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Abstract

This paper develops a posteriori error estimates of residual type for conforming and
mixed finite element approximations of the fourth order Cahn-Hilliard equation wu; +
A(EAu - E_If(u)) = 0. It is shown that the a posteriori error bounds depends on e ' only
in some low polynomial order, instead of exponential order. Using these a posteriori error
estimates, we construct an adaptive algorithm for computing the solution of the Cahn-
Hilliard equation and its sharp interface limit, the Hele-Shaw flow. Numerical experiments
are presented to show the robustness and effectiveness of the new error estimators and the
proposed adaptive algorithm.
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1. Introduction

In this paper we derive a posteriori error estimates and develop an adaptive algorithm based
on the error estimates for conforming and mixed finite element approximations of the following
Cahn-Hilliard equation and its sharp interface limit known as the Hele-Shaw flow [2,35]

ut+A(5Au7§f(u)) =0 inQpr:=Qx(0,7), (1.1)

ou 0 1 . o
B = %(EAU - gf(u)) =0 in 9Qr :=9Q x (0,7), (1.2)
u=uwg in  x {0}, (1.3)

where Q@ ¢ RV (N = 2,3) is a bounded domain with C? boundary 9 or a convex polygonal
domain, T > 0 is a fixed constant, and f is the derivative of a smooth double equal well
potential taking its global minimum value 0 at v = 41. In this paper we will consider the
following well-known quartic potential:

f(u):=F'(u) and F(u)= i(zﬁ —1)%

For the notation brevity, we shall suppress the super-index € on u® throughout this paper except
in Section 5.
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The Eq.(1.1) was originally introduced by Cahn and Hilliard [11] to describe the complicated
phase separation and coarsening phenomena in a melted alloy that is quenched to a temperature
at which only two different concentration phases can exist stably. The Cahn-Hilliard equation
has been widely accepted as a good (conservative) model to describe the phase separation and
coarsening phenomena in a melted alloy. The function u represents the concentration of one of
the two metallic components of the alloy. The parameter ¢ is an “interaction length”, which
is small compared to the characteristic dimensions on the laboratory scale. The Cahn-Hilliard
equation (1.1) is a special case of a more complicated phase field model for solidification of a
pure material [10,27,31]. For the physical background, derivation, and discussion of the Cahn-
Hilliard equation and related equations, we refer to [2,4,7,11,13,20,33,34] and the references
therein. It should be noted that the Cahn-Hilliard equation (1.1) can also be regarded as the
H~-gradient flow for the energy functional [26]

T (w) ::/Q[%|Vu|2+€—12F(u) dx. (1.4)

In addition to its application in phase transition, the Cahn-Hilliard equation (1.1) has
also been extensively studied in the past due to its connection to the following free boundary
problem, known as the Hele-Shaw problem and the Mullins-Sekerka problem

Aw =0 in Q\ Ty, ¢ €[0,7], (1.5)
g—: =0 on 99, t € [0,T], (1.6)
W= oK on Ty, t€0,T], (1.7)
11w
V=3 [%Lt on Ty, t€0,7], (1.8)
FO = FOO when t = 0. (19)

Here

k and V are, respectively, the mean curvature and the normal velocity of the interface I'y, n is
the unit outward normal to either 02 or Ty,

ow owt  Ow~

Bl = o0 = on
and wt and w™ are respectively the restriction of w in Q) and Q;, the exterior and interior
of I'y in Q.
Under certain assumption on the initial datum ug, it was first formally proved by Pego [35]
that, as € \, 0, the function
w® = —eAuf + e L f (uf),

known as the chemical potential, tends to w, which, together with a free boundary I' :=
Uo<i<r(Ts x {t}) solves (1.5)-(1.9). Also u® — +1 in QF for all t € [0,7], as € \, 0. The
rigorous justification of this limit was carried out by Alikakos, Bates and Chen in [2] under
the assumption that the above Hele-Shaw (Mullins-Sekerka) problem has a classical solution.
Later, Chen [13] formulated a weak solution to the Hele-Shaw (Mullins-Sekerka) problem and
showed, using an energy method, that the solution of (1.1)-(1.3) approaches, as € \, 0, a weak
solution of the Hele-Shaw (Mullins-Sekerka) problem. One of the consequences of the connection
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between the Cahn-Hilliard equation and the Hele-Shaw flow is that for small £ the solution to
(1.1)-(1.3) equals £1 in the two bulk regions of Q which are separated by a thin layer (called
diffuse interface) of width O(e). As expected, the solution has a sharp moving front over the
transition layer.

Another motivation for developing efficient adaptive numerical methods for the Cahn-
Hilliard equation is its applications far beyond its original role in phase transition. The Cahn-
Hilliard equation is indeed a fundamental equation and an essential building block in the phase
field theory for moving interface problems (cf. [29]), it is often combined with other fundamental
equations of mathematical physics such as the Navier-Stokes equation (cf. [28,32] and the refer-
ences therein) to be used as diffuse interface models for describing various interface dynamics,
such as flow of two-phase fluids, from various applications.

The primary numerical challenge for solving the Cahn-Hilliard equation results from the
presence of the small parameter ¢ in the equation, so the equation is a singular perturbation
of the biharmonic heat equation. Numerically to resolve the thin transition region of width
O(e), one has to use very fine meshes in the region. Considering the fact that away from
the transition region the solution equals +1, it is natural to use adaptive meshes, rather than
uniform meshes, to compute the solution. As far as the error analysis is concerned, the main

! only in (low)

difficulty is to derive a priori and a posteriori error estimates which depend on e~
polynomial order, rather than exponential order which is the case if the standard Gronwall’s
inequality type argument is used to derive the error estimates [6,17-19]. Recently, Feng and
Prohl [23,24] were able to overcome this difficulty and established polynomial order a priori error
estimates for mixed finite element approximations of the Cahn-Hilliard equation and related
phase field equations. Based on these new error estimates, they then proved convergence of
the numerical solutions of the phase field equations to the solutions of their respective sharp
interface limits as mesh sizes and the parameter ¢ all tend to zero. The main idea of [23,24]
is to use a spectral estimate result of Alikakos and Fusco [3] and Chen [12] for the linearized
Cahn-Hilliard operator to handle the nonlinear term in the error equation. Very recently, this
idea was also used by Kessler, Nochetto and Schmidt [30] and by Feng and Wu [25] to obtain a

1

posteriori error estimates, which depend on e~ in some low polynomial order, for finite element

approximations of the Allen-Cahn equation.

The goal of this paper is to develop a posteriori error estimates for conforming and mixed
finite element approximations of the Cahn-Hilliard equation in the spirit of [25]. First, using the
idea of continuous dependence we derive some residual type a posteriori error estimates, which
depend on % only in low polynomial orders, for the conforming finite element approximations
and the mixed finite element approximations. To avoid many technicalities and to present the
idea, we only consider semi-discrete (in spatial variable) approximations in this paper. For
the time discretization, we appeal to the stiff ODE solver NDF [38] which is a modification
of BDF for temporal integration. Then, using the a posteriori estimates as error indicators
we propose an adaptive algorithm for approximating the Cahn-Hilliard equation and its sharp
interface limit, the Hele-Shaw flow. As in [25], the technique and analysis of this paper for
deriving a posteriori error estimates are problem-independent and method-independent, hence,
they are applicable to a large class of evolution problems and their numerical approximations
obtained by any (numerical) discretization method including finite difference, finite element,
finite volume and spectral methods. We also remark that the adaptive finite element algorithm
of this paper is based on the method of lines approach, we refer to [1,5,21] and the references
therein for a detailed exposition on the approach for other types of problems, and to [21,39]
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and the references therein for a detailed discussions about adaptive algorithms based on other
approaches such as discontinuous Galerkin methods and space-time finite element methods.

The paper is organized as follows: In Section 2 we establish continuous dependence estimates
for the Cahn-Hilliard equation in both standard and mixed formulations, and present some
abstract frameworks for deriving a posteriori error estimates based on the idea of continuous
dependence. In Section 3 we derive some a posteriori error estimates for conforming finite
element approximations and for the Ciarlet-Raviart mixed finite element approximations of the
Cahn-Hilliard equation using the continuous dependence estimates and the abstract frameworks
of Section 2. In Section 4 we propose an adaptive finite element algorithm using the a posteriori
error estimates of Section 3 as error indicators for refining or coarsening the mesh. In Section 5
we establish some a posteriori error estimates for using the conforming and mixed finite element
methods to approximate the Hele-Shaw flow. Finally, in Section 6 we present several numerical
tests to show the robustness and effectiveness of the proposed error estimators and the adaptive
algorithm.

2. Continuous Dependence and a Posteriori Error Estimates

In this section, we first establish some continuous dependence (on nonhomogeneous force
term and on initial condition) estimates for the Cahn-Hilliard problem (1.1)-(1.3) in both stan-
dard and mixed formulations. We then present an abstract framework for deriving a posteriori
error estimates for mixed numerical approximations of general evolution equations. Our goal is
to derive a posteriori error estimates which depend on e~! only in some low polynomial order.
It is easy to show that (cf. Section 2.1 ) if one uses the standard perturbation and Gronwall’s
inequality techniques to derive a priori or a posteriori error estimates, the error bounds will

~! exponentially, hence, such estimates are not useful for small e. To overcome the

depend on &
difficulty, we appeal to a spectrum estimate result, due to Alikakos and Fusco [3] and Chen [12],
for the linearized Cahn-Hilliard operator, and prove a continuous dependence estimate, which
depends on £~! in some low polynomial order, for the Cahn-Hilliard equation. Such a contin-
uous dependence estimate is the key for us to establish the desired a posteriori error estimates
in the next section.

Throughout this paper, the standard space, norm and inner product notation are adopted.
Their definitions can be found in [8,15]. In particular, (-,-) denotes the standard L*-inner
product, and H*(£2) stands for the usual Sobolev spaces. Also, C' are used to denote a generic
positive constant which is independent of € and the mesh sizes.

2.1. Continuous dependence estimates

Introduce the space

HL(Q) = {w € H*(Q); g_:f =0on aQ} .

We recall that the variational formulation of (1.1)—(1.3) is defined by seeking u € H%(f2) such
that

(s ) + £(Au, Av) + %(V(f(u)),vw) —0 e HEQ), t e [0,T], (2.1)
u(0) = up € H (1), (2.2)
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where (-, -) is the dual pairing between H% and its dual space (H%)*. It is proved in [18] that
such a solution u exists and

u € L2((0,T); Hp()) N L*((0,T); H(2)) 0 H'((0,T); L*(%2)).
For physical reason, unless mentioned otherwise, we assume that |ug| < 1 in this paper.
Let v(t) € H2(Q) be a perturbation of u satisfying

LVUW) V) = (), 0) Ve e HRQ), te(0.T),  (23)

v(0) = vy € HE(Q), (2.4)

(v, 1) + e(Av, Ay) +

where r(t) € H™2(Q) := (HZ(Q))* (the dual space of H%(f2)) is the residual of v(t), i.e., the
perturbation of the right-hand side of (1.1). We assume that (r(t),1) = 0, and define
)

rOlge = sup
oxpenz ) [Vllg

(2.5)

Let L3(Q) = {¢ € L*(Q); [, vdz = 0}. Define A~ : L3(€2) — H*(Q)NLE () to be the inverse
of the Laplacian A, that is, for any ¢ € L3(Q), A=l € H(Q) N L3() is defined by

(V(A™1), V) = —(¥,m)  Vne H(Q).

From the standard regularity theory of elliptic problems, one concludes that A~1¢y € HZ(Q)
and

HAA?/’HH?(Q) <Ol - (2.6)

Let w( ) := v(t) — u(t). We also assume that w(0) = vg —ug € L§(2). Then, from [, w(t)dz =
Jow(0)da, it is clear that w(t) € L§(€2). Subtracting equation (2.1) from equation (2.3) gives

() +<(Bw, A) + 2 (V) — f@), V9) = (0, 9) Vo€ HE@).  (27)

Next, we give two estimates on u—v in terms of r and ug—vg for the Cahn-Hilliard equation.

The first estimate holds without any constraint on either the initial condition or the residual

-1

of the perturbation problem, but the estimate depends on & exponentially. The second one,

1

which depends on e~ only in a low polynomial order, holds provided that the perturbations of

the initial condition and the right-hand side are small.

Proposition 2.1. Let u and v be the weak solutions of (2.1)-(2.2) and (2.3)-(2.4), respectively.
Then it holds that for t € [0,T)

VA~ (o(t) — u(®)|?, + ¢ / exp(‘*(l; 5)) IV (0(s) —u(s)|3 ds

t 4t —
<exp( ) VA~ vy — up)||7, +C’5/O exp (53 5)) 1 (s)]1% 2 ds. (2.8)
Proof. Setting = —A"twin (2.7) we get
1
HVA wHL2 +e| Vw3, + = (f( ) — f(u),w) = —(r,A™ w). (2.9)

2 dt
From the definition of A~! it follows

lwl72 = =(V(A™ w), Var) < V(A w)|| o | Vel - (2.10)
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Hence,
1 1,., 1 5 1 2
E(f(v) - f(u)vw) = g(f (g)waw) = g((?)f - 1)waw) Z 7g ||wHL2
1 _
> 7 Vol - 5 [V,
Similarly,

_ _ 2 1 2
—(r, A7 w) < el [[AT ]| o < Clirlljgz lwll 2 < Cellrllz-2 + B [[wl]72

2 € 2 1 _ 2
< Celrlf-2 + 7 Vel Zs + 5 VA )
Combining the above two estimates and (2.9) we obtain
d 12 2 4 Z1 42 2
T HVA wHL2 +e||Vuw|72 < = HV(A w)HL2 + Ce |lr||5-2 -

Finally, the desired estimate (2.8) follows from an application of the Gronwall’s inequality. The
proof is complete. O

Remark 2.1. Clearly, the above continuous dependence estimates are only useful when ¢ =
O(e?). However, the estimate is sharp if no assumptions on the solutions u and v are assumed
because the Cahn-Hilliard equation does exhibit a fast initial transient regime for times of order
O(g3), until interfaces develop [2,11].

To improve estimates (2.8), we need to confine ourselves to consider solutions u and v which
have certain profiles. Specifically, we need the help of the following three lemmas. The first
lemma gives an a priori estimate for solutions of a Bernoulli type nonlinear ordinary differential
inequality. Its proof can be found in [25].

Lemma 2.1. Suppose that n > 1, y(t) and A(t) are nonnegative functions satisfying
y'(t) <A@ ()" +alt)y(t) +b(t) Vvt e [0,T]. (2.11)
Define p(t) = fot e~ Jo M dTp(s) ds and p(t) = maxo<s<s p(s). Then there holds for t € [0,T*)

[y(0) + p(t)] eJo als) ds

‘ T [p(t) — p(t)]elo ale)ds 2.12
= [o(t) = p(1)] (2.12)

y(t) <

where

t
((t) =1—(n—1)[y(0) + ﬁ(t)]”_l/ A(s) et o e dn s,
0
and T* is the largest positive number in [0,T] such that {(t) >0 .

The second lemma cites a spectrum estimate result of Alikakos and Fusco [3] and Chen [12]
for the following linearized Cahn-Hilliard operator at the solution of (1.1)-(1.3)

Lo = A(eA - éf’(u)[), (2.13)

where I stands for the identity operator.
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Lemma 2.2. Let A\cgy denote the smallest eigenvalue of Lo, assume that the solution u
satisfies the tanh profile described in [12] (c¢f. (1.10) on P.1374 and Theorem 1.1 on P.1375
of [12]). Then there exists 0 < €9 < 1 and an e-independent positive constant Cy such that Aoy
satisfies

2 +1
AoH = inf e V¥l + ¢ (P, w) —Co Ve € (0,¢e0).

0#pe HL(Q)NLE(Q) IVA-1y||37, a

Remark 2.2. The above estimate holds for any v which satisfies the tanh profile. An important
question is whether the solution u° of the Cahn-Hilliard problem (1.1)-(1.3) satisfies the profile.
It was proved in [14] that this is the case provided that the initial data wug satisfies certain
profile. To the best of our knowledge, it is an open problem whether the above estimate still
holds if w is taken as the solution of (1.1)-(1.3) with a “general” initial data (see Remark 2.3
of [14] for more discussions). So in the remainder of this paper, we shall confine ourselves to
the case when the solution u® of the Cahn-Hilliard problem (1.1)-(1.3) satisfies the tanh profile,
hence, the above estimate holds for © = u®. This is equivalent to assuming that ug satisfies the
initial data profile as stated in [14].

The third lemma gives an estimate which is useful for the subsequent analysis.

Lemma 2.3. Let 0 < 6 < 2 and Cy > 0, then there exists a positive constant C = C(Cy) which
is independent of € and § such that for any w € HY(Q) N L3(Q) there holds
Cl 20 1642(N—2)5
— HwHLs ||wHL4 + = ||Vw||m + O VAT ]| LT (2.14)
Proof. Recall the Young’s inequality
q— 1 _q bq

ab < a1 + —, a,b>0,q>1.
q q
Hence,
A 1 q bq _q —1 bq
ab<as 14 (1—-- a1 +e 2.15)
(- . (
Then, for 2 <p <3
s_ o (1l e el
Cl |w| = Cl T 24-p |’U}|4*1’ S T + C |w|p,
and therefore,
Ch C
— ||wHL3 ||w||L4 — llwllz - (2.16)

= 2%
Since w € HY(Q) N L&(Q), it follows from the Sobolev inequality (see [20, p.341]) and (2.10)
that

—N(p—2 2p+N(p—2)

1_N®@=2) N(p—2) 1 2p (
[l < Cllwll, ™ IVwl” < C|VAT ||, 7 IIVw||L2 .

8+2N 25 _ o 4 2(2-9)

TN N e have

Letting p =

4-5
e 84+ (N —2)5

4 T S (N-2)5
||w||p < Qe <€Z |vw||%2> VA~ w25
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From inequality (2.15) with ¢ = 4/5 we obtain
164+2(N—2)8

% Hw”ip < HVwHL2 + A% HVA wHW

The desired estimate (2.14) now follows from combining the above estimate and (2.16). The
proof is complete. O

We are now ready to state our first main result of this section.

Proposition 2.2. Suppose that |ugl,|vo| < 1, g9 and Cy be the same as in Lemma 2.2. Let
u and v be the solutions of (2.1)-(2.2) and (2.3)-(2.4), respectively. Then, for any e € (0,¢eq],
there exists a positive constant C' = C(||ul| ), which is independent of € and t, such that there
holds

VA= (w(t) — u(t)]||;

* / (4 IV (0(s) — w22 + = lols) = uls) [ )29

0

< ek [TA~ 0 — ) 2

[1+—t *2/ (& e(2CoF8) (=) g5 (2.17)
for allt € [0,T*), where
E(t) = 1—Ce™ "7 (20048}t
t
_ 2 _ _ s
x {HVA H(vo —uo)[[ . +€7 / () [|% > e~ (G0t ds}, (2.18)
0

and T* € [0, T] satisfying £(T*) > 0.
Proof. Let w:=v — u. From (2.9) and the identities
F) = fu) = f'(ww + 0’ + 3uw?,
(f(v) = flu),w) = /Qf'(u) w? dz + |Jw|| 34 + 3/Quw3 dx, (2.19)
and the fact that C; = [|ul| .« < oo (cf. [9,24]), we have

— 2 1 4 2 1 2
535 VA7l + 2l + e Vulfe+ 2 [ Fu?de
3 3¢, C

—— 2 [ wutdo = (nATw) < 2 il + 5 Il R ulf. @220
Q

To bound the fourth term on the left-hand side of (2.20) from below, we employ the spectrum
estimate of Lemma 2.2. In order to keep a portion of ||Vw||iQ on the left-hand side, we apply
the spectrum estimate with a scaling factor (1 — £3).

1
Vel + 2 [ 1) uido =l

=¢8 [5 Vw3, + é/ﬂ (3u® —2) dex} +(1—¢%) [5 Vw3, + é(f’(u)w,w) }

> et |Vw||2s — Co || VA w||?, — 2¢2 w2, .
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Since
4
2 — € 2 — 2
222 o2 < 2 |Vl [ VA 0o < S [V0ll2 +4 [ VA w3,
we have
s 1 , ) S 3et 2 12
elVuwlze + - | flu)w'de —efwlp. > == [Vwlza = (Co+4) VA= ]|, (2:21)
Q

Combining (2.21), (2.14) with C; = 3C, and (2.20) we obtain

1642(N—2)3

% VA~ w7, < Coe* % ||[VA  w|| .57+ (2C0 +8) | VA w3,
1
+ O el — e Vw2 ol (222)

where 0 < § < 2. Now, set

B (V-2

_ 2 _
y(t) == VA |2, a:=2C,+8, X:i= (82000, CET

1 ! .
b(t) := Ce? [l — e IVellpe =~ lwlze,  p(t) = / e (0D p(s) ds,
0

then .
0<p(t) < c/ e~ (2005 =2 1 (5)||% , ds.
0

It follows from Lemma 2.1 that there exists T* € (0, T such that

y(t) < (y(0) + p(t)) f(200+8)t + e(2Co+8)t 54 (2.23)

(<)

for all t € (0,T*), where

C(t)=1- y(0) + ﬁ(t)]”—l [e2Cot®m-Dt _ 1]

200+8[

Moreover, since

1

n—1

(c(t)™ > (1 — A o)+ ) 6(200+8)(”_1)t)

N\ S
> _ — (2C0+8)t
21 (srs) )+ p(0)] oo

there exists a positive constant C' independent of € and § such that
1 (2+N)(5-8)
(C(t)) n—1 > 1—Ce™ 2+(1;75) [y(o) + ﬁ(tﬂ e(2Co+8)t.
The estimate (2.17) now follows from combining the above inequality and (2.23) and letting
0 — 0. The proof is complete. a

Remark 2.3. In the above proof we have used the boundedness property of the solution of
the Cahn-Hilliard problem (1.1)-(1.3), which will be used a couple more times later in the
paper. The references we cited for the property are [9,24]. However, we like to point out
that the assertion was proved in [9] under the assumption that the derivative f(u) = F'(u)
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of the potential F is linear outside a bounded interval, which is not the case for the potential
F(u) = $(u* — 1) used in this paper. Although we believe the boundedness of the solution in
the case of the above potential also holds, we have not found a (direct) proof in the literature.
On the other hand, an indirect proof was given in [24] (see Lemma 2.2 of [24]), which uses
the fact that the solution of the Cahn-Hilliard problem (1.1)-(1.3) converges to the classical
solution of the free boundary problem (1.5)-(1.9) as ¢ — 0. The subsequent analysis of this
paper is carried out under the assumption that the solution of (1.1)-(1.3) is bounded in the
L*°-norm, which is known to be true if the free boundary problem (1.5)-(1.9) has a unique
classical solution and is believed to be true in more general cases.

In order to assure the continuous dependence estimate of Proposition 2.2 hold on the whole
interval (0,7), we need to impose a smallness constraint on the perturbations of the initial
condition and the right-hand side as described in the following corollary.

Corollary 2.1. Under the assumptions of Proposition 2.2, estimate (2.17) holds for T* =T if
vy and r satisfy the following constraint

T
_ 2 _ _ ,
{HVA l(vo—uo)HLz—i—s 2/ H?‘(S)H%,2 e (200+8)5ds}
0

< Ol (CotayT SN O(e?) if N =2,
O(e8%)  if N=3.

Proof. The assertion follows immediately from the fact that £(7') > 0 when (2.24) holds. O

2

(2.24)

Proposition 2.3. Under the assumptions of Corollary 2.1, there exists a constant C indepen-
dent of € such that for t € [0,T]

Jot6) = s + [ (2180 — w1z
+ 2 10(s) — u() V(o) — u(s))I2a ) ds

C _ 2
< lvo — uo||2 + 0 [VA~Y (vg — ug)||;, et

= { £<1t } /0 (8|2 €GO ds (2.25)
Proof. Setting ¢ = w := v(t) — u(t) in (2 gives
1d
2wl e w2 + 2 (V) ), Vo) = {ryu) (2:26)

From (2.19), (2.10), and the fact that HuHLoo < C (cf. 9,24]) we get
(V(f(v) = f(u)), Vw)
(V(w® + £ (u)w + 3uw?), Vw)

(SwQVw, Vw) — %(f’(u)w + 3uw?, Aw)

Y
MWLM WO [ =M=

B
<
=
TT

c 2 4
~law)ze = (lhwlFe + wll; )

Cr1 _ 2 2 4
loVul2s - S 18ul: — 5 (5 VA wll2 + < [ 9wliZs + fuli ).

v



Adaptive Methods for the Cahn-Hilliard Equation s

Combining this estimate and (2.26) yields

1d
2dt

Ss_f)( HVA_IIUHp e |[Vwlz: + & ullza ) +C IITHI:H [Aw] 2

w72 L ||A wl[za + = IIMVMHLz

C 12 2 4
<z ([IVA™ vl +et [IVwllzz +e? [lwll7a ) + IITHH 2+ 7 IIAwI\L2-
Here we have used the inequality
[wll o = AT Aw|| o < CllAw]|

(cf. (2.6)) to derive the first inequality. Therefore
d 1
7 w2 + el A7 + B lw V|7
C 212 2 4 - 2
§E—5( VA ||, + et Vw72 + e wll7a) + Ce irl G- -

Integrating the above inequality over [0,t¢] and using Proposition 2.2 and Corollary 2.1 give
(2.25). The proof is complete. U

2.2. Continuous dependence estimates for the mixed formulation

In this subsection we derive a continuous dependence estimate which is analogous to (2.17)
for a mized formulation of the Cahn-Hilliard equation. It is well known that although at the
differential level the mixed weak formulation and the standard weak formulation are equivalent,
they are usually very different at the discrete level, i.e., the approximate solutions obtained using
these two variational formulations are quite different. Indeed, it will be seen from the following
estimate that the mixed weak formulation results in two residual terms while the standard weak
formulation only gives one residual term, and in general the combined effect of the former are
not the same as the effect of the later.

Recall that [24] the mixed formulation of problem (2.1)-(2.2) is defined by seeking a pair of
functions (u(t), p(t)) € [H(2))? such that

(ur, ) + (Vo, Vi) =0 Wy € HY(Q), t €[0,T7, (2.27)
(Vi V) + 2 (f@)) ~ (0) =0 ¥x € H'(®), 1€ 0,7, (225)
u(0) =up in Q. (2.29)

We now consider a perturbation (v(t), ¢(t)) € [HI(Q)]2 of (u(t),¢(t)) defined by

(vi,¥) + (Vo, V) = (r1, 9 Vi € HY(Q), t € [0,T), (2.30)
e(Vo, Vx) + é(f( ), X) = (&, x) = (era,x)  Vx € HY(Q),t€[0,T], (2.31)
v(0) = in (2.32)
for given “residuals” (r1(t),r2(t)) € [(H'(£2))*]? which satisfy (r1,1) = (rs,1) = 0. Introduce
the following norms of r], =1,2
il = swp D)

ozper @nrz@) V¥l
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The following proposition is the counterpart of Proposition 2.2 for the above mixed approx-
imation.

Proposition 2.4. Suppose that |ugl,|vo| < 1, g9 and Cy be the same as in Lemma 2.2. Let
(u, @) and (v, @) be the solutions of (2.27)-(2.29) and (2.30)-(2.32), respectively. Then, for any
e € (0,e9], there exists a positive constant C, which is independent of € and t, such that there
holds

VA~ (o(t) — u(®) %, + / (4 IV (0(s) = u(s)) 22

1
+ = [[o(s) = u(s)llg ) 2O ds

1 t 2 1 2 (2Co+8)(t—s)
_c[1+ al (I + % ol ) ds

3 HVA vy — tg) ||, 20T (2.33)

f"r

forallt €0 T**) Here

) =1 Ce SEEN) (20 +8)t { HVA (vo — uo)Hi?

t
[ (I Il ) e ash 2.3)

and T** € [0,T) satisfying £(T**) > 0.

Proof. Since the proof is very similar to that of Proposition 2.2, we only highlight the main
differences and omit the overlaps.

Let w(t) := v(t) — u(t) and (t) := ¢(t) — ¢(t). Subtracting (2.27)-(2.29) from their corre-
sponding equations in (2.30)-(2.32) we get the following “error” equations: for ¢ € [0, T]

(we0) + (V0.90) = (ri,0) WoeH'(@),  (239)
SV, Vx) + 2 (F(0) = F)x) — (6x) = (erax) W EH'(@),  (236)
w(0) =v9 —up in Q. (2.37)

Setting 1 = —A~1w in (2.35) and x = w in (2.36) and adding the resulting equations give

_ 2 1 1
VA, + 2 ol + e 1wl + £ [ 7 wide

th
3
=_ —/ ww3dr — <r1, A_1w> + (erq, w)
€ Ja
c 12
—Hw||Ls+||7"1||H L ||VA w||,. + = H7"2HH S ||Vw||L2- (2.38)

Here we have used the identity (9, w) + (VH, VAflw) =0.

Clearly, the only difference between (2.38) and (2.20) is the last four terms on the right
hand side of (2.38). Repeating the remaining proof of Proposition 2.2 after (2.20), we see that
the conclusion of Proposition 2.2 holds with ||7’1||%,,1 + % H?"2||%,,1 in the place of 72 ||7’H§~{,2.
Hence, (2.33) holds. The proof is complete. O

A similar statement to that of Corollary 2.1 also holds. We omit its proof since it is simple.
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Corollary 2.2. Under the assumptions of Proposition 2.4, (2.33) holds for T**
(r1,72) satisfy the following constraint

T if vg and

-

T 2
_ 2 1 _ s
{HVA Y(vo — uo)|| 7 +/O (||r1(s)||§;,l +3 |7“2(5)||%1) o—(2C0+8) ds}
5 5 if N =2
<« 01— (Cot)T 2D O(e”) 1 5
S ° O(2)  if N = 3.

We note that Proposition 2.4 and Corollary 2.2 only give polynomial order (in e~!) con-

tinuous dependence estimates for v — u. In the next proposition, we derive some estimates for
© =0

Proposition 2.5. Under the assumptions of Corollary 2.2 there holds for t € [0,T],

t
([ et = ot . )
C 1 ¢ 1 -
<4 {1 + %} /O <|7’1(s)||§;1 +3 |r2(s)|%l> (200 +8)(t-5)
C —
+ Zigy 1947 00— o) e

Tl

(2.39)
Proof. From (2.36), (2.19), and the fact that ||ul[; . < C (cf. [9,24]) we have for any
v € H(Q) N I3(®)

(6:3) = (Y, V) + = (F(0) = F(u)s) ~ (er2:)

3 2
< elVwll 2 [IVxlipe + = [ Jwll 22 Il L2 + llwllza lIxl s + lwllza HX”L?}
+ellrallg - 1Vxllze -

Therefore,
¢ 3 2
601 < < IVwla + = [Iwllzo + Rollda + wll2: ] +<lrall -
From (2.10),
-1 y_ 1 -1 €
lollz < (VAT w]| 2 [Vell2)* < - (VAT 0l 2 + 5 Vel e
Thus

18(s)15 -, <Ce2 73 [VAT (o)1, + &3 [Vu(s)l s

(@) o+ )] +e ra(s)

el

- (2.40)
Next we estimate each term on the right-hand side of the above inequality. Denote the right-
hand side of (2.33) by e(2€0t8)tA(¢). Tt is clear that A(t) increases in ¢ and

t 1 ]
VA= ()7, + / (H19w(s) 72 +  llo(s) 30 ) 20+ ds < e2C0tD1A(),
0
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Therefore,
t 4 t 2 s [t 2
/ HVA*Iw(s)HJE’;2 ds < / (e<200+8)SA(s)) 3ds < A(t)3 / (e<200+8)5) 3ds
0 0 0
§ C(e(QCOJrS)tA(t)) %’
t t
/ ||vw(5)”§2 ds — e %5 / (c* va(s)”%2 6(2C0+8)(t75))%(6(2C0+8)(57t))§d5
0 0
8 t 2 % ¢ 2 %
<es (/o et | Vw(s)| 72 6(20"+8)(t_s)ds> (/0 (e(2CoF8)(s=1)) ds)
< CeF (200N (1)) 5
t t 2 2
/ ||w(s)||§4 ds = 5% / (5—1 ||w(s)||i4 e(200+8)(t—s)) 3 (6(200+8)(s—t)) 3 ds
0 0
< Ot (eZCoFBIN(1)) %,
t t
/ ||7’2(S)||§171 ds = ¢ / (572 HTQ(S)H%{*l €(2C0+8)(t75)) % (€(2C0+8)(57t)) %ds
0 0

< Ces (6(2C0+8)tA(t))%.

Wl

Furthermore, from Corollary 2.2 we get

2

(CoHBI A (1) < (2Co+8)t (A(t))%(e—(co+4>T€5)% < ¥ (e@Co+B) A (1)) 3

Now integrating (2.40) over [0, t] and using the above estimates yield

[ e as

<C {5*% [57% fedeE 4eb 4 55%} + 5%5%} X (e(QCOJrg)tA(t))%

Yl

gc(g*‘*e@cﬁsﬁA(t))%

?

which completes the proof. O

2.3. An abstract framework for a posteriori estimates

In this section, we first recall an abstract framework given in [25] for deriving a posteriori
estimates based on continuous dependence estimates of an underlying evolution equation. We
refer readers to a recent survey paper by Cockburn [16] and the references therein for appli-
cations of a similar method to problems of hyperbolic conservation law. We then extend this
abstract framework to mixed approximations of general evolution equations. Since the idea for
deriving a posteriori error estimates essentially works for a large class of evolution problems,
we shall present it in an abstract fashion.

Let V be a Hilbert space and £ be an operator from D(L) (C V), the domain of L, to V*,
the dual space of V. We consider the abstract evolution problem

% + L(u)=r in Qp, (2.41)
u(0) =up in Q. (2.42)
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Suppose that u®) is the (unique) solution of (2.41)-(2.42) with respect to the data (r(j),uéj))
for j = 1,2, respectively. Assume that u?) satisfy the continuous dependence estimate

lu® —u® | < B —r®) + Glug” —ug?) (243)

for some (monotone increasing) functionals F'(-) and G(-), where ||| - ||| stands for the standard
norm in L*((0,T); V) for some 1 < £ < 0.
The following theorem was proved in [25].

Theorem 2.1. Let u denote the solution of (2.41)-(2.42), and u” be an approzimation of u
with the initial value uf' . Suppose that problem (2.41)-(2.42) satisfies the continuous dependence
estimate (2.43), then there holds

Ilu = utl] < F(R(u?)) + Gluo — u), (2.44)
out
R(u?) :=r — el L(u™). (2.45)

Remark 2.4. (a). Clearly, the quantity R(u®) is the residual of u. This residual is often
difficult to compute or too expensive to compute exactly. In practice, an upper bound for R(uA),
which should be easy and cheap to compute, is sought and used to replace R(u?) in F(R(u?))
in the above a posteriori error estimate. In the next section we shall give such an estimate for
conforming finite element approximations of the Cahn-Hilliard equation (cf. [15,18]).

(b). A posteriori error estimate (2.44) holds for any approximation u* of u, including non-
computable abstract approximations (cf. [2]). However, only computable approximations such
as those obtained by finite element methods, finite difference methods, finite volume methods
and spectral methods are of practical interests.

The above a posteriori estimate can be easily extended to mixed approximations of problem
(2.41)-(2.42). We recall that a mixed formulation of (2.41)-(2.42) seeks a pair of functions
(u,p) € V1 x V4 such that

0
S+ L) =p o, (2.46)
p—Lo(u)=n in Qp, (2.47)

u(0) =wup in Q, (2.48)

where {V;}7_; are two Hilbert spaces. £; is some operator from D(L;) (C V;), the domain of £;,
to V;*, the dual space of V;, which satisfies £ = £ 0 £5. i and n are two known functions which
are appropriately chosen so that problem (2.46)-(2.48) is equivalent to problem (2.41)-(2.42).

Suppose that (ut),pld)) is the (unique) solution of (2.46)-(2.48) with respect to the data
(9, ), ué])) for j = 1,2, respectively. Assume that (u(?), p()) satisfy the following continu-
ous dependence estimate

11D = a@ |||+ [[[p® = pP|[s < d(p® — u@) + (D — @) + Z(ul) —ul?)  (2.49)

for some (monotone increasing) nonnegative functionals ®(-), ¥(-), and Z(-). Where ||| - |||:
denotes the standard norm in Le((O, T); Vi) for some 1 < ¢ < co. Then we have
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Theorem 2.2. Let (u,p) be the solution of (2.46)-(2.48), and (u“,p?) be an approvimation
of (u,p) with the initial value ui'. Suppose that problem (2.46)-(2.48) satisfies the continuous
dependence estimate (2.49). Then there holds

(llw = w[[s + [llp = ][z < ®(Ri(u?, p?)) + U (Ra(u, p™)) + Z(uo — ugy), (2.50)

where

A A dut A A A A A
Ri(u®,p )::,u—w—ﬁl(p ), Ro(u”,p?) :=n—p" 4+ La(u™). (2.51)
Proof. Define
A du A A A A
o= W—f—ﬁl(p ), n® = p® — La(u?).

(2.50) follows easily from (2.49) with p) = p, u = pA, W =n, 73 =p4 ugl) = ug, and
u(()Q) = uf. O

We conclude this section by the following remark.

Remark 2.5. The quantity {R;(u?,p?)}?_, are the residuals of (u®,p?), which are often
difficult to compute or too expensive to compute exactly. In practice, an upper bound for
R; (uA, p“‘)7 which should be easy and cheap to compute, is sought and used to replace R; (uA ,pY)
in the terms ®(R; (u?, p?)) and ¥(Ry(u?, p?)) of (2.50). In the next section we shall give such
an estimate for mixed finite element approximations of the Cahn-Hilliard equation (cf. [19,24]).

3. A Posteriori Error Estimates for Finite Element Approximations

In this section we shall apply the abstract frameworks of the previous section to derive
some practical a posteriori error estimates for conforming finite element approximations of the
Cahn-Hilliard equation and for the Ciarlet-Raviart mixed finite element approximations of the
Cahn-Hilliard equation [15,24,36]. As expected, the polynomial order (in ¢~!) continuous
dependence estimate of Propositions 2.2-2.4 play a critical role.

For N = 2,3, let 7T, be a regular “triangulation” of  such that Q = UKET;L K, (K €T, are
tetrahedrons in the case N = 3). Recall that any element K € 7}, is assumed to be closed. Let
Fn, be the set of all faces (sides in case of N = 2). For any K € T, and 7 € Fp, let hx and h,
denote the diameters of K and 7, respectively.

3.1. Conforming finite element methods

Let S, € HZ(2) be a conforming finite element space which consists of piecewise polynomi-
als on 7, satisfying the homogeneous Neumann condition. The continuous in time semi-discrete
finite element discretization of (1.1)-(1.3) is defined by seeking up, : [0,7] — S, such that for
te€0,T]

Ju 1
<8—;71/)h> + e(Aup, Ay) + E(V(f(uh)), Vip) =0 Vipy € S, (3.1)
with some starting value uy,(0) = uon € Sy, satistying [, uondz = [, uodz.

For ¢t € (0,T], we define the residual r4(t) € (HQ(Q))* of up, by

ou 1
(S0 )+ (B, A) + 2 (V). V8) = (B9 Yo e HRQ).  (32)
Then
(ra(t),¥n) =0 Viby € Sh. (3.3)
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Lin low

Remark 3.1. One can derive a priori error estimates of up which only depends on &~
polynomial orders by using the nonstandard analysis of [23,24]. We refer interested readers

to [23,24] for a detailed exposition.

It is easy to see that Proposition 2.2, Proposition 2.3 and Theorem 2.1 all are valid if both
v and u? are replaced by uy,, and both 7 and R(uA) are replaced by r,. Hence, we immediately
obtain two a posteriori error estimates for u, — u. As pointed out in Remark 2.4 (a), for
practical considerations, it is necessary to derive an upper bound for ||74| z_. which is easy
to compute. In this section we shall establish such a bound, which then leads to practical a
posteriori error estimates for up — u. To this end, we need the following local approximation
properties of conforming finite element spaces.

Assumption 3.1. There exists an interpolant 11}, from H?2(Q) to S such that for any ¢ €
H%(Q), K €Ty, and 7 € Fy,

Hw - thHL%K) < Ch%{ H"bHH?(f() )

1 =Tl Loy < CRY? [Wllg2zy

O — xy)
on

< OB [l gy
L2(7)

where C is a constant only depending on the minimum angle of the mesh Ty, K and 7 are the
union of all elements having non-empty intersection with K and 7, respectively.

Remark 3.2. It is not hard to show that Assumption 3.1 is fulfilled by the well-known con-
firming elements, including Argyris element and Bell’s element (cf. [15]), and the interpolant
I}, can be constructed by following the idea of Scott-Zhang interpolation [37].

For any K € 7}, introduce the element residual

_ 6uh(t)|}(
ot

For any face 7 € F}, of element K we define two kinds of residual jumps across 7. If 7 is an

Ric(t) AUk ~ =S n(@)]x)). (3.4

interior face which is the common face between K and K’, let

J-(t) = (VAuy(t)| xr — VAur(t)|x) - n, Jr(t) = Aup(t)|k — Aup(t)| k- (3.5)
Here n denotes the unit outer normal vector to 7. If 7 C 9 is a boundary face, define
J(t) = =2VAun(t)|x -0, Jo(t) = 28up(t)|x - (3.6)
For any K € T3, let ni denote the following local error estimator

h?r 2 hT
i (t) = W 1Rk || oy + Z (7 172y + o
TCOK

T

) 1/2
. 3.7
LQ(T)) (3.7)

Next we estimate the residual 7, (t) in terms of ng (t).

Proposition 3.1. There exists a constant C', which depends only on the minimum angle of the
mesh Ty, such that
2 2
lrn (Ol 720y < € Z (nx (1)) (3.8)

KeTy,
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Proof. By (3.2), (3.3), and integration by parts we obtain for any ¢ € Hz(f2) and ¢y, € Sy,

(rn(8),¥) = (ru(t), ¥ — ¥n)

= (2 i)+ e (B A ) + 2 (V). V&~ )

ouy, 1

aA“h Oy — n) 10f (un)
+/8K< (¢ — w)JFAUhT)dUJr/aKE o (d)d)h)da}.

Since any interior face is a common face of two elements whose outer normal vectors to the face
are opposite in direction, on noting that uj, € C! we get

(ra(t), ) = > {/KRK(w—wh)dx

KeT,

+— Z/ (W —n) + I (t) (wanwh))dg}-

TC@K

Choosing 1, = I, the desired estimate (3.8) follows from an application of the Schwarz
inequality and Assumption 3.1. The proof is complete. g

Combining Propositions 3.1, 2.2, 2.3, and Corollary 2.1, we immediately obtain the following
theorem which presents a posteriori error estimates for the finite element method.

Theorem 3.1. Suppose that |ugl, |uon| < 1, and that

/ (ug — uop)dx = 0.
Q

Let g and Cy be the same as in Lemma 2.2, u and uy, be the solutions of (2.1)-(2.2) and (3.1),
respectively. Define

En(t) =1 — O™ 7537 (20040t
I »
X {HVA_l(uoh - UO)Hiz + 5—2/ e~ (2C0+8)s Z n%(s) ds} : (3.9)
0 KET,,

Assume &, (T) > 0. Then, for any € € (0,e0] and t € [0,T], the following a posteriori error
estimates hold

VA (un(t) — u(t))]7
+/0 (54 [V (un(s) —u(s))|2 + é llun(s) — “(5)Hi4)€(200+8)(t*5)d5

< &(t)! HVA (uon — uO)HfL2 e(2C0+8)t

. [1 s ghl( )} Q/Ot e(2Co+8)(t—s) Z n?((s)dé’- (3.10)

KeTy,
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o) = o)+ [ (< 1A () =)
2 e s) — () Van () — w(s)) |3 ) ds

C _ 2
< HUOh — uOHQLQ -+ m ||VA I(Uoh — UO)HL2 6(2C0+8)t

c [ 1 }/t (2Co+8)(t—s) 2
+—= |1+ et=to s nx(s)ds. (3.11)
e’ En(t) ] Jo K%;’h ®

3.2. Ciarlet-Raviart mixed finite element methods

Let V;™ denote the Py, (m > 1) conforming finite element subspace of H'({2) consisting of
h

continuous piecewise m'™ order polynomial functions on 7;, (cf. [15]), that is,
y

Vit = {vn € C[Q); vn| € Pu(K) VK €T}, (3.12)

Following [19,24], the continuous in time semi-discrete mixed finite element method is de-
fined to find (up,¢p) : [0,t] — [V;™]? such that for t € (0,7

(%’1@ + (Von, Vibn) =0 Vo, € Vi, (3.13)
e (Vun, V) + % (f(un)yxn) = (pnoxn) =0 Yxn e Vy", (3.14)

with some suitable starting value up,(0) = wop, € V™ satisfying fQ Uopdr = fQ updx.

We remark that the finite element spaces V™ x V;* is a family of stable mixed finite spaces
known as the Ciarlet-Raviart mixed finite elements for the biharmonic problem (cf. [15,36]),
that means the following inf-sup condition holds

sup (V¥ Vxn) > o (3.15)

in >
0Zxn €V ozynevy [[Unllg [IXall g

for some h-independent constant cy > 0.
We also define the residual (r}(Ll)(t), r}(f) (t)) € [H™1]? of (un,pn) by

0
(%,w) + (Ven, Vo)) = <r§f)(t),zp> Vip € HY(Q), (3.16)
e (Vun, Vx) + % (f(un), x) = (#n:x) = <€7";(f) (t),x> Vx € HY(Q). (3.17)
Clearly, there holds
(0 0.0n) = (HP 00 =0 V) € VP (3.18)
For any K € 7;, we introduce the element residual
d
R ) = 2O A 0)1),
1 1
R(t) = ~Alun(®)lxe) + 5 Fmn(B)x) — Zon(0) (3.19)

For any common face 7 of K1, Ko € 7p,, we define the residual jumps across 7 as

T () = (Ven(t)|k, — Vent)lx,) - m,
JO(t) = (Vun(t)|k, — Vun(t)|x,) -1, (3.20)
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where n; is the unit normal vector to 7 pointing from K; to Ks. For any 7 C 90 which is a
face of some element K, let

JI () =2V, (t)|k - n, TP (t) = 2Vuy(t)|x 1. (3.21)

For any K € 7, define the local error estimators with respect to K as follows

1
+ ~hy || J¢
L2(k) TCZQK <2

2 3
) . j=12. (3.22)

(4) (4)
nic (8) = hic HRK ‘ L2(7)

<j>‘

Proposition 3.2. The following estimate holds for the residual r(])( t)

o). <o o@w?,  i=1 (3.23)
KeTy,
where C' is some constant which depends only on the minimum angle of the mesh Ty,.

Proof. By (3.16)-(3.18) and integration by parts we obtain that for any v, xy € H(Q) and
Yh,Xn € V"

(1 ®.6) = (P00~ o)
<auh7¢ wh) + (Veon, V(¢ — ¥))
> (/K(um—A%)(w—wh)da:+ . W”(w Yy d )

KeTp,

e (Vun, V(x = xn)) +

—_

<sr§f)( ),x> (f(un), x — xn) = (on,x — xn)

> (/K (—eAuy + Ef(“h) —on)(Xx — xn)dz + €

KeTy,

— o

= i)
do | .
o On (X Xh)

From the definitions (3.19)-(3.22), we conclude that

<T;(f)(t),¢>: > (/KR(])()(w ¥n) +— > /J‘” (¢ — wh)> (3.24)

KeTy, TCBK

Choosing v, = 1), where I, is the Scott-Zhang interpolant [37], then the desired estimate
(3.23) follows from an application of the Schwarz inequality and following approximation prop-
erties of the Scott-Zhang interpolation

o = Tl oy < Chic Wl iy s 16 = Tl oy < CRY2 [l cr,

where C' is a constant only depending on the minimum angle of the mesh 7j,, K and 7 are the
union of all elements having non-empty intersection with K and 7, respectively. The proof is
complete. 0

Combining Propositions 3.2, 2.4, 2.5, and Corollary 2.2, we immediately obtain the following
theorem which presents a posteriori error estimates for the mixed finite element methods.
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Theorem 3.2. Suppose that |ug), |uon| < 1, and that fQ(uo — ugp)dx = 0. Let g9 and Cy
be the same as in Lemma 2.2, and (u,p) and (up,pp) be the solutions of (2.27)-(2.29) and
(3.13)-(3.14), respectively. Define
1 2 1 2 2
) = (O 0) + S0 0)°) (3.29

and

~ 5(24+N)

En(t) :=1—Ce 2z 2Ct8)!

X { VA~ (uon — uo)Hig +/O e~ (2Co+8)s Z (nK(s))2ds} . (3.26)

KeT,

Assume &,(T) > 0. Then, for any e € (0], there hold

t
- 2
[VAT n(®) = w] +/0 (=* I (uns) = u(s)) 2
1 —S
+ = llun(s) = U(S)||i4>e(2co+8)(t ) ds
< &) | VAT (uon — “0)||iz (2Co+8)t

+C[1+ Al }/t e(2C0+8)(t—s) Z (nK(s))st, (3.27)

En(t) KeT,

([ ol o) < S1e o] [Feeomen S (o)) as
h - -1 Y = K
0 A * &n(t)? Jo KeT,
C
+ g VAT won — ), et (329
h

for allt € 0,T).

4. An Adaptive Algorithm

We now present an adaptive algorithm based on the technique of “method of lines” [5], i.e.,
we use the stiff ODE solver of NDF [38] which is a modification of BDF for temporal integration,
and the conforming Argyris element for spatial discretization. The temporal errors are con-
trolled by NDF and assumed to be sufficiently small that we concentrate solely on controlling
spatial discretization errors. Our local a posteriori error estimates (cf. Proposition 3.1) are used
to refine and coarsen the meshes locally. The following adaptive algorithm is an improvement
of the one proposed in [40] and is more suitable for computing the solution of the Cahn-Hilliard
equation, which is smooth but contains a sharp moving front.

Algorithm 4.1.
For a given tolerance TOL, perform the following steps:

(i) Determine an initial mesh 7y and initial approximation uy,(0) such that |up(0) — u(0)| 42
< TOL x max(|up(0)| g2 ,1). Set i =0.

(ii) Do temporal integration N(= 15) steps. Denote by ;11 the current time, and by n; the
number of elements in 7;.
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(iii) Calculate the posteriori error estimate at t;41 :
1/2

B = | Y ik, s iy = iy / max([un(tiv1)] 2, 1)

Assume that 7x, <7k, < - <1k, .

(iv) If E;41 > TOL, then choose nr such that
1 - 4
N I - =9 2 2
nr = min {], NK; = 5K ;ﬂm < 3 (Ez'+1 —-T0OL ) }
=J

And refine elements Ky, -, K,, to obtain a new mesh denoted also by 7;. Redo tem-
poral integration from ¢; to ;11 on the finer mesh. Then go to (iii).

(v) If E;41 <TOL, then choose nc such that

nc—max{],ZnKl §2—55 TOL2 z+1)}

And coarsen elements K1, --- , K. to obtain a new mesh denoted by 7;41. Set i =i+ 1,
go to (ii).

In Section 6, we shall provide some numerical tests to gauge performance of the above
adaptive algorithm and our a posteriori error estimates. Our numerical tests show that the
algorithm and the error estimators work remarkably well for the Cahn-Hilliard equation.

5. Approximation of the Hele-Shaw Flow

Let {I'{ }+>0 denote the zero level sets of the solution u¢ to the Cahn-Hilliard problem (1.1)-
(1.3), and {I's""},> denote the zero level sets of the numerical solution uj, to the scheme (3.1).
Note that we have put back the super-index € on both «® and uj, in this section. An interesting
(and hard) problem is to establish the convergence of the numerical interface Ff’h to the true
interface I'y of the Hele-Shaw problem, and also to derive an a posteriori error estimate for
them. In the following we shall explain that this can be done in a similar way to that used to
derive a priori error estimates for the numerical interface in [24].

As for all phase field models, the convergence of the numerical interface to the interface of
the limiting problem is usually proved in two steps. First, one establishes the convergence of I';
to I'y, Second, one proves the convergence of Fi’h to I';. A triangle inequality then immediately
implies the convergence of I‘f’h to I'y.

For the Cahn-Hilliard equation, we recall that the required first step was already proved
in [2]. In particular, we cite the following theorem of [2].

Theorem 5.1. Let ) be a given smooth domain and I'gg be a smooth closed hypersurface in
Q. Suppose that the Hele-Shaw problem (1.5)-(1.9) starting from T'oo has a smooth solution
(w, T := Ug<i<r (¢ X {t})) in the time interval [0, T) such that Ty C Q for all t € [0,T]. Then
there exists a family of smooth functions {ug(z)}o<e<1 which are uniformly bounded in e € (0, 1]
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and (z,t) € Qr, such that if u® solves the Cahn-Hilliard equation (1.1)-(1.3) with the initial
condition us(-,t) = u§(-), then

(i) lir% us(x,t) = uniformly on compact subsets,

£—

1 if (z,t) € O
{ -1 if (x,t) €T

(ii) ;%(éf(ua) — eAu)(z,t) = w(x,t)  uniformly on Qr .

Where
7 :={(z,t) € A x [0,T]; d(z,t) <0}, O :={(z,t) € A x [0,T]; d(z,t) > 0},

and d(z,t) denotes the signed distance function to T'y.

Next, we shall prove an a posteriori convergence result for the distance between {I'¢};>0
and {Fi’h}tzo, in particular, the estimate allows one to adjust the mesh size h such that this
distance is as small as one wishes before the onset of singularities.

Theorem 5.2. Let u, denote the solution of (3.1) and t. denote the first time when the classical
solution of the Hele-Shaw problem has a singularity. Suppose that Ty = {x € Q; u§(z) = 0} is
a smooth hypersurface compactly contained in 2, and let (,(t) be the same as in Theorem 3.1.
Then, for any § € (0,1), there exists a constant £y > 0 such that for t < t,

sup {dist(z,I+)} <6 Ve e (0,é0) wuniformly on [0,T],
zersh

provided that hyin = min {hx; K € T,} and the starting value up(0) satisfy

[1hu® — u[| Lo <

—~
ot
—_

~—

_N C
Czhmii{ [u§ — w5, (0)]| 2 + —==e“T T |V A (uf — u5,(0)) | 1 }

A\
B S ] S

—~~
.OT
&)

~

€5Ch(t)

IR

-y C 1 T (2Co+8)(t—s) 2 ’
Coh,2 [14— }/ et=to y Z ng(s)ds p < —, (5.3)
0

e’ Cu(?) KeT,

where Iy, denotes standard nodal interpolation operator into the finite element space Sy and Co

N
denotes the constant in the inverse inequality ||vp || < Cah 2 ||vnll2 (cf. [15]).

Proof. First, we prove that uj, converges uniformly to 1 on every compact subset of O. Let
A be a compact subset of O. For any (z,t) € A, by the triangle inequality we get

|uj, (2, 8) = 1] < Jluj, = u|[ g + [0 = 1. (5-4)

It follows from the inverse inequality, Theorem 3.1, and the assumptions (5.1)—(5.3) that

uf, = ullpee < luf — Inu®||poe + [ Ipu® — uf|| e (5.5)
_N 30
< Cohpin {”Ui - UE||L2 + [lu® — IhUEHm} + [Mpu® — UEHLO@ < 1

which together with (5.4), and Theorem 5.1 imply that there exists €9 > 0 such that

|uj (z,t) = 1| <§ Ve e (0,e0), (x,t) €A (5.6)



790 X. FENG AND H. WU

Similarly, we can show that uj, converges uniformly to (—1) on every compact subset of Z, that
is, there exists €y € (0,&p) such that for any compact subset B of Z there holds

|uj (z,t) +1] <6 Ve € (0,80), (x,t) € B. (5.7)
Define the (open) tabular neighborhood Ny of width 2§ of T'; as
Ns o= {(z,t) € Qp; d(z,t) <5 }. (5.8)
Let A and B now denote the complements of N5 in O and Z, respectively, that is,
A=0\Ns, B =T\ Ns.

Note that A is a compact subset of O and B is a compact subset of Z. Hence, it follows
from (5.6) and (5.7) that for any ¢ € (0,&y)

|’Uf}€l($,t) - ]-| <94 V(x,t) € A» (59)
lu(z,t) +1] <6  V(z,t) € B. (5.10)
Now for any ¢ € [0,T] and x € TS", since uj, (x,t) = 0, we have
|uj (z,t) = 1] =1, (5.11)
luf,(z,t) +1] = 1. (5.12)

Evidently, (5.9) and (5.11) imply that (z,t) ¢ A, and (5.10) and (5.12) says that (z,t) € B.
Hence (z,t) must reside in the tubular neighborhood Nj. Since ¢ is an arbitrary number in
[0,7] and & is an arbitrary point on I'>"", therefore, for any & € (0, &)

sup (dist(z,I';)) <& uniformly on [0,77. (5.13)
zersh

The proof is complete. O

6. Numerical Experiments

We shall present a few numerical tests in this section to gauge the performance of the
proposed adaptive Algorithm 4.1 using the conforming Argyris element. These tests indicate

1

05 Time=0; DOFs=16651. Solution and its zero level set
- 1 1
o 0.5 0.5
: ! 90
-0.5 -
-0.5 -0.5
0
o5 L -1 -1
4, 05 0 Ty 0 1A

Fig. 6.1. The profile of up and its zero level set of Test 1



Adaptive Methods for the Cahn-Hilliard Equation 791

Time=0.0016667; DOFs=12088. Solution and its zero level set Time=0.0017444; DOFs=12088. Solution and its zero level set
05

1 1 1 1
b B 0.5 05 .
0 QQ 0
. -0.5 -0.5 .
- 1 1 A

05
- 0 1 - 0 1 - 0 1 - 0

Time=0.0017669; DOFs=12079. Solution and its zero level set Time=0.0026292; DOFs=11305. Solution and its zero level set

1 1 1 1

0.5 el R 0.5 0.5 g yar 0.5
- X1 o FL

-0.5 R -0.5 -0.5 K -0.5

-1 -1 -1 -1

-1 0 1 - 0 -1 0 1 - 0

Time=0.0082669; DOFs=9739.  Solution and its zero level set Time=0.021019; DOFs=9172. Solution and its zero level set
1

(=]

-

K

=y
=y

1 1
0.5 05 . 05
-0.5 -0.5 . -0.5
-1 -1 -1 -1
-1 0 1 - 0 1 -1 0 1 - 0 1
Time=2.8536; DOFs=8443. Solution and its zero level set Time=10; DOFs=8443. Solution and its zero level set
1 1 1
05 05 05 05
B B
0 < 0 ) 0 < 0 )
K ¥
-0.5 -0.5 -0.5 < -0.5
-1 -1 -1 -1
-1 0] 1 -1 0] 1 -1 0] 1 -1 0] 1

Fig. 6.2. Snapshots of computed solutions and adaptive meshes for Test 1

that the algorithm works very well for the Cahn-Hilliard equation. In all tests to be given in
the following, we take = [—1,1]2.

Test 1: Consider the Cahn-Hilliard equation (1.1)-(1.3) with the following initial condition
uo(z,y) = tanh(((x 032+ y? - 0.252)/5) tanh(((a: 10.3)2 492 — 0.32)/5). (6.1)

Figure 6.1 displays the graph of the initial function ug and its zero level set, which encloses
two circles with radii 0.25 and 0.3, respectively. It also shows the initial mesh and computed
initial zero level set Fg'm’h. Figure 6.2 shows snapshots of the solution (and its zero level set)
of the Cahn-Hilliard equation and the (adaptive) mesh on which the solution is computed at
8 different time steps. € = 0.01 and TOL = 0.02 are used in the simulation. As expected, the
fine mesh follows the zero level set as it moves. We also note that the number of elements in
the initial mesh 7y is 3,674, the minimum area of the elements is 1.5259 x 1072, If a uniform
mesh is used, we need —=— x 10° ~ 262, 140 elements and about 1,180,000 DOFs.

1.5259
Figure 6.3 (a) shows the zero level sets of the adaptive finite element solutions at ¢ = 0.01,
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computed by using € = 0.01 and three different tolerances TOL = 0.01,0.02 and 0.04. The
difference of the three curves is almost invisible, which implies that we do not need to impose a
stringent smallness constraint on the initial error and the residual (cf. Corollary 2.1), and that
the continuous dependence estimate of Proposition 2.2 may be improved.

If we zoom in at the left tip of the curves in Figure 6.3 (a), we then find that the distance
between the zero level sets for TOL = 0.04 and 0.02 is about 0.00173, and the distance between
the zero level sets for TOL = 0.02 and 0.01 is about 0.0004 (see Figure 6.3 (b)). Since the
DOFs at time 0.01 with respect to TOL = 0.01,0.02 and 0.04 are Ny.g1 = 12565, Ny.g2 = 9766
and Np.gq4 = 5995, respectively, we have

1/NZos — 1/ NG o 0.0004

~ 0.2394 ~ 0.2312 ~ .
/N2, —1/N2y, 0.00173

Hence, the rate of convergence of the zero level set of the adaptive finite element solution is
about O(1/A?). Figure 6.3 (c) shows the zero level sets of the adaptive finite element solution
at time 0.01, computed by using TOL = 0.02 and ¢ = 0.08,0.04,0.02 and 0.01, respectively.

x 10"

—— TOL=0.01
— TOL=0.02 08

TOL=0.04
0.5 06

-0.5

o
]
@ O~ N O N B O @
& o
N oo

-1 0.5 0 0.5 1 -05891-0.5887  -0588  -0.5674 05 o 05 i
(a) (b) ()

Fig. 6.3. Convergence of numerical interface for Test 1.

1
05 Time=0; DOFs=11458. Solution and its zero level set
’ - 1 1
0.5 0.5
) o]
0 0
-05 s
-0.5 <o K] -0.5
0
0 05 1 - -1
17, 05

-1 0 1 -1 0 1

Fig. 6.4. The profile of uo and its zero level set of Test 2

Test 2: Consider the Cahn-Hilliard equation (1.1)-(1.3) with the initial condition

uo(z,y) :tanh(((w —0.3)2 + 9% — 0.22)/5> tanh(((:c +0.3)% + 42 - 0.22)/5>

x tanh((x2 +(y—0.3)% - 0.22)/5) tanh((x2 +(y+0.3)2 - 0.22)/5). (6.2)
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Figure 6.4 displays the graph of the initial function ug and its zero level set, which encloses
four circles with radius 0.2. It also shows the initial mesh and computed initial zero level set
Fg'm’h. Figure 6.5 shows snapshots of the solution (and its zero level set) of the Cahn-Hilliard
equation and the (adaptive) mesh on which the solution is computed at 8 different time steps.
€ = 0.01 and TOL = 0.02 are used in the simulation. As expected, the fine mesh follows the
zero level set as it moves. We also note that the number of elements in the initial mesh 7; is
2520 the minimum area of the elements is 1.2207 x 10~%. If a uniform mesh is used, we need

T5507 2207 x 10% ~ 32,768 elements and about 148,000 DOF's.

Time=1.0856e-005; DOFs=15886. Solution and its zero level set  Time=2.0395e-005; DOFs=15886. Solution and its zero level set

05 05
0 0

05 05
1 0 1Y 0 1Y 0 1Y 0 1

Time=0.00013643; DOFs=15562. Solution and its zero level set  Time=0.00022901; DOFs=16795. Solution and its zero level set
1 1 1 1

05 05
0 0

-05 -0.5
1 0 1Y 0 1Y 0 11 0 1

Time=0.0032426; DOFs=16327.  Solution and its zero level set Ti
1

.

ime=0.0040087; DOFs=14230. Solution and its zero level set
1

1
05 05 05
05 -0.5 -0.5
- -1 - -
A 0 14 0 1 1 0 19 0 1
Time=0.0054139; DOFs=12331. Solution and its zero level set Time=10; DOFs=10657. Solution and its zero level set
1 1 1 1
05 05
0 0
05 0.5
A R A -
-1 0 1 A 0 1 - 0 11 0 1

Fig. 6.5. Snapshots of computed solutions and adaptive meshes for Test 2

Test 3: Consider the Cahn-Hilliard equation (1.1)-(1.3) with the following initial condition
uo(z,y) =tanh((z® +y* — 0.152)/5)

x tanh(((z — 0.31)% 4+ y* — 0.15%) /¢) tanh (((z + 0.31)* + y* — 0.15%) /&)

x tanh((z? + (y — 031) —0.15%) /¢) tanh((2* + y+031) —0.15%) /¢)

x tanh(((z — 0.31)> 4 (y — 0.31)*> — 0.15%) /&)

x tanh(((z — 0.31)> + (y + 0.31)* — 0.15%) /¢)

x tanh(((z + 0.31)% + (y — 0.31)% — 0.15%) /¢)

x tanh(((z + 0.31)% + (y + 0.31)% — 0.15%) /¢). (6.3)

Figure 6.6 displays the graph of the initial function ug and its zero level set, which encloses
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1
! Time=0; DOFs=18442. Solution and its zero level set
05 05 1 1
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g 00
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Fig. 6.6. The profile of uo and its zero level set of Test 3
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Time=0.0004402; DOFs=15769. Solution and its zero level set Ti
1 1 1

05 0.5
0 0
-0.5 -0.5
-1 -1
-1 0 1 -1 0 1
Time=0.0059592; DOFs=9730.  Solution and its zero level set Time=10; DOFs=9289. Solution and its zero level set
1
0.5 0.5
0 0
-0.5 -0.5
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Fig. 6.7. Snapshots of computed solutions and adaptive meshes for Test 3

nine circles with radius 0.15. It also shows the initial mesh and computed initial zero level set
F8‘01’h. Figure 6.7 shows snapshots of the solution (and its zero level set) of the Cahn-Hilliard
equation and the (adaptive) mesh on which the solution is computed at 6 different time steps.
€ = 0.01 and TOL = 0.02 are used in the simulation. As expected, the fine mesh follows the
zero level set as it moves. We also note that the number of elements in the initial mesh 7; is
4,072, the minimum area of the elements is 3.0518 x 10~°. If a uniform mesh is used, we need

3_04518 x 10° ~ 131,072 elements and about 590,000 DOFs.
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