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Abstract

In this paper, we propose a tailored-finite-point method for the numerical simulation of
the Helmholtz equation with high wave numbers in heterogeneous medium. Our finite point
method has been tailored to some particular properties of the problem, which allows us to
obtain approximate solutions with the same behaviors as that of the exact solution very
naturally. Especially, when the coefficients are piecewise constant, we can get the exact
solution with only one point in each subdomain. Our finite-point method has uniformly
convergent rate with respect to wave number k in L2-norm.
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1. Introduction

We are interested in the inhomogeneous Helmholtz equation in one-dimensional case:

% (cQ(x)Z—;) + E2n%(x)u = f(z), Vo€ Q=(a,b) CR, (1.1)
u(a) =0, (cu’ —iknu)(b) =0, (1.2)
u(z) and c*(z)u/(z) are continuous on Q, (1.3)

where ‘i’ is the imaginary unit, & > 0, f € L?(Q), c(x) and n(x) are two piecewise smooth
functions which represent the local speed of sound and the index of refraction respectively and
satisty

0<co<c(r) <Ch< oo, 0 <no<n(z) <Ny <. (1.4)

The above boundary value problem of the Helmholtz equation arises in many physical fields,
such as the acoustic wave propagation, the electromagnetic wave propagation, seismic wave
propagation in geophysics, and so on. It is well known that the numerical simulation of the
Helmholtz equation with high wave numbers in inhomogeneous medium is extremely difficult,
see, e.g., [2, 13, 14, 15]. In the last ten years, there have been some efficient methods for this
kind of problems with constant coefficients, including the discrete singular convolution method
[4], hybrid numerical asymptotic method [10], spectral approximation method [20], element-free
Galerkin method [21, 23], the so-called ultra weak variational formulation [12], etc. Generally
speaking, one needs the restriction kh = O(1) for the mesh size h to achieve a satisfactory
numerical result.
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For our model problem (1.1)-(1.3), if we let

W) = [ agdes T=u0) ml) = cl)alw). F) = ).

then the function U(y) = u(z(y)) will satisfy the following equivalent problem:

U"(y) + k*m*(y)U(y) = F(y), yel=(0,7),
(0) =0, U'(t) —ikm(T)U(7) = 0,
)

U
U(y) and U'(y) are continuous on I.

729

(1.5)

In this paper, we propose an approach which is based on the properties of the localized

approximate problem to solve our model problem (1.6)-(1.8). Our method can give a natural

approximation of the original problem with its essential properties. In particular, we can give

the exact solution when m is a piecewise-constant function.

The rest part of this paper is organized as follows. In Section 2, we fix notations and discuss

the stability results for our model problem. In Section 3, we present our finite-point method
for the inhomogeneous Helmholtz equation based on the properties of the solutions. We also
give the stability analysis and error estimates for the proposed method. In Section 4, some
numerical examples are given to show the efficiency of our method. Finally, we make a short

conclusion in Section 5.

2. Stability Analysis for Analytical Solution

Without loss of generality, we assume that I = (0,7) = (0,1). Let

2 = {o| [y < o0

denote the space of all square-integrable complex-valued functions equipped with the inner

product
(v.0) 1= [ o)ty

and the norm
lvllo,r == v/ (v, ).

We also introduce the standard Sobolev spaces, for [ € N,

HY(I) = {v‘v e L2(I), v e L2(I), j=1,--- ,z},

where v\ are the derivatives of order j in the distribution sense. By |v];; = |[[v®]o.s a

semi-norm is given in H'(I). A norm of the space H!(I) is defined as

1/2

1
L= Y Ivl3s
3=0

o]

From now on, if not stated otherwise, all constants C, or C, with j € N, are assumed to be

independent of all parameters of the given estimate, and having, in general, different meanings
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in different contexts. Furthermore, we suppose that the piecewise smooth function m(y) is also
piecewise monotone, i.e., there are some points y; (j = 0,1,---,J) such that

O=yo<yi <---<ys=1, I =(yj-1,95),

m|; € CI(I_j) and m|z; is monotone, j=1,---,J.
Let
M]O = HmHOOan’ Mjl = HmIHOOJJa .7 = 17 T ;J-
Clearly, we have
0 _ /
cono < max My < ColNo, - M= max) I lloe,1; < o0

We then have the following estimates for the model problem (1.6)-(1.8) (cf. [13, 14, 20]).

Lemma 2.1. (Stability analysis for analytic solution) Suppose F € L?(I) in (1.6), m
is piecewise smooth and piecewise monotone, U is the solution of (1.6)-(1.8). Then U €
H2(I)CY(I) and the following estimates

U1 + kU]

01 < C||F|

0,1 |U|2,I S C(l + k)"F||O,I7 (21)
hold for a positive constant C which is independent of F' and k.
Proof. Multiplying (1.6) by U and integrating over I yields
U'U|; —/(|U’|2 — Em?|U?) dy = /FUdy. (2.2)
I I

Taking the real and imaginary parts in (2.2), we arrive at, Veq,e9 > 0,

— 1 k‘281
s~ Rl | = [re ([ 0y )| < ol + S0 e
I €1
k 2 3 1 2 keo 2
mUE =1 ( [ FOay) < PR+ 20, (2.0
I €2
Let
m?(y;)
=1, zj41=2 1, o), =101, 2.5
21 Z]J’_l Z] maX( m2(y;») j ( )
o) = Zi if m(y) is increasing on I; for yel, j=1-.- J (26)
Y 7:;15—?(!;))23‘?47 if m(y) is decreasing on I, 77 T

where y* means the limit to y from the right/left side. Certainly, we have
2y) >z, (2m?) (y) > zm2, for yel, j=1,---,J.

Asz;>1(j=1,---,J), we can obtain

A\
7N\
=
N——
S
<
c
=
<
m
~

Jy) =1, (2m?) (y) >nd, 0<z(y) <
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Multiplying (1.6) by zU’ and integrating over I, then taking the real part yields,

J
)
J —
= Zz(?j;) (|U' (yj)|* + |km(y;)U(y])|2) - 2/IRe (zFU") dy

IN
o <
U +
[\ =

J
From the definition of the function z, we have
2yfo1) 2 2(ym0), ) (yy) 2 (¢m®)(y;2y), G=2,- .
Then we obtain
1
U1 + E*ngllUGr < 22 (OlkmMUMD + S[12F(5  + 0lUIE 1

n,

Taking e = Wjon(l) and § = $ in (2.4) and (2.7), we get

2
0,1

1 2 2 2 2 2 m(1)z(1) ? 2
3 (105 1 + E*ngl| U5 1) < 2(2FI5 1 + 2 E— 115, < C|IF|

That is the first inequality in (2.1). Furthermore, from (1.6), we have
U3, = /IlU”IQdy = /1 |F = k*m?UPdy < (| Fllo.r + k>N l[Ullo.0)*.

Then we get the second inequality in (2.1).

3. Finite Point Method

[ I+ Y RUR) dy+ 20 3) (U (-0 + oo} )0 (5-1))

_ _ 1
2(y;_1) (10" (j—0)* + [km(y;— 1)U (y;-1)|%) + gllellg,I +8|UfR,;, V>0

731

(2.7)

In this section, we propose a new approach to construct a discrete scheme for the Helmholtz
equation (1.6). We call the new scheme a “tailored finite point method” (TFPM), because
the finite point method has been tailored to some particular properties or solutions of the
problem [11]. The finite point method [7, 16, 18, 19] is a development of finite difference
method, in which the meshless technique is emphasized. There were also many work about the
meshless methods for Helmholtz equation [1, 3, 6, 17]. For more related work, one can refer to

two review papers [5, 22].

3.1. TFPM for Helmholtz equation in heterogeneous medium

We now want to construct a tailored finite-point scheme for the Helmholtz equation (1.6)

with varying coefficients. First, we take a partition as:

0=¢ <& <--- <€y =1,

with

hj =& —&-1, j=1,2,---,N, and h:1g§agxzvhj’
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&y h §, h.s 81

Fig. 3.1. The local mesh around points &;_1, &;, and &;11.

such that m(y) is smooth and monotone on each subdomain D; = (£;-1,§;). Then we approx-
imate the coefficient m(y) by piecewise constant function, i.e., we introduce an approximate
function my, (y) for m(y),

ma(y) =mj =m(;), foryeD;, j=1,-,N.
Now we obtain an approximate problem of (1.6)-(1.8) for Uy,

U 4+ kE*m3U, = F, Vye D, j=1,---,N, (3.1)
Uh(O) = 0, U;/l(].) — 1kmNUh(1) = 0,
Un(&) =Un&), Un&)=Un&), j=1,---,N—1,

Fory,se€ Dj,j=1,---,N,let

. ( ) 1 elkm;(s—&i-1) gin (k‘mj (y — §j_1)), Yy > s, (3 2
(y,8) = — _ .
J y kmj elkmj(y_gj—l) Sin (k-m](s — é‘]—l))) S Z y
Then the solution of (3.1) can be expressed by
. . &
Un(y) = Ajelbmi=8-1) 4 Bre=ihmi(y=8-1) 4 f(s)G,(y,s)ds, forye Dj;, (3.5)
€i-1
with some constants A;, B; € C, j=1,--- ,N. From (3.2)-(3.3), we have
A1+ B+ ff =0, —2iBy + f5 =0, (36)
Ajeltmals 4 Biemtmits 4 fsin (kmjh;) = Ajia + Biy + f714, 3.7
Ajeikmjhj _ Bje—ikmjhj _ ifje cos (kmjh]) _ my:]j1 (Aj+1 _ Bj+1 4 ch§~+1)7 ( . )
for 1 <j < N —1, where
Y )
£ = - km; sin (k;mj(y — §j_1))dy,
c 57 f(y) e C T f£S
fj = —cos(kmj(y—fj_1))dy, fj :fj +1fj' (3.8)
§i—1 kmj

Now we obtain a linear system of 2N equations for all 2N unknowns {A4;,B;, j=1,--- ,N}.
Solving this linear system (3.6)-(3.7), we can get our approximate solution Uy (y).

Remark 3.1. Certainly, in practice, we need some quadrature rules to get the integrals in
(3.8). When the wave number k is large, it is not easy to get these integrals by standard
quadrature rules. However, if we expand the function F' by a series of piecewise trigonometric
functions or if we approximate F' by piecewise polynomials, we can get the approximation of
these integrals explicitly with high accuracy.
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3.2. Well-posedness of TFPM

It is not difficult to prove the following theorem about the well-posedness of our method.
Theorem 3.1. The linear system (3.6)-(3.7) has the unique solvability.

Proof. We need only to prove that the linear system has the zero solution when F' = 0.
From (3.6)-(3.7), we have

A\ ﬁj)(AjH) . N—
(Bj) (@‘ a; Bi ) ! b N =4 (3.9

with
L ikmyn, mjt+1 L ikmgn, mjt+1
o; = —e M1+ =, Bj = ce Ml - —=.
J 2 mj 2 mj
Furthermore, we have
mj41 .
o = 1P =T 50, =1, N1,

J

Therefore, we have two constants «, 8 € C, such that

laf? — (8 = 2N >,
my

(5)- (5 2)(5) <“°’

If we have F' =0, by (3.6), we get

and

Al—f—Bl:O, and BNZO

Combining with (3.10), we have Ay = B; = Ay = By = 0. By (3.9), we obtain A; = B; =0,
j=1,---,N, which implies our linear system (3.6)-(3.7) has the unique solvability. O

Remark 3.2. From the proof of Theorem 3.1, we also give a procedure to solve our linear
system (3.6)-(3.7) very easily. More precisely, from (3.6), we have

2 )=(5 o) (an) ()
= n — + ) :17"'5N_1a
(Bj Bi  a; Bj1 vj /

1 — 1
uj:ajfj+1+§ff, Vj:ﬂjf]'s+1*§ 1

(2 )=(52)(a)()

by iteration. Combining with (3.6), we can get Ay, By, An, By immediately. Finally, we
can get A;,B; (j =2,---,N — 1) by recursion. The total costs for solving the linear system
(3.6)-(3.7) are O(N).

with

Then we can get
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3.3. Convergence analysis of TFPM
We now turn to the convergence analysis of our method. From the definition of m;,, we have
‘mQ(y) —mj (y)| < 2CoNoMh, Yy e I. (3.11)

Suppose that U is the solution of problem (1.6)-(1.8), and Uy, is the solution of (3.1)-(3.3). Let
us denote by

E(y)=U(y) = Unly),  Bn= [ (mi —m*)U]. (3.12)
We then obtain
E"(y) + k*miE(y) = Ru(y), y €1, (3.13)
E(0) =0,  E'(1)—ikmyE(1) =0, (3.14)
E and E’' are continuous on I. (3.15)

Lemma 3.1. (Stability analysis for TFPM) Suppose F € L?(I), m(y) is piecewise smooth
and piecewise monotone on I. Then we have E € H?(I)(CY(I) and the following estimates

|E|11 + k|| E]

o1 S ClRullor,  [Elar < C(1+k)|[Ral

0.1 (3.16)
with a constant C independent of Ry, and k.

Proof. As F € L*(I) and m(y) is piecewise smooth and piecewise monotone on I, we know
Ry, € L?(I), and my, is piecewise monotone on I. Now the auxiliary function z(y) in (2.5)-(2.6)
becomes

2
Zl:]., Zj4+1 = Zj max 177 , ]:1’N71’
M1
2(y) =2y, for yeD;, j=1---,N.

We still have

Then we obtain (3.16) from Lemma 2.1 immediately. O
Theorem 3.2. (Error estimate for TFPM) The following error estimates
|E|1.1 + k|| Ello.s < CMykh||F|lo.1, |Elo.r < CME2R||F)lo.1, (3.17)
hold with a constant C independent of h and k.
Proof. From Lemmas 3.1 and 2.1, (3.11) and (3.12), we can get (3.17). O

Remark 3.3. From Theorem 3.2, we know that, E(y) = 0 if m(y) = c¢(y)n(y) is a piecewise
constant function, which implies our method can get the exact solution in this case.

Remark 3.4. We can extend our idea in this paper to higher dimensional problems. But
the algorithms and the stability analysis will be more complicate. We will study the higher
dimensional problems later.
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4. Numerical Experiments

In this section, we give some numerical examples to demonstrate the efficiency of our new
method. Especially, we want to test whether the pollution effect of the finite element solutions
(cf. [2, 9]) occurs in our finite-point solutions.

Example 4.1. First, let us consider the problem

{ (02 (x)u’(ac))l k

Zu(x) zeQ=(0,1),
u(0) = ge5(3+e

=0, (
), (1) —iku(l) =0;

v

(4.1)

i

In this case, only three points, i.e., h = %, can give the exact solution by using our tailored

finite point method (cf. Table 4.1). In contrast to this, only as kh < 1 the standard finite
volume scheme can yield some reasonable accuracy (cf. Table 4.1). Here
FP _ FP FV _ FV
By s = [lu—up ||L°°(Q) By = [lu— g ||L°°(Q) ;
where uf"" denotes the solution of our tailored finite point method with mesh size h, and UV
denotes the solution of the standard finite volume scheme.

The above results suggest that for the traveling wave solutions, there is neither pollution
effect nor dispersion error by our finite-point method. Furthermore, in our computation, we
have no limitation of the wave number k by the so-called Nyquist frequency 7w/h. We can get
any wave-number plane waves exactly with the same meshsize.

Table 4.1: Example 4.1: L* errors of the numerical solutions for different methods with different wave

numbers. For FV: h = %, for TFPM: h = %

wave number k 1 5 25
BT LO7E-14 3.69E-14 2.02E-14
3
EpY, 8.30E-4 3.42E-3 5.21E-3

Table 4.2: Example 4.2: L errors of the numerical solutions for different methods with different wave

numbers. For FV: h = é, for TFPM: h = %.

wave number k 10 50 100
EfL 1.22E-14 2.76E-14 3.13E-14
Ef Y, 6.38E-3 9.75E-3 8.953E-2
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0.4

0.2f

-0.2f

0 02 04 06 08 1 9% 02 04 06 08 1

Real part (left) and imaginary part (right) of solutions. (h = 1)

0.4

0.2r

0 0.2 0.4 0.6 0.8 1 "0 0.2 0.4 0.6 0.8 1
Real part (left) and imaginary part (right) of solutions. (h = 35)

Fig. 4.1. The numerical solutions for Example 4.3: k = 5.

Example 4.2. Our second problem is

(02(x)u’(m))’ +k2n2(x)u(z) =0, x€Q=(0,1), (42)
w(0) =1, /(1) —iku(l)=0 .
with piecewise smooth coefficient:
@, 0 <z < 0.25; .
(@) =1 s, 025 <2 <0.75, n(z) = o
1, 0.75 <z < 1.

In this case, the exact solution u(z) is easy to get by using (3.4)-(3.8). As m(x) = c(x)n(zx) =1,
the exact solution can be recovered by using the proposed tailored finite point method (cf. Table
4.2) whenever the wave number k is large or small.

Example 4.3. Finally, we consider a more general problem

((@)) + k(@) = f(z), z€Q=/(0,1),
{ u(0) =1, /(1) —ikZu(l) =0 (4.3)
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0.4

0.2y

_0.2,

0 02 04 06 08 1 %% 02 04 06 08 1

Real part (left) and imaginary part (right) of solutions. (h = 75)

0.4

0.2y

_0.2,

% 02 04 o6 o08 1 %% 02 o4 06 08 1
Real part (left) and imaginary part (right) of solutions. (h = 35)
Fig. 4.2. The numerical solutions for Example 4.3: k = 207.
with f(z) =1,
1422, 0<z<0.25 175+ 2, 0<2x<0.25;
clr)=< 1—22, 0.25<z<0.5, n(r) =4 1.25—xz, 0.25<z<0.5,
1, 05 <x<l. 2, 0.5 <z <1

In this case, our tailored finite point method can still give good approximation solution, see
Tables 4.3-4.4 and Figs. 4.1-4.2, even if we only use a small number of points per wavelength.
The ‘exact’ solution u(z) of problem (4.3) is obtained by using very fine mesh. Here

EFV _ luf” — ullo.o EFV _ |up, " — ulr0
" lulloo 7 M [uli0

EFP _ luy ™ — ullo.c EFP — Jup, ” — u|19
" lulloo " T [ulio

From Tables 4.3-4.4, we also find that there is no pollution effect in our finite-point solutions.
We achieve the correct convergence rate as shown in Theorem 3.2. In contrast to this, the finite
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Table 4.3: Example 4.3: Relative errors in L?-norm.

wave number k 1 50 100 200
EfL (h= &) 5.01E-4 1.28E-3 1.38E-3 1.72E-3
Erl (h= 1) 2.50E-4 6.10E-4 6.06E-4 7.21E-4
Erl (h= 5) 1.24E-4 2.97E-4 2.93E-4 3.05E-4
Erg (h==5) 6.10E-5 1.45E-4 1.43E-4 1.46E-4
Eny (h==5) 2.27E-4 4.30E-2 1.55E-1 1.53

Table 4.4: Example 4.3: Relative errors in H'-norm.

wave number k 1 50 100 200
Epy (h=2) 1.12E-3 1.35E-3 1.70E-3 1.75E-3
Ept (h= 1) 5.61E-4 6.14E-4 6.50E-4 8.72E-4
Ept (h=55) 2.79E-4 2.96E-4 2.99E-4 3.26E-4
Byl (h==5) 1.37E-4 1.44E-4 1.44E-4 1.49E-4
ErY (h=25) 4.58E-4 4.50E-2 1.87E-1 1.68

volume method gives poorer resolutions as the wave number k& becomes larger. From Figs. 4.1
and 4.2, it is observed that the numerical solutions mimic the exact solutions very well even
though the solutions are not smooth at x = 0.25 and x = 0.5.

5. Conclusion

In this paper, we present a tailored finite point method for the Helmholtz equation with
high wave numbers in the heterogeneous medium. First, we approximate the coefficient m(x) =
c(x)n(x) with piecewise constants. Then we propose a tailored finite point method to solve the
approximate problem numerically. The finite point method has been tailored to some partic-
ular properties of the problem. Therefore, the resulting approximate solution has the natural
behaviors of the exact solution. In particular, when the coefficient m(z) is piecewise-constant,
we can recover the ezact solution with only one point in each subdomain. Our convergence
analysis also proves that the proposed method is free of the pollution error. Moreover, the error
in L2-norm has uniformly convergent rate with respect to the wave number k. The numerical
results show that we can obtain accurate approximations even if a small number of points per
wavelength are used for high frequency waves.
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