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Abstract

The concept of elastic moment tensor occurs in several interesting contexts, in particular
in imaging small elastic inclusions and in asymptotic models of dilute elastic composites.
In this paper, we compute the elastic moment tensors for ellipses and ellipsoids by using
a systematic method based on layer potentials. Our computations reveal an underlying
elegant relation between the elastic moment tensors and the single layer potential.
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1. Introduction

Let B be a bounded Lipschitz domain in R
d, d = 2, 3. Assume that the Lamé parameters

of B are given by (λ̃, µ̃), while those of the background R
d \B are given by (λ, µ). Attached to

the inclusion B is a 4-tensor mij
pq, i, j, p, q = 1, . . . , d, called the elastic moment tensor (EMT),

or the elastic polarization tensor. The notion of EMT can be most simply described in the
following manner. Denote by Lλ,µ the Lamé operator associated with the parameters λ and µ
and consider H to be a vector-valued function satisfying Lλ,µH = 0 in R

d, d = 2, 3. If the field
H is perturbed due to the presence of an elastic inclusion B with the Lamé parameters (λ̃, µ̃)
then the ith component of the perturbation is given by

d∑
j=1

d∑
p,q=1

∂pHj(0)∂qΓ(x)mij
pq +O(|x|1−d) as |x| → ∞, (1.1)

where Hj is the jth component of H and Γ is the fundamental solution to the Lamé equation
with the Lamé parameters λ, µ. See [1] for a rigorous derivation of formula (1.1) which shows
that through the elastic moment tensor, M = (mij

pq), we have a complete information about
the leading-order term in the far-field expansion of H. See also [6] for a representation of the
perturbation by Elsheby’s tensor. It is worth mentioning that the use of the EMT leads to
stable and accurate algorithms for the numerical computations of the displacement field in the
presence of small elastic inclusions. It is known that small size features cause difficulties in
the numerical solution of the problem by the finite element or finite difference methods. This
is because such features require refined meshes in their neighborhoods, with their attendant
problems.

The notion of EMT also occurs naturally in several other physical contexts, in particular
in asymptotic expansions of perturbations of the elastic energy [10, 11] and in models of the
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effective properties of dilute elastic composites [7, 8, 12, 13]. Recently, the EMT has been used
in the inverse problem of reconstructing diametrically small elastic inclusions from boundary
measurements [1, 2, 4, 8]. It turns out that we can determine the EMT of the inclusion via
boundary measurements. Since EMT carries fairly good information about the size of the
inclusion, the volume of the elastic inclusion can be estimated by means of the EMT.

The purpose of this paper is to present a quite general and elegant method for computing
the EMT based on layer potential techniques. In particular, we apply this method to provide
explicit formulae for the EMTs associated with ellipses and ellipsoids. The method reveals an
interesting relation between the single layer potentials and the EMT. The EMT for ellipses
has been computed in [1] using a complex analysis representation of the solutions to the two-
dimensional Lamé system [14]. The method of this paper is completely different from that
in [1]. Moreover, it enables us to find explicit formula for the EMT for ellipsoids. It should
be mentioned that a quite similar method has been used to compute the polarization tensor
associated to the conductivity problem for ellipses and ellipsoids [9].

This paper is organized as follows. In Section 2 we review the definition of the EMT in
terms of layer potentials and present a general scheme to compute it. Sections 3 and 4 are
devoted to the derivation of EMTs for ellipses and ellipsoids.

2. Single Layer Potential and Elastic Moment Tensor

Let Γ = (Γij)d
i,j=1 be a fundamental solution to the Lamé system, namely,

Γij(x) :=

⎧⎪⎪⎨⎪⎪⎩
− A

4π
δij
|x| −

B

4π
xixj

|x|3 if d = 3,

A

2π
δij ln |x| − B

2π
xixj

|x|2 if d = 2,
x �= 0,

where

A =
1
2

(
1
µ

+
1

2µ+ λ

)
and B =

1
2

(
1
µ
− 1

2µ+ λ

)
.

Let the constants (λ, µ) denote the background Lamé coefficients, that are the elastic parameters
in the absence of any inclusions. Let B be a bounded Lipschitz domain in R

d, d = 2, 3. Assume
that B has the pair of Lamé constants (λ̃, µ̃) which is different from that of the background
elastic body, (λ, µ). It is always assumed that

µ > 0, dλ+ 2µ > 0, µ̃ > 0 and dλ̃+ 2µ̃ > 0.
We also assume that

(λ− λ̃)(µ− µ̃) ≥ 0, ((λ− λ̃)2 + (µ− µ̃)2 �= 0).
The single layer potential of the density function ϕ on B associated with the Lamé parameters
(λ, µ) is defined by

SBϕ(x) :=
∫

∂D

Γ(x − y)ϕ(y) dσ(y), x ∈ R
d.

Analogously, we denote by S̃B the single layer potential on ∂B corresponding to the Lamé
constants (λ̃, µ̃).

The following jump relation is well-known:
∂(SBϕ)
∂ν

∣∣
+
− ∂(SBϕ)

∂ν

∣∣
− = ϕ a.e. on ∂B,

where ∂u/∂ν denotes the conormal derivative, i.e.,
∂u
∂ν

:= λ(∇ · u)N + µ(∇u + ∇uT )N on ∂B.

Here N is the outward unit normal to ∂B and the superscript T denotes the transpose of a
matrix.
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Let {ej}d
j=1 be the standard basis for R

d, and set the pair (f j
i ,g

j
i ) in L2(∂B) × L2(∂B) to

be the unique solution to the system of integral equations [5]:⎧⎪⎨⎪⎩
S̃Bf j

i |− − SBgj
i |+ = xiej|∂B ,

∂

∂ν̃
S̃Bf j

i

∣∣∣∣
−
− ∂

∂ν
SBgj

i

∣∣∣∣
+

=
∂(xiej)
∂ν

|∂B,

where ∂/∂ν̃ is the conormal derivative corresponding to the Lamé constants (λ̃, µ̃).
The (first-order) EMT is defined to be [4, 1]

mij
pq :=

∫
∂B

xpeq · gj
i dσ, i, j, p, q = 1, . . . , d,

or equivalently,

mij
pq =

∫
∂B

xpeq · gj
i dσ

=
∫

∂B

xpeq·
[∂(SBgj

i )
∂ν

∣∣
+
− ∂(SBgj

i )
∂ν

∣∣
−
]
dσ

= −
∫

∂B

xpeq · ∂(xiej)
∂ν

dσ −
∫

∂B

xpeq·
[∂(SBgj

i )
∂ν

∣∣
− − ∂(S̃Bf j

i )
∂ν̃

∣∣
−
]
dσ

= −
∫

∂B

∂(xpeq)
∂ν

· xiej dσ −
∫

∂B

[∂(xpeq)
∂ν

· SBgj
i −

∂(xpeq)
∂ν̃

· S̃Bf j
i

]
dσ

=
∫

∂B

[∂(xpeq)
∂ν̃

− ∂(xpeq)
∂ν

]
· SBgj

i dσ +
∫

∂B

∂(xpeq)
∂ν̃

· xiej − xpeq · ∂(xiej)
∂ν

=
∫

∂B

[
SB

(
∂(xpeq)
∂ν̃

)
− SB

(
∂(xpeq)
∂ν

)]
· gj

i dσ +
∫

∂B

∂(xpeq)
∂ν̃

· xiej − xpeq · ∂(xiej)
∂ν

.

Since

X ij
pq : =

∫
∂B

∂(xpeq)
∂ν̃

· xiej − xpeq · ∂(xiej)
∂ν

= |B|[(λ̃− λ)δpqδij + (µ̃− µ)(δipδjq + δiqδjp)
]
,

where |B| denotes the volume of B, we arrive at the following equation which has to be solved:

mij
pq −

∫
∂B

[
SB

(
∂(xpeq)
∂ν̃

)
− SB

(
∂(xpeq)
∂ν

)]
· gj

i dσ = X ij
pq. (2.1)

Let Γ0(x) be the fundamental solution for the Laplacian, that is,

Γ0(x) :=

⎧⎪⎪⎨⎪⎪⎩
− 1

4π
1
|x| if d = 3,

1
2π

ln |x| if d = 2,
x �= 0.

Since
∂(xpeq)
∂ν

= λ∇ · (xpeq)N + µ(∇(xpeq) + ∇(xpeq)T )N

= λδpqN + µ(npeq + nqep),
where the unit outward normal N = (n1, . . . , nd), we get, for k = 1, . . . , d,

SB

(
∂(xpeq)
∂ν

)
(x)k

= λδpq

(∫
∂B

Γ(x− y)N(y)
)

k

+ µ

(∫
∂B

Γ(x− y)(npeq + nqep)
)

k

= λδpq

d∑
l=1

∫
∂B

Γkl(x− y)nl(y) + µ

∫
∂B

Γkq(x− y)np(y) + Γkp(x− y)nq(y).
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By the divergence theorem, we obtain

d∑
l=1

∫
∂B

Γkl(x− y)nl(y) = A

∫
∂B

Γ0(x− y)nk(y) − B

ωd

∫
∂B

(xk − yk)
〈x− y, n(y)〉

|x− y|d

= (A−B)
∫

∂B

Γ0(x− y)nk(y).

We also have∫
∂B

Γkq(x− y)np(y) + Γkp(x− y)nq(y)

= Aδkp

∫
∂B

Γ0(x − y)nq(y) +Aδkq

∫
∂B

Γ0(x− y)np(y) −B

(
Ikpq(x) + Ikqp(x)

)
,

where

Ikpq(x) :=
1
ωd

∫
∂B

(xk − yk)(xp − yp)
|x− y|d nq(y)dσ(y).

Now, we make two basic assumptions for this paper.
Basic assumptions. Assume that for x ∈ ∂B∫

∂B

Γ0(x− y)nk(y) =
d∑

l=1

cklxl, k = 1, . . . , d, (2.2)

and

Ikpq(x) + Ikqp(x) =
d∑

l=1

dkl
pqxl, k, p, q = 1, . . . , d, (2.3)

for some constants ckl and dkl
pq.

The assumptions (2.2) and (2.3) are of geometric nature. It will be interesting and important
to find the class of domains B for which these assumptions hold. We will see in following sections
that these assumptions hold if B is an ellipse or an ellipsoid.

Under these assumptions, we write

d∑
l=1

∫
∂B

Γkl(x− y)nl(y) = (A−B)
d∑

l=1

cklxl,

and∫
∂B

Γkq(x− y)np(y) + Γkp(x− y)nq(y) = A(δkp

d∑
l=1

cqlxl + δkq

d∑
l=1

cplxl) −B

d∑
l=1

dkl
pqxl,

and obtain the following lemma.

Lemma 2.1. Under the assumptions (2.2) and (2.3), we have

SB

(
∂(xpeq)
∂ν

)
(x)

=
d∑

k=1

[
λ(A −B)δpq

d∑
l=1

cklxl + µA(δkp

d∑
l=1

cqlxl + δkq

d∑
l=1

cplxl) − µB

d∑
l=1

dkl
pqxl

]
ek.
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It then follows that∫
∂B

[
SB

(
∂(xpeq)
∂ν̃

)
− SB

(
∂(xpeq)
∂ν

)]
· gj

i dσ

= δpq(λ̃− λ)(A −B)
∑
k,l

ckl

∫
∂B

xlek · gj
i

+ (µ̃− µ)A
∑
k,l

(δkpcql + δkqcpl)
∫

∂B

xlek · gj
i − (µ̃− µ)B

∑
k,l

dkl
pq

∫
∂B

xlek · gj
i

=
∑
k,l

[
δpq(λ̃− λ)(A −B)ckl + (µ̃− µ)A(δkpcql + δkqcpl) − (µ̃− µ)Bdkl

pq

]
mij

lk.

Therefore, (2.1) becomes
mij

pq −
∑
k,l

[
δpq(λ̃ − λ)(A−B)ckl + (µ̃− µ)A(δkpcql + δkqcpl) − (µ̃− µ)Bdkl

pq

]
mij

lk = X ij
pq .

Note that (mij
pq) has symmetry, namely,

mij
pq = mij

qp, m
ij
pq = mji

pq, m
ij
pq = mpq

ij ,

and so does (X ij
pq). Using these properties, we can symmetrize the equation and state the

following theorem.

Theorem 2.2. Assume that (2.2) and (2.3) hold on B. Let CB = (Ckl
pq) be defined by

Ckl
pq =

1
2
(λ̃− λ)(A −B)δpq(ckl + clk)

+
1
2
(µ̃− µ)A(δkpcql + δkqcpl + δlpcqk + δlqcpk) − 1

2
(µ̃− µ)B(dkl

pq + dlk
pq), (2.4)

and let X = (X ij
pq). Then the EMT M = (mij

pq) satisfies
(I − CB)M = X. (2.5)

3. Elastic Moment Tensor of Ellipses

We now compute the EMT of ellipses. To this end we prove that (2.2) and (2.3) hold when
B is an ellipse and compute the tensor CB defined by (2.4).

We begin with briefly reviewing elliptic coordinates. Assume that B is an ellipse of the form
x2

1

a2
+
x2

2

b2
= 1, a ≥ b > 0. (3.1)

Then the focal line [−R,R], where R =
√
a2 − b2, lies on the x1-axis. The elliptic coordinates

(r, ω) are defined by
x1 = R cosω cosh r, x2 = R sinω sinh r, r ≥ 0, 0 ≤ ω ≤ 2π,

in which the ellipse B is given by B = {(r, ω) : r < ρ}, where ρ is defined to be a = R cosh ρ
and b = R sinh ρ. Separation of variables shows that harmonic functions in R

2 \ [−R,R] take
the form

ψ(r, ω) = A0 +
+∞∑
j=1

(
Aj cos jω e−jr +Bj sin jω e−jr + Cj cos jω ejr +Dj sin jω ejr

)
.

For the solution in B\ [−R,R] to be extended to a harmonic function in B we must furthermore
require that

ψ(0, ω) = ψ(0,−ω) and
∂ψ

∂r
(0, ω) = −∂ψ

∂r
(0,−ω).

Let S0
Bϕ be the single layer potential for the Laplacian, i.e.,

S0
Bϕ(x) =

∫
∂B

Γ0(x − y)ϕ(y)dσ(y), x ∈ R
d,

where Γ0(x) is the fundamental solution for the Laplacian.
Using elliptic coordinates we can prove the following lemma.
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Lemma 3.1. If h is a harmonic polynomial of homogeneous degree j, then S0
B(∇h·n)(x) is also

a harmonic polynomial of the same degree j for x ∈ B. Moreover, if h(x) = cos jω(ejr + e−jr)
in elliptic coordinates, then

S0
B(∇h · n)(x) = −1

2
(1 −mj)h(x), x ∈ B, (3.2)

and if h(x) = sin jω(ejr − e−jr), then

S0
B(∇h · n)(x) = −1

2
(1 +mj)h(x), x ∈ B, (3.3)

where

m =
a− b

a+ b
. (3.4)

Proof. If h is a harmonic polynomial of homogeneous degree j, then it is a linear combination
of cos iω(eir + e−ir) and cos iω(eir − e−ir) for i = 0, · · · , j. Thus it suffices to prove (3.2) and
(3.3).

Assume that h(x) = cos jω(ejr + e−jr). Let

u(x) :=
{
h(x) + S0

B(∇h · n)(x), x ∈ B,

S0
B(∇h · n)(x), x ∈ R

2 \B.
Then u is the unique solution to the following problem:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∆u = 0 in B ∪ (R3 \B),
u|+ − u|− = −h(x) on ∂B,

∂u

∂n

∣∣∣
+
−∂u
∂n

∣∣∣
−

= 0 on ∂B,

u(x) = O(|x|−1) as |x| → ∞.

(3.5)

The transmission conditions on ∂B in (3.5) come from the continuity of S0
B(∇h · n) across ∂B

and the jump relation for the single layer potential.
On the other hand, elementary but tedious computations show that the function v defined

by

v(r, ω) =
{
α cos jω(ejr + e−jr), r ≤ ρ,

β cos jωe−jr, r > ρ,

where

α =
ejρ + e−jρ

2ejρ
, β = −(e2jρ − e−2jρ),

is a solution of (3.5). By the uniqueness of a solution to (3.5), we have

S0
B(∇h · n)(x) = (α − 1)h(x), x ∈ B.

Since e−2ρ = m, we get (3.2).
Identity (3.3) can be proved in the same way. This completes the proof.
As immediate consequences of (3.2) and (3.3), we get the following identities: for x ∈ B,⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

S0
B(n1)(x) = s1x1, s1 = −1

2
(1 −m),

S0
B(n2)(x) = s2x2, s2 = −1

2
(1 +m),

S0
B(∇(x1x2) · n)(x) = s3x1x2, s3 = −1

2
(1 +m2).

(3.6)

It then follows from (3.6) that
ckl = δklsk, k, l = 1, 2.
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We now compute Ikpq(x). Observe that, for x ∈ B,

Ikpq(x) =
1
2π

∫
∂B

(xk − yk)(xp − yp)
|x− y|2 nq(y)dσ

=
1
2π

∫
B

∂

∂yq

(xk − yk)(xp − yp)
|x− y|2 dy

= − 1
2π

∫
B

δkq(xp − yp) + δpq(xk − yk)
|x− y|2 dy +

1
π

∫
B

(xk − yk)(xp − yp)(xq − yq)
|x− y|4 dy

= δkqS0
B(np)(x) + δpqS0

B(nk)(x) +
1
π

∫
B

(xk − yk)(xp − yp)(xq − yq)
|x− y|4 dy.

Thus we have
Ikpq(x) − δkqspxp = Ikqp(x) − δkpsqxq . (3.7)

On the other hand, for x ∈ B,

Ikpq(x) = xp
1
2π

∫
∂B

xk − yk

|x− y|2nq(y)dσ(y) − 1
2π

∫
∂B

xk − yk

|x− y|2 ypnq(y)dσ(y)

= xp
∂

∂xk
S0

B(nq)(x) − ∂

∂xk
S0

B(ypnq)(x)

= δkqsqxp − ∂

∂xk
S0

B(ypnq)(x).

Therefore, if p �= q, then (3.6) yields

Ikpq + Ikqp = δkqsqxp + δkpspxq − ∂

∂xk
S0

B(∇(y1y2) · n)(x)

= δkqsqxp + δkpspxq − s3
∂(x1x2)
∂xk

. (3.8)

Combining (3.7) and (3.8), we obtain

2Ikpq = δkq(sp + sq)xp + δkp(sp − sq)xq − s3
∂(x1x2)
∂xk

. (3.9)

If k �= q, then using the simple fact that Ikpq = Ipkq we can compute Ikpq . It now remains to
compute I111 and I222. Since

I111(x) + I221(x) =
1
2π

∫
∂B

n1(y) = 0,

I222(x) + I112(x) =
1
2π

∫
∂B

n2(y) = 0,

we can compute I111 and I222. In short, we get
2I111 = (−m+ s3)x1, 2I222 = (m+ s3)x2,

2I211 = −(1 + s3)x2, 2I122 = −(1 + s3)x1

I112 + I121 = (s1 − s3)x2, I212 + I221 = (s2 − s3)x1,

and hence
d11
11 = −m+ s3, d

12
11 = 0, d21

11 = 0, d22
11 = −(1 + s3), d11

12 = 0, d12
12 = s1 − s3,

d21
12 = s2 − s3, d

22
12 = 0, d11

22 = −(1 + s3), d12
22 = 0, d21

22 = 0, d22
22 = m+ s3.

We use the conventional identification
(11) → 1, (22) → 2, (12) → 3.

Since s1 + s2 = −1, we can identify

1
2

(
δpq(ckl + clk)

)
→
(
s1 s2 0
s1 s2 0
0 0 0

)
:= C1, (3.10)
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1
2

(
δkpcql + δkqcpl + δlpcqk + δlqcpk

)
→
(

2s1 0 0
0 2s2 0
0 0 −1

)
:= C2, (3.11)

and
1
2

(
dkl

pq + dlk
pq

)
→
(−m+ s3 −1 − s3 0
−1 − s3 m+ s3 0

0 0 m2

)
:= C3. (3.12)

Note that in the matrices on the right-hand sides above the 3 − 3 entries are c1212 + c2121.
Let

Λ = (λ̃− λ)(A −B) =
(λ̃− λ)
2µ+ λ

, Θ = (µ̃− µ)A, Ξ = (µ̃− µ)B.

Since
CB = ΛC1 + ΘC2 − ΞC3,

we get from (2.4), (3.10), (3.11), and (3.12) that

CB =

((Λ + 2Θ)s1 − Ξ(−m+ s3) s2Λ + Ξ(1 + s3) 0
s1Λ + Ξ(1 + s3) (Λ + 2Θ)s2 − Ξ(m+ s3) 0

0 0 −Θ − Ξm2

)
.

Note that ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

X11
11 = X22

22 = |B|[(λ̃ − λ) + 2(µ̃− µ)],

X11
22 = X22

11 = |B|(λ̃ − λ),

X12
12 = |B|(µ̃− µ),

X12
11 = X12

22 = 0.

Set

X := |B|
⎛⎝(λ̃ − λ) + 2(µ̃− µ) λ̃− λ 0

λ̃− λ (λ̃ − λ) + 2(µ̃− µ) 0
0 0 µ̃− µ

⎞⎠ .

We obtain the following theorem.

Theorem 3.2. Let (mij
pq) be the EMT for B and λ̃, µ̃, λ, µ be respectively the Lamé constants

for the ellipse B given by (3.1) and the background. Then we have

m11
11 = |B|(λ+ 2µ)

(µ̃− µ)k1[m2 − 2(κ− 1)m] − k1(µ+ κµ̃) + k2(κ− 1)(µ̃− µ)
(µ̃− µ)[µ− κ(λ̃+ µ̃)]m2 + k2(µ+ κµ̃)

,

m22
22 = |B|(λ+ 2µ)

(µ̃− µ)k1[m2 + 2(κ− 1)m] − k1(µ+ κµ̃) + k2(κ− 1)(µ̃− µ)
(µ̃− µ)[µ− κ(λ̃+ µ̃)]m2 + k2(µ+ κµ̃)

,

m11
22 = |B| (λ+ 2µ)[(µ̃− µ)k1m

2 + (λ̃− λ)(µ̃ + κµ) + (µ̃− µ)2]
(µ̃− µ)[µ− κ(λ̃+ µ̃)]m2 + k2(µ+ κµ̃)

,

m12
12 = |B| µ(µ̃− µ)(κ+ 1)

(µ̃− µ)m2 + µ+ κµ̃
,

where m is defined by (3.4), |B| denotes the volume of B, and

k1 = λ− λ̃+ µ− µ̃, k2 = µ+ λ̃+ µ̃, κ =
λ+ 3µ
λ+ µ

.
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In particular, if m = 0, i.e., B is a disk, then

m11
22 = |B| (λ+ 2µ)[(λ̃− λ)(µ̃ + κµ) + (µ̃− µ)2]

(µ+ λ̃+ µ̃)(µ+ κµ̃)
,

m12
12 = |B|µ(µ̃− µ)(κ+ 1)

µ+ κµ̃
.

This is exactly the formula provided in [1].

4. Elastic Moment Tensor of Ellipsoids

We now compute the EMT of ellipsoids. To this end we compute the matrix CB when B is
the ellipsoid given by

x2
1

c21
+
x2

2

c22
+
x2

3

c23
= 1. (4.1)

Lemma 4.1. For i, j = 1, 2, 3, i �= j, we have
SB(ni) = sixi, (4.2)

SB(∇(xixj) · n) = sijxixj , (4.3)
where

si = −c1c2c3
2

∫ ∞

0

ds

(c2i + s)
√
g(s)

,

sij = −c1c2c3(c
2
i + c2j)

2

∫ ∞

0

ds

(c2i + s)(c2j + s)
√
g(s)

,

g(s) = (c21 + s)(c22 + s)(c23 + s).

Proof. We note that (4.2) was proved in [9]. To prove (4.3), we set, for a harmonic function
h,

u(x) :=
{
h(x) + SB(∇u · n), x ∈ B,

SB(∇h · n), x ∈ R
3 \B.

Then u is the unique solution to the following problem:⎧⎪⎪⎨⎪⎪⎩
∆u = 0 in B

⋃
(R3 \B),

u|+ − u|− = −h on ∂B,

∇u · n|+ −∇u · n|− = 0 on ∂B,

u(x) = O(|x|−2) as |x| → ∞.

(4.4)

We now construct explicitly the solution of (4.4) using ellipsoidal coordinates. The confocal
ellipsoidal coordinates ρ, µ, ξ satisfy

x2
1

c21 + ρ
+

x2
2

c22 + ρ
+

x2
3

c23 + ρ
= 1,

x2
1

c21 + µ
+

x2
2

c22 + µ
+

x2
3

c23 + µ
= 1,

x2
1

c21 + ξ
+

x2
2

c22 + ξ
+

x2
3

c23 + ξ
= 1,

and are subject to the conditions −c23 < ξ < −c22 < µ < −c21 < ρ. The boundary ∂B of B is
the surface ρ = 0. Written in ellipsoidal coordinates, the Laplace operator becomes

∆u =
4
√
g(ρ)

(ρ− µ)(ρ− ξ)
∂

∂ρ

[√
g(ρ)

∂u

∂ρ

]

+
4
√
g(ρ)

(µ− ρ)(µ− ξ)
∂

∂µ

[√
g(µ)

∂u

∂µ

]
+

4
√
g(ξ)

(ξ − µ)(ξ − ρ)
∂

∂ξ

[√
g(ξ)

∂u

∂ξ

]
.
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Since h is harmonic, the Laplace equation of functions of the form φ(ρ)h becomes
0 = ∆(φ(ρ)h) = ∆(φ(ρ)h) − φ∆h

=
4
√
g(ρ)

(ρ− µ)(ρ− ξ)
∂

∂ρ

[√
g(ρ)

(
h
∂φ

∂ρ
+ φ

∂h

∂ρ

)]
− 4φ

√
g(ρ)

(ρ− µ)(ρ− ξ)
∂

∂ρ

(√
g(ρ)

∂h

∂ρ

)

=
4
√
g(ρ)

(ρ− µ)(ρ− ξ)
∂

∂ρ

(√
g(ρ)h

∂φ

∂ρ

)
+

4
√
g(ρ)

(ρ− µ)(ρ− ξ)

√
g(ρ)

∂h

∂ρ

∂φ

∂ρ

=
4
√
g(ρ)h

(ρ− µ)(ρ− ξ)

[
d

dρ

(√
g(ρ)

dφ

dρ

)
+ 2

√
g(ρ)
h

∂h

∂ρ

dφ

dρ

]
.

Let h(x) = xixj , i �= j and v be defined by

v(x) :=

{
(ψ(0) + 1)xixj , x ∈ B (ρ < 0),

ψ(ρ)xixj , x ∈ R
3 \B (ρ ≥ 0).

Then, using the identity
∂xi

∂ρ
=

xi

2(c2i + ρ)
, we can easily see that v is a solution of (4.4) for

h = xixj , i �= j, if we set

ψ(ρ) = −c1c2c3(c
2
i + c2j)

2

∫ ∞

ρ

1
(c2i + s)(c2j + s)

√
g(s)

ds.

Therefore, we have
SB(∇(xixj) · n) = ψ(0)xixj ,

which completes the proof.
By the same argument as in (3.9), we have

Ikpq = Ipkq ,

2Ikpq = δkq(sp + sq)xp + δkp(sp − sq)xq − spq
∂(xpxq)
∂xk

,

3∑
k=1

Ikkp = −spxp.

Using these relations, we know that the nonzero terms in dij
pq, for p �= q, are given by

dpq
pq = sp − spq, dqp

pq = sq − spq,

dpp
qq = sp + sq − spq, dpp

pp = −
∑
k �=p

sk +
∑
k �=p

spk.

To state our main result in this section, we consider the following 3× 3 submatrices of M , CB,
X :

Ms := (mii
jj),

Xs := |B|
⎛⎝(λ̃− λ) + 2(µ̃− µ) λ̃− λ λ̃− λ

λ̃− λ (λ̃− λ) + 2(µ̃− µ) λ̃− λ
λ̃− λ λ̃− λ (λ̃− λ) + 2(µ̃− µ)

⎞⎠
and

Cs :=

(
(Λ + 2Θ)s1 − Ξt1 Λs2 − Ξ(s1 + s2 − s12) Λs3 − Ξ(s1 + s3 − s13)

Λs1 − Ξ(s1 + s2 − s12) (Λ + 2Θ)s2 − Ξt2 Λs3 − Ξ(s2 + s3 − s23)
Λs1 − Ξ(s1 + s3 − s13) Λs2 − Ξ(s2 + s3 − s23) (Λ + 2Θ)s3 − Ξt3

)
for tp = −

∑
k �=p

sk +
∑
k �=p

spk, p = 1, 2, 3. Formula (2.5) yields now the following theorem.
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Theorem 4.2. Let (mij
pq) be the EMT for the ellipsoid B given by (4.1) and λ̃, µ̃, λ, µ be the

Lamé constants. We have
Ms = (I − Cs)−1Xs,

and
[1 − Θ(s1 + s2) + Ξ(s1 + s2 − 2s12)]m12

12 = |B|(µ̃− µ),

[1 − Θ(s1 + s3) + Ξ(s1 + s3 − 2s13)]m13
13 = |B|(µ̃− µ),

[1 − Θ(s2 + s3) + Ξ(s2 + s3 − 2s23)]m23
23 = |B|(µ̃− µ),

while the remaining terms are all zeros.

5. Conclusion

In this paper we have explicitly computed the elastic moment tensor for ellipses in the
plane and ellipsoids in three-dimensional space. Our formulae can be extended to hard elastic
inclusions and holes. Our derivations are based on an elegant layer potential technique and
reveal new interesting identities. The expressions of the elastic moment tensor provided in this
paper can be used for developing efficient algorithms to reconstruct elastic inclusions of small
volume.
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