove that the dual norm of the residual Resg can be bounded by the estimator
Nh-

Theorem 4.2. It holds that
Resg(Q)
sup

—— = Th-
ceavioy lI¢llo l

Before proving Theorem 4.2, we need the following lemma.

Lemma 4.1. Given ¢ € L*(I), there exist co € R and o¢ € L*(I) such that { = co + oo and

1

(T/) 77/}() 4 2
sup e = | leol2y + gllcfoH2
P,weHL(I)\{0} [, vl

Proof. Given ¢ € L?(I), let (p,w) € W x O solves the following auxiliary problem:

() + 2w =) ==Y =), V) E, (4.10)

The fact that a(-,-) from (2.4) is coercive on the whole space W x © implies that the unique
existence of (p,w) € W x O for the auxiliary problem (4.10). We choose (¢,v) = (p,w) in
(4.10). Consequently,

_((p_w/,g) (w_UI7C) (4.11)

> sup TV AN TR

e,w)l| =
W= T = socmimior Mo

Setting ¢ = 0 in (4.10), we have
3
(F(p=w)+(v) =0, VueH(D),

which implies that %(cp —w') + ( is a constant on I. Let

3 3
co=C(+ Z(gafw’), o9 = Z(w’fga). (4.12)
Thus, ¢ = ¢y + 0¢. Furthermore, (4.10) with v = 0 shows (cp, %) = —(¢’,¢’), which gives
Co, L
felor=  sup Loty L)y (1.13)

veemnior 1V peemngoy 1]
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Combining (4.11)-(4.13) yields

4 3 3 3
(ool + 3 llo0l)* = (he'l2 + Sl = ')
Y —v',()
el < sup = (114)
Y weHL (D\{0} 1@, o)l
On the other hand, with the decomposition ¢ = ¢y + og, we have for all (¢,v) € W x O,

(v =0, ¢) = (1 =0, co + 00)
= (1/1, CO) + (1/) - UIaO—O)
< 14" leoll—1 + llx> = V' [l ool

< e o) (Jleoll2 + 5 llo0l?)

which deduces 0 o) A .
-, 3
sup el < (ol + S lool?)
wweHt(\{0} 1Y, vll]

This completes the proof. O

Remark 4.1. Due to the equivalence of the norms in 1-dimensional space, we conclude that

1

1
llell=1 = ||c]| = {/ chm}z =|c|, forall c € R.
0

Remark 4.2. The norm ||-||¢ and the L? norm || - || are equivalent, which can be easily verified
by using the definition (2.8) and Lemma 4.1. In fact |(¢—0', ()| < ||[(v, v)||]lI¢]l and 0 < B < 2,
so that

W=-v,0

I<lle = sup + [18¢l = i<l
swemmoy @) )|||

On the other hand, we conclude from Lemma 4.1 that

(€, 9) (co + 00,9)
I€]] = sup = sup
selL? ||5|| seL? ||5||
(00,5) (00,5)
< sup + sup
JeL? H(SH JeL? ||5||

IA

lloll + llooll = lleoll-1 + llooll = lI¢lle-

Proof of Theorem 4.2. With the representation of Resg in (2.13) and the choice in (3.4),
together with Remarks 4.1 and 4.2, we have, for all { € Q,

_ 2
wp BesalO e —wh = 0950
ceavior  IClla ceQ\{0} ¢l

sup (I =Rp)(pn — w}),co + 00)

€EQN0) <=cp llcoll=1 + llooll + ||B(co + o0)||
cQER,00€L2(I)

(T —Ra)(en — wi)ll,
which ends the proof. O

%

A

From Theorems 4.1 and 4.2, and the equivalence in (2.9), we obtain the following result.

Theorem 4.3. It holds that

I(a = enswa —wn)lll + lIva = mlle = mn
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5. The Efficiency of the Estimator
This section demonstrates the efficiency of the estimator ny,.
Theorem 5.1. [t holds that
M 2 1(ed = pn,wa — wi)lll + llva — 4 llq + osc(g),
where n, and osc?(g) are defined as in (3.6) and (3.7) respectively.

Proof. For each subinterval I; = [z;—1,%;], A1; and Ao ; are the barycentric co-ordinates on
this subinterval, and 4A; ;A2 ; is the quadratic bubble function on I;. Let

4h15024, x €L
b = e 5.1
() { 0, ze0,1]\ L. (5.1)
Obviously, by, (r) € HE(I) with
suppby, () = I;, 0<bp(x) < 0?3%{1 br,(x) =1
Firstly, by the definitions of ~; and 74, we have
lve — 4ll
3 3 ;.3 / ok
=117 (a = en) = J(wa —wn) + (L= Ra)(en — wn) +7a = Mllr2a)
= (e — en,wa —wn)lll + 17 = ville + 1T = Ra)(en — wp)ll- (5.2)

Secondly, we consider the efficiency of {Z h?|g— 'V;LH%Q(L_-)}%- Set 67, = br, (gn — ) with gn(x)

K3
the L? projection of g(z) onto the space u';(A). Due to the equilibrium equation g = 7/, in

1
(1.1) and the equivalence of the norms || - b7 [[z2(z;) and || - ||L2(r,) on a polynomial space, we
have

gh —V1»01,)

hi(

hi(gn — g,61,) + hi(9 — 1, 01,)

hi(gn — 9,01,) + hi(Vg — Y 01,)

hi(gn — 9,01,) — hi(va — V1, 07,)

= (Rillgn = gllrz2cy + [va = nllz2)) 161,

hillgn = Yl 72, =

L2(I;)-
The last term above is reduced with the inverse inequality on polynomial space. Thus,
hillgn = Yullz2(r) = illgn — gllzzcr) + 1va = mllczm)-
Therefore,
Z hillgn — YullZ2c) = Z hillgn = gl 72y + v — all?. (5.3)
Thirdly, we consider the efficiency of {Z h2||yn — cp’é”%Q(Ii)}%. Let &1, = by, (vn — ). Using
i

1
the equivalence of the norms || - b7 || 12(7,) and || - || 2(z,) on a polynomial space over subinterval

i
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I; and the inverse inequality on the polynomial space, and with the equation —¢/] 4+ 4 = 0 of
(1.1), we have
illyn — <PZH%2(L,)
=< hi(vw — @, €1,)
= hi(yn — Y4, &1,) + R0y — @ 6r,)

= hillvn = vall 2ol L2y + Rill s — nllz ) 1€7 | L2y
= (hillvn = valleeaey + llea = enllzan)lén [l ez,
= (hallvn = vall2) + 0 = enllza)llve — erllzz -
Therefore,
> Rl = @hllF 2 = llvn = vall® + 11 (0a — @nrwa — wi)ll1>. (5.4)

Fourthly, consider the efficiency of ||(I — Ry)(¢on — wy,)]:
11— Ra)(en — wp)l
S en = #a) = (wh = wa)'ll + [[(pa = wg) = Rulen — wp)||
= len = @a,wn = wa)lll + 827 — il

= (en — a,wn —walll + l1vg = i llos (5.5)
where we have used Remark 4.2 in the last inequality above. Finally, from (5.2) and (5.3)-(5.5),
we have

M 2 |(pa = enswg — wr)lll + 1va =l + 0sc(g).
This ends the proof of the theorem. O

6. Conclusion

In this paper we extend the ideas of [3,7,11] to the a posteriori error analysis for the beam
problem. In particular, for the discretization scheme of [1,2] we present a reliable and efficient
local error estimator which is uniform with respect to the thickness of the beam. We believe
that the framework of the present paper can be extended for other schemes of the beam problem
(see Remark 2.2).
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