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Abstract

By applying the generalized singular value decomposition and the canonical correlation
decomposition simultaneously, we derive an analytical expression of the optimal approxi-
mate solution X, which is both a least-squares symmetric orthogonal anti-symmetric solu-
tion of the matrix equation AT XA = B and a best approximation to a given matrix X*.
Moreover, a numerical algorithm for finding this optimal approximate solution is described
in detail, and a numerical example is presented to show the validity of our algorithm.
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Key words: Symmetric orthogonal anti-symmetric matrix, Generalized singular value de-
composition, Canonical correlation decomposition.

1. Introduction

Denote the set of all symmetric (anti-symmetric) matrices in R"*™ by S™*"(A"*™), the set
of all orthogonal matrices in R™*™ by O"™*", the n x n identity matrix by I,,, the transpose and
the Frobenius norm of a real matrix A by AT and ||A||, respectively. For A = (a;;) € R™*™,
B = (b;;) € R™*™, A x B represents the Hadamard product of the matrices A and B, that
is, A% B = (a;;b;j;) € R™*™. Let SOR™ " be the set of all real n x n symmetric orthogonal
matrices, i.e., SOR"*" = {P|P = PT P?=1,,P € R"*"}.

Definition 1.1. Given P € SOR™ "™ and let X € S"*".

(1) The matriz X is called symmetric orthogonal symmetric with respect to P if (PX)T = PX.
The set of all n X n symmetric orthogonal symmetric matrices is denoted by SSB*™;

(2) The matriz X is called symmetric orthogonal anti-symmetric matriz with respect to P if
(PX)T = —PX. The set of all symmetric orthogonal anti-symmetric matrices is denoted

by SAL.
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The symmetric orthogonal (anti-)symmetric matrices play an important role in numerical
analysis and matrix theory. For example, the matrix X € SS*"(SAL*") can preserve the
symmetric (anti-symmetric) structure after applying a Householder transformation, because
the Householder matrix is symmetric and orthogonal. Let J, = [en,€n—1,-.-,€1], where ¢;
denote the ith column of I,,. It is easy to verify that J, € SOR™*". If P = J,, then SS§%""
and SAL" are a bi-symmetric matrix set [5, 12, 19] and a symmetric and skew anti-symmetric
matrix set [18, 22], respectively, which have been applied in various areas [18, 24|, such as
information theory, linear system theory and numerical analysis. If P = I,,, then SS%*" is a
symmetric matrix set and SAR*" is trivial due to the fact that S**™ N A"*" = {0}.

The symmetric orthogonal (anti-)symmetric matrices were initially considered by Zhou, Hu
and Zhang, associated with matrix equations and inverse eigenvalue problems, see [27]. Peng
[17] has investigated the symmetric orthogonal symmetric solution to the matrix equation

ATXA = B, (1.1)

which arose in an inverse problem of structural modification or the dynamic behaviour of a
structure [2, 3, 4, 7, 13, 14]. The symmetric skew anti-symmetric solution of (1.1) and its optimal
approximation were also obtained in [18] by using the generalized singular value decomposition
(GSVD). However, it may happen that the matrix equation (1.1) is inconsistent due to the
inaccuracies in the measured data. In this case, we may consider the solution of (1.1) in the
least-squares sense [6, 12, 21]. The purpose of this paper is to extend the results in [18] to the
least-squares problem with a symmetric orthogonal anti-symmetric constraint, which can be
described as follows:

Problem 1.1. Given matrices A € R"*™, B € S™X™ P c SOR™"™ and X* € S™*". Let

Sp = {X | X € SAY" ||JATXA - B||= min ||[ATYA - B||} . (1.2)
YESAR ™
Then find X € Sg such that
IX = X" = mip X~ X7]. (1.3)
€ESE

The minimization problem (1.3) arises in the structural modification and model updating
[8]. The initial analytical matrix X* is experimentally obtained from a practical measurement,
but it may not satisfy the structural requirement or the minimum residual requirement. Hence,
it is necessary to find the updated matrix X , which is not only a least-squares solution of matrix
equation (1.1) with given structural requirement, but also a best approximation to the initial
matrix X*.

Similar to [12], the solution X of Problem 1.1 can not be obtained by means of the canon-
ical correlation decomposition (CCD) of a matrix pair, and the difficulty lies in the fact that
the invariance of the Frobenius norm does not hold for general nonsingular matrices in CCD
(see, for instance, (8) and (19) in [12]). In order to overcome this difficulty, a method, based
on the projection theorem, GSVD and CCD, is adopted to solve Problem 1.1, and this ap-
proach has been applied successfully to find the least-squares solution of the matrix equations
(AXB,GXH) = (C,D) with minimum norm [15].

The outline of this paper is as follows. First, in Section 2, we will introduce several lemmas
which will be used in the latter sections. Then, we will discuss Problem 1.1 and give the
expression of its solution in Section 3. Finally, in Section 4, we will give the numerical algorithm
to compute the solution of Problem 1.1 and report our numerical experiments.
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2. Some Lemmas

As a preliminary, we briefly state the concepts of the GSVD and CCD, which are essential
tools for deriving the solution of Problem 1.1. We refer to [9, 10, 16, 20] for details.

The GSVD can be described as follows: Given A; € R¥*™ and A, € R("%)*™ then there
exist orthogonal matrices U € OF** V€ O(n=F)x(n=k) and a nonsingular matrix M € R™*™
such that

A =U(X1,00M and A; =V(Xy,0)M, (2.1)

where ¥ = diag([,, S1,0) and 35 = diag(0, Ss, I[;_,_s) are block diagonal matrices (may not
be square) with the same column partitioning, and the diagonal matrices S; and Sy are given
by
{ S1 =diag(A1, A2, .., As), 1>A1>X>...> )\ >0,
Sy = diag(p1, o, -y tts)y, 0<pr <pe <...<pus <1, )\f—l—uf =1(1<i<s).
Here
t =rank(AT, AL), r =t —rank(Ay), s=rank(4;)+ rank(4y) —t.

We further partition the nonsingular matrix
M1 = ( My My Ms My ) € Rmxm (22)

compatibly with the block column partitioning of (X4,0), e.g., My € R™*", My € R™**.

The CCD can be described as follows: Given A; € RF*™ and A, € R—F)*m  then
there exist nonsingular matrices E4, € R¥** E,, € R=#*(=k) and an orthogonal matrix
Q € O™*™ guch that

Al =Q(I,0)E;" and A = Q(Ily,0)E; ], (2.3)

Hl(il> and H2<Ih>
plty} 0

are block matrices with the same row partitioning, 21 = diag(I,+, C4,0) and 25 = diag(0, 54, I}/)
are block diagonal matrices (may not be square), and the diagonal matrices C4 and Sy are

where

given by
Cy =diag(ag,ag,...,ay), 1>a1>a3>...>ay >0,
Sa =diag(B1,B2,..-,Bs), 0<B1<fa<...<By <1, Z+p2=1(1<i<ys).

Here
h =rank(Ay), 7’ =rank(A;) + rank(Ay) — rank(AT, AT),

s = rank(AgA?) — ’I”/, t = rank(Al) S
We further partition the orthogonal matrix

RQ=( Q1 Q2 Qs Q1 Q5 Qs )cO™™ (2.4)

compatibly with the row partitioning of Il1, e.g., Q1 € R™*"™, Qs € R™*% Q3 € R™*(h—r'=s"),
Since P € SOR™*", there exists an orthogonal matrix H € O™*" such that
PzH(% 0 )HT, k = rank(I + P). (2.5)
—In—k

In fact, the representation (2.5) is a spectral decomposition of the matrix P (see [11]). By
Definition 1.1 and the spectral decomposition of P, it is easy to prove that the structure of
SAL™ has special form described in the following lemma (see also [26]).
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Lemma 2.1.

SAF™ = {X|X =H ( Y(,)T 15 ) HT)Y € R’“X(”"“)} : (2.6)

Lemma 2.2. Given matrices D € §°*° and E € R***. LetT = diag(vy1,72, -+ ,7s) and A=
diag(d1, 92, -+ ,ds) be given diagonal matrices of positive diagonal entries, satisfying ’yJZ + §j2. =
1(j=1,2,---,s). Then there exists a unique matriz Y € R**° such that

F(Y)=|TY +YTT = D|? + ||AY — ET||> + |[YTA — E||> = min.

Moreover, the matriz Y possesses the analytical expression

Y =& ['D+AET —T(DT + EA)TY, (2.7)
with 1
O = (¢ij) € R, ¢ij = ——5=, 4,j=12,..5

Proof. For matrices D = (d;;) € S**°, E = (e;;) € R**® and Y = (y;;) € R**°, we have
F(Y) =Y [(viyss + 95075 — dis)* + Gaig — €53)” + (43365 — es3)°]:
i

It then follows from straightforward operations that F(Y) = min if and only if

Uig + 7Y = Vidij + 0i€ji- (2.8)
Then (2.8) implies

{ Uij + %5 = Vidij + dieji,

Yji + i = Vidji + 0j€is-
After suitable manipulations, we obtain
_ vidg A ey — (v dgi 4 djeii);
Yij = 1 _ ~2~2 :

ViV

From (2.9) we immediately get (2.7).

3. The Solution of Problem 1.1

In order to find the solution X of Problem 1.1, we first transform the least-squares prob-
lem (1.2) with respect to the inconsistent matrix equation (1.1) to a consistent one by applying
the projection theorem.

Theorem 3.1. Given matrices A € R"*™, B € S™*™ and P ¢ SOR"™ ™. Let Xy € Sg, and
define

By = AT X, A. (3.1)
Then the matriz equation

ATXA = By (3.2)
is consistent, and its symmetric orthogonal anti-symmetric solution set is the same as the least-
squares symmetric orthogonal anti-symmetric solution set Sg of the matriz equation (1.1).

Proof. Let
L={Z|Z=ATXA, X ecSAY"}.

Then L is obviously a linear subspace of S™"*™. Because X is a least-squares solution of the
matrix equation (1.1) over SAR", from (3.1) we see that By € £ and

|Bo— B|| = [|[ATXoA - B||= min ||A"XA - B||=min|Z - BJ.
XESAR*" ZeL
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Now, by applying the projection theorem we have
(Bg— B)LL or (By—B)ecLh.
For every X € SAL™, we know that (AT XA — By) € L. It then follows that
|ATXA-B|* = [(A"XA-Bo)+(By - B)|
= [|ATXA— Bo|® +Bo - B,
which implies that the conclusion of this theorem holds. R
From Theorem 3.1, we easily see that the optimal approximate solution X of the consis-
tent matrix equation (3.2) to a given matrix X* over SAR*" is nothing but the solution of
Problem 1.1. Therefore, solving Problem 1.1 essentially reduces to find By, and the crux of

finding By is to derive a least-squares solution X of the matrix equation (1.1) over SAR*".
The following theorem give the general expression of these least-squares solutions.

Theorem 3.2. Given matrices A € R"™™, B € 8™ and P € SOR™*". Let the spectral
decomposition of P be (2.5), and partition the matriz AT H into

ATH = (AT ATy e R™*", Ay e RF>*™ A, e RIMRIxm, (3.3)
Decompose the matriz pair (AT ALY by using CCD as (2.3), and denote
B' = (Bj;)exs: Bi; =QiBQj, i,j=12,--,6, (3.4)
where the matrices Q; (i =1,2,...,6) are given by (2.4). Then the set Sg in Problem 1.1 can
be expressed as
SE:{X|X:H< YOT )(;)HT} (3.5)
where
SzBl( yf; By~ <B}1/5)TCAS,;1 Biy i
Y=Ea ) gt B’ (BT v | (6
Y Yio Yis  Yu
with
Yar = K # [CaByy + Sa(Bys;)" — Ca(B3yCa + BisSa)Cal,
Ya3 = CaBys + Sa(Bss)" (3.7)
Here o 1
K = (ki) € R¥7, hyj = 1_70%26@ i,j=1,2,...,5

R e A% s an arbitrary anti-symmetric matriz and the other unknown matriz blocks are
arbitrary.

Proof. Partition the matrix E;IIYEZQT compatibly to the block column partitioning of
(X4,,0) and (X 4,,0), respectively, into

E;YELT = (Yij)axa. (3.8)
By Lemma 2.1 we know the matrix X € SA%p is of the form (2.6), and from (3.3) and (2.3) we

have
T 4T 0 Y A\
‘(A17A2)<YT 0 )(A2 B

= [|(I1;,0)E; Y E; T (112,0)" + (I, 0) E, YT EL T (111,0) — QT BQJJ.

2
|ATXA - B|?* =
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After substituting (2.3), (3.4) and (3.8) into the equation above, we know that the minimization
problem min ||[AT XA — B|| is reduced to solving the following six minimization problems:

XesAp ™
Y12 + Y51Ca — Biyll” + (Y21 Sa — Bis||> = min, (3.9)
|Yiz — Bis||> = min, ||V3; — (Blg)'||? =min i=1,2,3, (3.10)
||Y11 + Y1T1 - B£1||2 = min, HY27:;SA - Bés”2 + ||CAY23 - Béz”2 = min, (3-11)
[CaYa2 + Y5hCu — Byl + ||Y55S4 — Bhs||> + [|SaYoz — (Bys)"||* = min. (3.12)

It follows from (3.9) and (3.10) that
Yo1 = 8531(Bi5)";  Yia = Bj, — Bi;CaSy;

Yis = Blg; Y = (Blg)", i=1,2,3. (3.13)
Following (3.11) and Lemma 2.1 in [23], we have
Yii = %B{l +R, VRE A, Ya3=CaBhy+Sa(Bhs)". (3.14)
From Lemma 2.2, we know that the solution of (3.12) can be expressed as
Yoo = K * [CaBhy + Sa(Bhs)T — Ca(BhyCa + BhsSa)Cal. (3.15)

By combining (3.13)-(3.15), we arrive at (3.6), and from Lemma 2.1 we obtain (3.5).
By Theorem 3.2, we know that the matrix Xg € Sg can be expressed as

— 0 Y T
XO_H<YT O>H, (3.16)

where Y is given by (3.6). Following (3.1), (3.3) and (3.16), we have

_ T 0 Y T A T T 0 Y A1
BO - AH(yT O>HA_(A17A2)<YT 0)<A2

= ATy A, + ATvT A, (3.17)
Substituting the matrices A;, Az in (2.3) and Y in (3.6) into (3.17), after obvious manipulations
we can immediately get the expression of the matrix By defined in (3.1) as follows:

B Biy Bi; 0 By DB
(Biy)T CaYor +YhCa CaYos 0 YihSa By
_ (333)T Y27:;CA 0 0 YzESA Béﬁ T
Bo=@Q 0 0 0 0 0 0o |9 (3.18)
(Bis)" SaYoo SaYas O 0 0
(Big)" (Bie)" (Bt)t 00 0

where Yao and Yas are given by (3.7).

Remark 3.1. The result (3.18) shows that the matrix By given in Theorem 3.1 is unique.
Furthermore, we can conclude that

|Bo—B||= min |[[ATXA- B.
XeSAp™

Obviously, we can not obtain the optimal approximate solution Xtoa given matrix X* by
using (3.5) in the sense of the Frobenius norm due to that the matrices E4, and E4, in (3.6)
may not be orthogonal. But Problem 1.1 can be transformed to the problem of finding the
optimal approximate solution of the consistent matrix equation (3.2) over SAL*", where By is
determined by (3.18). Hence, similar to [18], we can obtain the solution X of Problem 1.1 by
using GSVD.



Minimization Problem for Symmetric Orthogonal Anti-Symmetric Matrices 217

Theorem 3.3. Assume the conditions of Theorem 3.2. Decompose the matriz pair (A1, As) by
GSVD as (2.1) and define

M TByM™! = (Eij)4><4; Eij =MBoM; i,j=1,234, (3.19)

where the matrices M; (i = 1,2,3,4) are given by (2.2). Partition the matrices H X*H and
UT X3,V into

X X5 k
Ty 11 12
wven= (3 5 ) S

n n-—=k

* * *
le Z12 Zl3

r
UTXHV = | Zy  Z3, 73 8 (3.20)
. . . k—r—s
Zz 3y I
n—k+r—t s t—r—s
Then the solution X of Problem 1.1 can be expressed as
Zi  BiSy'  Big
Y 0 Y T ; v * % -1 T
X=H $T o H™ with Y =U| Z3 Yoo ST By | V7, (3.21)
Z351 I3 Z33
where
~ 1~ 1,1 = .
Yoo = 551 132252 ! + W % [S]SQ 1(552 132251 o Z2,2T)
1, 1= y _
_(551 'ByaSyt — Z3,)515; 1], (3.22)
with
bR
W = (wij) ERSXS, Wij = _ Lkt 1,7 =1,2,...,s.

IR R,

Proof. From (3.17), we know that the problem of finding the symmetric orthogonal anti-
symmetric solution of the consistent matrix equation (3.2) is reduced to finding Y € R¥ x(n=k)
such that

ATY Ay + ATYT A, = B,. (3.23)

Therefore, from Theorem 2.1 in [25] and Lemma 2.1, we can obtain a new expression of the set
Sg in Problem 1.1 as follow:

0 Y\ ,x - Yu BuSy' B .
Sg=}X|X=H T g H with Y=U| Yy Yo Sle% Vi, (3.24)
Y3 Y32 Y33
where }722 = %Sfléggsgl +GT — S’QSflGS’lsgl, and G,Y;1,Ys;, (4,7 = 1,2, 3) are arbitrary.

Obviously, the set Sg is nonempty and is a closed convex subset of the Hilbert space R™*™.
It follows from the optimal approximation theorem [1] that there exists a unique matrix X € Sg
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satisfying (1.3). For all X € Sg, it follows from (3.20) and (3.24) that
IX = X°| = |HTXH — BT X" H]?

~ 2
0 Y\ [ X5 Xp
YT 0 Xi§ X3,

I =X l? + [UTYV = UTX BV + [[VIYTU = VIXIZUP + || = X5,

Yii— 2y BieSy'—Zf,  Bis— Zi ’
= IX1lP+ ||| Yoo —2Z5 Yoo —Z3 S 'Baz— Z3 H
Ya1 =25 Yao— 23 Y33 — Z33
Yi-zir  Yvh-zlb i -zl |
+|| S:'Bh -z Yh-Zy Y -7y + 11X 5]

Bly— 21 BhLsSy' - 23 v -2
Hence, || X — X*|| = min if and only if
Yo =2, Ys; =123, i,j=12,3, (3.25)
and
Va2 — Z3|l

1 -
= ||§Sf1B22551 +GT — 8587 G885 — Z3|| = min, VG € R, (3.26)
By making use of Lemma 2.2 in [25] we know that the solution of (3.26) is
~ 1 ~ 1 ~
Yoo = 55;1322351 + W [51551(552—13225;1 - 737)
1 = . _
_(551 132252 't 222)5152 1}-

Now, after substituting this Y2 and Yy, Ys; (4,5 =1,2,3) in (3.25) into (3.24), we get (3.21).

4. Numerical Algorithm and Example

Based on Theorem 3.3, we establish a direct algorithm for finding the solution of Problem 1.1
as follows:

1) Input matrices A, B, X* and P;

2) Form the spectral decomposition of P as (2.5), and determine the matrices A; and
Ay by (3.3);

3) Find the CCD of the matrix pair (AT, AT) as (2.3), and determine the matrices
B7/lj by (3.4);

4) Compute the matrix By by (3.18);

5) Find the GSVD of the matrix pair (A;, As) as (2.1), and determine the matrices
Bij; by (3.19);

6) Compute the matrix Ya; by (3.22), and determine the matrix blocks Z}; by (3.20);

7) Compute the solution X of Problem 1.1 by (3.21).

Example 4.1. Let
= ( toeplitz(1: k) Iy ) p_ 1 ( I, —Ji )
ones(k) I, )’ V2 = Ik ’
where toeplitz(1 : k) denotes Toeplitz matriz of order k with its first rows being (1,2,...,k);
and ones(k) denotes the matriz of order k whose all elements are one.
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For convenience, we construct the matrix X € SAR" by Lemma 2.1 with Y = ones(k),

and B = AT[X + ¢ - ones(2k)]A, where € is an arbitrary nonnegative number. If we take

X*
the

= X, then the matrix X is exactly the unique solution of Problem 1.1 when € = 0 due to
nonsingularity of the matrix A. Moreover, we can theoretically show that the solution X

of Problem 1.1 approaches to X as € goes to zero. Our numerical results are listed in Table 1.

Table 1: Numerical results for Example 4.1

k € IR - x| | 1A"XA-B|| [ [ATRA-B]| | IB - Bl
10 1 74.0568 2.8658e+4 2.8097e+4 2.8097e+4
10e-2 0.7406 286.5800 280.9744 280.9744

10e-4 0.0074 2.8658 2.8097 2.8097

10e-6 | 7.4059e-5 0.0287 0.0281 0.0281
50 10e-2 0.5556 4.5257e+5 4.5256e+5 4.5256e+5
10e-4 0.0056 4.5257e+3 4.5256e+3 4.5256e+3

10e-6 | 5.5565e-5 45.2573 45.2563 45.2563

10e-8 | 5.5565e-7 0.4526 0.4526 0.4526
100 | 10e-4 0.0069 1.3037e+-5 1.3037e+5 1.3037e+5
10e-6 | 6.8580e-5 1.3037e+3 1.3037e+3 1.3037e+3

10e-8 | 6.8581e-7 13.0374 13.0374 13.0374

10e-10 | 6.8581e-9 0.1304 0.1304 0.1304

The example shows that the distance between B and By goes to zero as X approaches X,

and from the results in Table 1, we can also conclude

These features are in accordance with the theory established in this paper.

|IATXA— B|| > [|ATXA ~ B|| = ||B - Bol.
Therefore, the

above-described algorithm is valid for solving Problem 1.1.
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