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Abstract

In this article we define a surface finite element method (SFEM) for the numerical
solution of parabolic partial differential equations on hypersurfaces T' in R"™*. The key
idea is based on the approximation of I' by a polyhedral surface I', consisting of a union of
simplices (triangles for n = 2, intervals for n = 1) with vertices on I". A finite element space
of functions is then defined by taking the continuous functions on I';, which are linear affine
on each simplex of the polygonal surface. We use surface gradients to define weak forms
of elliptic operators and naturally generate weak formulations of elliptic and parabolic
equations on I'. Our finite element method is applied to weak forms of the equations. The
computation of the mass and element stiffness matrices are simple and straightforward.
We give an example of error bounds in the case of semi-discretization in space for a fourth
order linear problem. Numerical experiments are described for several linear and nonlinear
partial differential equations. In particular the power of the method is demonstrated by
employing it to solve highly nonlinear second and fourth order problems such as surface
Allen-Cahn and Cahn-Hilliard equations and surface level set equations for geodesic mean
curvature flow.

Mathematics subject classification: 65M60, 65M30, 66M12, 65705, 58J35, 53A05, 74505,
80M10, 76M10.

Key words: Surface partial differential equations, Surface finite element method, Geodesic
curvature, Triangulated surface.

1. Introduction

Partial differential equations on surfaces occur in many applications. For example, tradi-
tionally they arise naturally in fluid dynamics and material science and more recently in the
mathematics of images. In this paper we propose a mathematical approach to the formulation
and finite element approximation of parabolic equations on a surface in R**! (n = 1,2). We
give examples of linear and nonlinear equations. In particular we show how surface level set
and phase field models can be used to compute the motion of curves on surfaces.
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1.1. The diffusion equation

Conservation on a hypersurface I' of a scalar u with a diffusive flux —DVrw, where D is
the diffusivity tensor and w is a scalar, leads to the diffusion equation

Ut — VF . (Dva) =0 (1.1)

on I'. Here Vr is the tangential or surface gradient. If OT" is empty then the equation does not
need a boundary condition. Otherwise we can impose Dirichlet or no flux boundary conditions
on JI'. Choosing various constitutive relations to define the relationship between the flux and
u leads to a variety of second and fourth order linear and nonlinear parabolic equations. For
example the constitutive relations w = v and w = —Aru lead to linear second and fourth order
diffusion equations.

1.2. The finite element method

In this paper we propose a finite element approximation based on the variational form
/ urp + / DVrw-Vrp =0 (1.2)
r r

where ¢ is an arbitrary test function defined on the surface I' in R?® with OI' empty. This
provides the basis of our surface finite element method (SFEM) which is applicable to arbitrary
n—dimensional hypersurfaces in R"*! (curves in R?) with or without boundary. Indeed this is
the extension of the method from [10] for the Laplace-Beltrami equation, which was extended
to linear second order diffusion equations on moving surfaces in [12]. We focus our description
on the case n = 2 but observe that the approach is directly applicable to n = 1.

The principal idea is to use a polyhedral approximation of I" based on a triangulated surface.
It follows that a quite natural local piecewise linear parametrization of the surface is employed
rather than a global one. The finite element space is then the space of continuous piecewise
linear functions on the triangulated surface. The implementation is thus rather similar to that
for solving the diffusion equation on flat stationary domains. For example, for w = wu, the
backward Euler time discretization leads to the SFEM scheme

1

= (Ma™ !t — Ma™) + Sa™ ! =0

p
where M and S are the surface mass and stiffness matrices and o™ is the vector of nodal
values for the approximation of u at time ¢t"*. Here, 7 denotes the time step size. Observe that
this approach to evolutionary surface partial differential equations was used in [11] to evolve a
surface by mean curvature flow. See also [5].

1.3. Level set or implicit surface approach

An alternative approach to our method based on the use of (1.2) is to embed the surface in a
family of level set surfaces [1, 3, 4, 13, 14, 21, 30]. This Eulerian approach can be discretized on
a Cartesian grid in R™*! and has the usual advantages and disadvantages of level set methods.
Equations on surfaces also arise in phase field models [7, 19, 25].
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1.4. Applications

Models involving partial differential equations on surfaces arise in many areas including ma-
terial science, bio-physics, fluid mechanics and image processing. For example, phase formation
of surface alloying by spinodal decomposition resulting in two dimensional structures has been
modelled by the Cahn-Hilliard equation on surfaces, [8]. See also [26, 27] for studies of the
Allen-Cahn and Cahn-Hilliard equations in the context of phase ordering on surfaces. Other
examples in the physical sciences include diffusion induced grain boundary motion [7, 19, 23]
and the Ginzburg-Landau model for superconductivity [9]. In image processing we mention
geodesic flow of curves on surfaces and active contours for segmentation on surfaces, [22, 24].

1.5. Outline of paper

The layout of the paper is as follows. We begin in Section 2 by defining notation and essential
concepts from elementary differential geometry necessary to describe the problem and numerical
method. Several linear and nonlinear partial differential equations of second and fourth order
are described in Section 3 together with a number of computational results. In Section 4 the
finite element method is defined and some preliminary approximation results are shown. Error
bounds for the semi-discretization in space are proved in Section 5. Implementation issues are
discussed in Section 6.

2. Basic Notation and Surface Derivatives

Let T’ be a compact smooth connected and oriented hypersurface in R**! (n = 1,2). In
order to formulate the model it is convenient to use a level set description of T'.
We assume the existence of a smooth level set function d = d(z), x € R"*!, so that

I'={z € N|d(z) = 0},
where A is an open subset of R**! in which Vd # 0 and chosen so that
d € C*(N).

The orientation of T is fixed by taking the normal v to I' to be in the direction of increasing d.
Hence we define a normal vector field by
Vd(z)
v(z) = =——.
[Vd(z)|
Throughout this paper we denote by P(x) the projection at  onto the tangent space of I" with
i,J element

,P(SL')” = 51']' - V(I’)Z‘I/(SL')]'. (21)

Observe that a possible choice for d is a signed distance function and in that case |Vd| =1
on N. For later use we mention that A" can be chosen such that for every x € A there exists
a unique a(z) € I’ such that

x = a(x) + d(x)v(a(x)), (2.2)

where d denotes the signed distance function to I'.
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For any function 7 defined on an open subset N of R**! containing I" we define its tangential
gradient on I' by
Vrn=Vn—-Vn-vv="PVn,

where, for x and y in R**!, 2 -y denotes the usual scalar product and V7 denotes the usual
gradient on R"T!. The tangential gradient V7 only depends on the values of 7 restricted to I’
and V7 - v = 0. The components of the tangential gradient will be denoted by

an = (2177) e 7Qn+1n) .

The Laplace-Beltrami operator on I' is defined as the tangential divergence of the tangential

gradient:
n+1

Arn=Vr-Vryp=Y D;Dg.

i=1
Let T' have a boundary OT' whose intrinsic unit outer normal (conormal), tangential to T', is
denoted by p. Then for i = 1,2,...,n+ 1, the formula for integration on T is, see [15],

/Qm= —/UHVH—/ Niki (2.3)
N I8 or

yielding the divergence theorem for £ = (£1,&2,...,&nt1),

apf'“:/pw“/pg'”]{ (2.4)

where H denotes the mean curvature of I' with respect to v, which is given by
H= 7VF s V. (25)

The orientation is such that for a sphere I' = {x € R""'||z — 29| = R} and the choice

d(z) = R — |x — xo| the normal is pointing into the ball Br(z) = {z € R"*"!||z — 20| < R}

and the mean curvature of T' is given by H = n/R. Note that H is the sum of the principle

curvatures rather than the arithmetic mean and hence differs from the common definition by a

factor n. The mean curvature vector Hv is invariant with respect to the choice of the sign of d.
Green’s formula on the surface I' is

évr£~vrn:[9r€vrn~u*/F£Arn- (2.6)

If T is closed then OT is empty and the boundary terms in equations (2.3),(2.4), and (2.6) do
not appear. For these facts about tangential derivatives we refer to [20], pp. 389-391. Note
that, in general, higher order tangential derivatives do not commute.

We shall use Sobolev spaces on surfaces I'. For a given surface I' we define

H'(I) = {n € L*(I') | Vrn € L*)"*'}

and, if OT # (),
Hi(T)={ne HYT) | n=0on dT}.

For smooth enough I' we analogously define the Sobolev spaces H*(T') for k € N. See [29] for
additional information.
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3. Parabolic Equations on Surfaces

3.1. Conservation and diffusion on a surface

Let u = u(z,t) (x € T, ¢t € [0,T]) be the density of a scalar quantity on I' (for example
mass per unit area if n = 2 or mass per unit length if n = 1). The basic conservation law we
wish to consider can be formulated for an arbitrary portion M of I" using a surface flux ¢q. The

il
— [ u=-— q- i, 3.1)
dt J oM (

where OM is the boundary of M (a curve if n = 2 and the end points of a curve if n = 1) and

law is that, for every M,

1 is the conormal on M. Thus g is the unit normal to M pointing out of M and tangential
to I'. Observe that components of ¢ normal to M do not contribute to the flux, so, without
loss of generality, we assume that ¢ is a tangent vector.

Using the divergence theorem (2.4) and the fact that ¢ is a tangential vector we obtain

/ q-u=/ Vr-q+/ q-sz/ Vr-q,
oM M M M

/ (ut +Vr-q) =0,
M

which implies the pointwise conservation law

so that

us+Vr-g=0 on TI. (3.2)

We take ¢ to be the diffusive flux
q = —DVrw, (3.3)

where D > 0 is a symmetric mobility tensor with the property that it maps the tangent space
into itself at every point of ', i.e.,
Dvt.v=0 (3.4)

for every tangent vector v. This leads to the equation
us — Vr - (DVrw) =0 on T. (3.5)

Since T = 0, i.e., the surface has no boundary, there is no need for boundary conditions. For
example, this would be the case if T' is the bounding surface of a domain.

Remark 3.1. If JI' is non-empty then we may impose the homogeneous Dirichlet boundary
condition

u=0 on OT, (3.6)

or impose the no flux condition
DVrw-pu=0 on JI. (3.7)

The variational form (1.2) then is an easy consequence of (1.1). We multiply equation (1.1) by
an arbitrary test function ¢ € H'(I') and integrate over I'. We then obtain using (2.4):

/ U + / DVrw - Vre = 0. (3.8)
r r

Here and in all subsequent equations we have to impose an initial condition u(-,0) = ug. In the
following we will not mention this condition when it is obviously required.
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Fig. 3.1. Heating up a torus. Solution at times 0.06934, 0.3467 and 0.6934.

Remark 3.2. Note that for arbitrary D this weak equation implies
ug —Vr - (PDVrw) =0 on T. (3.9)

Also, in general, constant coefficient mobility tensors D will not satisfy assumption (3.4) and
P will not be constant coefficient.

Remark 3.3 (Conservation) Taking ¢ = 1 in (3.8) yields the conservation equation

d
— [ u=0.
dt Jp

Example 3.4 (Linear diffusion) Setting w = u and D = Z, where Z is the identity tensor,
we find the heat equation on surfaces
uy = Aru. (3.10)

Clearly this can be generalized to the inhomogeneous equation
us — Aru = f. (3.11)

In Fig. 3.1 we display the solution at three successive times of (3.11) on the torus

1
F:{x€R3|(\/x%+x§—1)2+x§=1—6} (3.12)

with the right hand side being a regularized version of the characteristic function
f(z,1) = 100xa(z), zeT,

with G = {z € T'| |z — (0,1,0)| < 0.25} and with initial value ug = 0.
For the choice D = A = (a;j(x,t)); j=1,...n+1 With a symmetric matrix A which satisfies
(3.4) and is positive definite on the space orthogonal to v we obtain the linear parabolic PDE

n+1
wup = Z D, (aiiju) . (3.13)
ij=1
Example 3.5 (Nonlinear diffusion) Setting
w=f(u) and D=m(u)T
for given continuous functions f(-) and m(-) we find the nonlinear diffusion equation

us = Vr - (a(u)Vru) (3.14)

where a(u) = m(u)f’(u), and a(-) is positive if f(-) is monotone increasing and m(-) is positive.
Clearly one recovers linear diffusion and the porous medium equation by suitable choices.
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Fig. 3.2. Strongly deformed cylinder: Views from xs-axis, tilted axis, and xi-axis.

Example 3.6 (Parabolic surface p—Laplace equation) Setting w = u and, for 1 < p,
D = |VrulP T
yields the following parabolic surface p—Laplace equation
up = Vr - (|[VrulP2Vru) (3.15)

which is L?(T')-gradient flow for the energy

1
Ey(u) = = / Vrul?. (3.16)
pJr
Example 3.7 (Total variation flow) Setting w = u and taking
D = |Vru|'T

leads formally to the surface total variation flow

o V[*u

Example 3.8 (Fourth order linear diffusion) The choice
w=—Aru (3.18)
leads to the fourth order linear diffusion equation
uy = —Vr - (DVrAru). (3.19)
Example 3.9 (Surface Cahn-Hilliard equation) Setting
w = —eAru + %\Il'(u), (3.20)
where ¥ : R — R typically is a double well potential,

U(u) = 3(1 —u?)? (3.21)
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Fig. 3.3. Solution of the Cahn-Hilliard equation on the surface from Figure 3.2. View from the z;-axis
with zz-axis pointing to the right. The colours represent the magnitude of the solution between —1
and 1. Times from left to right: ¢ = 0.0,0.012047,0.11130.

Fig. 3.5. The same situation as in Fig. 3.3: tilted view.
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leads to the fourth order Cahn-Hilliard equation
1
Uy = 7VF . (DVF(GAFU — E\P/(U))) . (322)

Using second order splitting as introduced in [17] we formulate the problem as a system of
second order equations in space. We solved the Cahn-Hilliard equation for D = Z on a strongly
deformed surface (see Fig. 3.2). The topology of the surface is cylindrical: T' = F(T'g), where

F(l‘l,l‘g,l‘;g) = f(l'l,I'Q,LL‘3)(CL'1,I'2,O) + (0,0,1‘3)

with f(x) = 1+0.5sin (14¢) sin (1523) and ¢ is the polar angle in the x1, zo-plane. As reference
surface we have chosen the cylinder Ty = {z € R3| 2% + 23 < 1,0 < 23 < 1.2}. As initial value
we have taken

ug(x) = sin (421) sin (3x2) sin (5z3).

The grid contained N = 24960 nodes. We have used € = 0.01. Colour maps of the solution are
depicted in Figs. 3.3, 3.4 and 3.5.

3.2. Equations in non-conservation form

Here we formulate several time dependent equations on surfaces which are not in conserva-
tion form.

Example 3.10 (Surface Allen-Cahn equation) Consideration of the L?(T')-gradient flow
for the gradient energy functional

B = [ (§7rop+ ). (3.23)

(e > 0) leads to
1
eur = eAru — =V’ (u). (3.24)
€

Here the potential (3.21) gives the classical Allen-Cahn equation on a surface I
In Fig. 3.6 we show results of the numerical solution of the surface Allen-Cahn equation on
the torus (3.12) with initial data

uo(x) = sin (3mwxs) cos (3p),

where ¢ denotes the polar angle in the z1,xs-plane. We observe the rapid evolution to a
checkerboard pattern on the torus (first row). After some time this pattern is dissolved and the
solution evolves to an interesting stationary solution (second row). It is interesting to observe
that the red and blue regions are connected, so that there is just one diffuse interface which
approximates a curve of zero geodesic curvature.

In Fig. 3.7 we show the typical decomposition effect of the Allen-Cahn equation on a de-
formed cylinder. Here the initial value uy was chosen to be a random distribution of matter on
the surface.

Example 3.11 (Level set geodesic mean curvature flow) We formulate the level set equa-

tion
VFU

[Vru|”

Up = |Vru| Vr - (3.25)
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Fig. 3.6. Solution of the surface Allen-Cahn equation on a torus.

Fig. 3.7. Solution of the Allen-Cahn equation on a deformed cylinder (surface, initial distribution,
distribution after some time).

For example, we have in mind the evolution, on the fixed surface I' in R3, of a closed curve C(t)
which is evolving in the “intrinsic” normal direction v, with a velocity V, given by minus its
geodesic curvature k4. The curve C(t) is given by the zero level set on I of u(-,t) and

ngvru /1=Vp'ﬂ o .
[Vpul 7 [Veu| 7 77 [V
Fig. 3.8 shows how circles on a dumbbell shaped surface move under geodesic mean curvature
flow. The surface I is given as I' = F(S?) where F(z) = (z1,n(x)x2,n(x)z3) with

n(z) = \/1 —x%\/l —0.8(1 — 2%)2/y/ 23 + 23

for z € S%. The initial function is ug(x) = z1 — 0.25. In Fig. 3.8 we display all the level lines
{z € T'|u(z,t) = ¢} for ¢ between —1.05 and 1.25 with intervals of 0.2.

We observe that circles shrink and either move to the center of the dumbbell’s neck or shrink
to round points at the extreme ends of the dumbbell. Each of these possibilities is displayed in
Fig. 3.9 for a single circle.

Finally in Fig. 3.10 we show the evolution of many level sets on the sphere. We see topology
change of the level sets. In this computation we use the initial value

uo(x) = sin(57(z1 — 0.25)) sin (3w (x3 + 0.25)).

In all these computations of geodesic curve shortening flow we regularized the equations by
replacing |Vru| by y/e2 + |Vrul?, and we have taken the parameter & proportional to the grid
size h.
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(o (e €

Fig. 3.8. Geodesic curve shortening flow on a dumbbell.

CACACDCD

Fig. 3.9. Geodesic curve shortening flow for two circles on a dumbbell.

Fig. 3.10. Level set mean curvature flow on the sphere.

Example 3.12 (Level Set Surface Active Contours) We formulate the level set equation

Vru
up = |Vru|Vr - (fﬁ) (3.26)
where 1
= ——. 3.27
f 1+ |VFIU|2 ( )

In (3.27), I, is a smoothed image which is essentially a characteristic function with sharp edges.
The evolution of the zero level set curve C(t) is designed to detect the edge.

Example 3.13 (Anisotropic geodesic level set mean curvature flow) We formulate the
level set equation for anisotropic mean curvature flow on the given surface I' as

M(V[‘U,)U,t = |VFU|VP . D’Y(V[‘u), (3.28)

where v : R\ {0} — (0,00), v(0) = 0, is an anisotropy function, smooth and positively ho-
mogeneous of degree one. Here D~y denotes the gradient of . u is a positive and 0-homogeneous
function.

Example 3.14 (Level set geodesic surface diffusion) We formulate the level set equation

uy = Vr - (|[Vrul|(Z — vy ® vg)Vrw), (3.29)
V[*u

w=Vr- . 3.30

Ll (3.30)

For example, we have in mind the evolution, on the fixed surface I in R3, of a closed curve C(t)
which is evolving in the “intrinsic” normal direction v, with a velocity V given by the geodesic
Laplacian of the geodesic curvature r4. The curve C(¢) is given by the zero level set on I' of

u(-, t).
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Example 3.15 (Level set geodesic Willmore flow) We formulate the level set equation

1 1 w? Vru
Uy |Vru|Vr (|Vpu|( Vg ® Vg)er) + 2|Vru|vr (|Vpu|2 |Vpu|) ,(3.31)
VFU
w = —|Vru|Vr - . 3.32

Here the zero level set of u is the curve C(t) constrained to lie on I' which evolves according to
L? gradient flow for the energy

1 2
fo=1 /C 2. (3.33)

4. Finite Element Approximation

4.1. Finite elements on surfaces

The smooth surface I' (8" = () is approximated by a Lipschitz continuous surface I', C N
(0T'y, = 0). In particular for n = 2, I'j, = Ueer, e is a triangulated (and hence polyhedral)
surface consisting of triangles e in 7, with maximum diameter being denoted by h and inner
radius bounded below by ch with some ¢ > 0. The vertices {X j}j»v:l of the triangles are taken
to sit on I' so that I'j, is an interpolation. Each edge of a triangle e; € 73 is an edge of another
triangle es € 75,. Note that by (2.2) for every triangle e C T'j, there is a unique curved triangle
T =a(e) CT. In order to avoid a global double covering (see [12]) we assume that,

for each point a € T there is at most one point z € T'j, with a = a(x). (4.1)

This implies that there is a bijective correspondence between the triangles on I'}, and the induced
curvilinear triangles on I'.

For any continuous function 7 defined on the discrete surface I';, we may define an extension
or lift onto I" by

n'(a) = n(x(a)), ae€l, (4.2)

where by (2.2) and our assumptions, x(a) is defined as the unique solution of
x = a+d(z)v(a). (4.3)

Furthermore we understand by n'(z) the constant extension from I' in the normal direction
v(a). We denote by vy, the normal to I'j, which is constant on each element e. An application
of the chain rule for differentiation gives

Vr,n = Pu(Z — dH)Vrn'(a(z)) (4.4)
where P, is the discrete projection
Phij = 0ij — Vh,ilVh,j
and H is the matrix of second derivatives of the distance function d with i, 7 element
Hij = dea;-
We have a finite element space

Sp={¢ € C°(I'y)| #| is linear affine for each e € 7} = span{y;|j=1,...,N}.
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By x; we denote the common nodal basis function from .S3 which is 1 at the node X; and zero
at all other nodes.
It is convenient to introduce

Sh ={n' € C°(T)|n'(a) = n(z(a)),n € Sp and z(a) given by (4.3)}.

In the error analysis of the finite element scheme we shall need the following technical lemmas
[10].

Lemma 4.1. Assume I' and T'y, are as above and let d denote the oriented distance function
of I'. Then
]l Lo (r,,y < ch?. (4.5)

Let 6y, be the quotient between the smooth and discrete surface measures dA on I' and dAp on
'y, so that dp,dAy, = dA, and let

1
Ry = < P(I — dH)Py(T — dH).
h

Then we have the following estimates

sup |1 — 0p| < ch?, (4.6)
Ty
sup |(Z — Rp)P| < ch®. (4.7)
Fh,

Lemma 4.2. Let n : ', — R with lift n' : T' — R. Then for the planar and curved triangles
e CTy and T C T the following estimates hold. There is a constant ¢ > 0 independent of h
such that

1

EHHHL%) < In'llcz2ery < clnllpze, (4.8)
1 !

EHVFh??HLz(e) <|IVen'llzzery < el Vre,nllizz(e)s (4.9)
IVE, 1l r2(e) < ViR L2cry + chl|Vin' || L2z (4.10)

In the above we employ the convention that the L? norm of a vector or matrix is simply the
L? norm of the [2 norm of the components. We denote by V27 the matrix of second tangential
derivatives.

It is convenient to introduce a piecewise linear interpolant which is constructed in an obvious
way. Observing that the pointwise linear interpolation In € S, is well defined for n belonging
to H2(I'), Iy is defined by lifting I, onto T' according to (4.2), so that In = (Inn)". The
following interpolation results hold, [10].

Lemma 4.3. For given n € H?(T) there exists a unique Inn € S such that

In = Innll 2y + BIIVe 0 — I L2y < eh® (V3] ey + RV enlcea) - (4.11)

4.2. Semi-discrete approximation

Our SFEM, based on the finite element spaces introduced in this section, is applicable to
all the partial differential equations described in Section 3. Here we give some representative
examples. They show that solving partial differential equations on surfaces in R**! is analogous
to solving equations on domains in R™. The fourth order problems considered here are treated
by the second order splitting approach of [17].
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4.2.1. Conservation and diffusion

We begin by describing the semi-discretization of (3.8) in space. Let (U(-,t), W (-,t)) € Sp x Sh
be such that
/ Uip+ | D'Vp, W -V, 6=0 VoeSh. (4.12)
IV Ch

Setting
N N
U(,t) = Zaj(t)xj(-), W(,t) = Zﬁj(t)xy‘(')

we find that, V¢ € Sy,

J

and taking ¢ = xx, k= 1,..., N we obtain

N N
> uaxsd+ / DY B (Ve xs - Vi, ¢ =0

hj—1 Ty j=1

Mé+S8B=0 (4.13)

where
Mk :/ XiXk s Sik= | D'V, x;Vr, Xk
h

Ty Tn

Here D! is such that its lift is the diffusivity D so that (D*l)l =7D.

Example 4.4 (Linear diffusion) In this case W=U so that the problem becomes: Find
U(-,t) € Sp, such that

/ Ui+ | D'V, U Vi,p=0 YéeS, (4.14)
T'n IVY

yielding the time dependent ordinary differential equations
Mé+ Sa = 0. (4.15)

Example 4.5 (Fourth order linear diffusion) In this case we employ the following finite
element approximation of (3.18)

/ We— Vr,U-Vr,6=0 Y¢pecS, (4.16)
IS Iy
which yields M3 — S%a = 0, where
S, = / Vr,X;Vr, Xk-
h

1

Substituting into (4.13) yields
Mé +SM 8% =0. (4.17)

Example 4.6 (Surface Cahn Hilliard equation) Find (U(:,t), W(:,t)) € Sk xSy such that

/ Uio JF/ D_IVF,LW : Vphgﬁ =0 V¢ €Sy, (4.18)
I'n I'n
I,9' (U
/ eV, U - Vi, ¢+ %()qs = | W¢ VoeS. (4.19)
Fh Fh,
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Note the use of I, ¥’(U). The discrete equations become
Ma+S83=0, MB—eS’a— %M\p’(a) =0
and eliminating 0 we obtain
Ma + eSM™S% + %8\11’(04) =0. (4.20)

Here we use the notation that (¥'(«)); = ¥'(e ).

4.2.2. Equations in non-conservation form

Example 4.7 (Surface Allen-Cahn equation) The approximate problem is to find U(+,t) €
Sh such that

1.
| vos [ (evphU Vi, o+ EIh\If’(U><z>) —0 Vo e S, (4:21)
Tn IV
which may be rewritten in matrix form as
1
eMa + eS%a + - MV (a) = 0. (4.22)
€

Example 4.8 (Level set geodesic mean curvature flow) The semi-discrete finite element
approximation is: Find U(-,t) € S}, such that

U, / Vr, U
0 + —r .V =0 VoeSs,. 4.23
/ o0 T oy Ve =0 Ve s (4.23)

Here we have introduced the following regularized [? norm |p|c = /|p|? + €2 in order to avoid
dividing by zero when Vr, U = 0. It follows that the discrete equations may be written as

Myé + Sya =0 (4.24)

where the weighted mass and stiffness matrices are

Xj Xk VXV, Xk
(Mu)jk :/ = (Su)jk :/ —hd _hAT
! Ty |VF}LU|€ ’ Ty |VF}LU|€
Example 4.9 (Level set geodesic surface diffusion) Find (U(-,t), W(-,t)) € S, x S}, such
that

/ Ut¢+/ IV, U|PyVr, W -Vr,¢ =0 V¢ € Sh, (4.25)
I'n h
Vr, U
W+/ LV, 0=0 VY¢S 4.26
. [ R r,® ¢ €Sy (4.26)
Here we have used the notation
h Vi, U h h h
V= Pr=T — Vg @y

9 m’ 9
The discrete equations become

Ma+8}B=0, MB-Sya=0,
and eliminating 0 we obtain

Ma+SIM ' Sya =0, (4.27)
where
(Sh)jk = / IV, UIPYVr, x; Vi, Xk
'

h
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5. Error Bounds

In this section we will prove convergence results for the parabolic plate equation on a surface
I". We do this in order to give a nontrivial example for our approximation methods. Several of
the equations discussed in the previous sections can be treated along the lines of the convergence
proof for the parabolic plate equation on a surface. In order to simplify the presentation we
treat the case D =7 only.

5.1. Linear Diffusion

Lemma 5.1 (Stability) Let U, W be a solution of the semi-discrete scheme as in Ezample
3.8 with initial value U(-,0) = Uy and U', W' its lift according to (4.2). Then the following
stability estimates hold:

T
(SOU%HUlH%a(r) +/0 W22y < elUplZary, (5.1)

T
/0 U172y + sup W2y < W02 ry, (5.2)

T
(SOU% IVeU 72y +/0 IVEWH |72y < c(lUGNZ 20y + W 0) 17 2ry)- (5.3)

Proof. If we test the diffusion equation (4.12) with ¢ = U; and take the time derivative
of the equation (4.16) and then test that equation with ¢ = W and take the sum of the two
resulting equations we get

1d
Ui+ -— | W?2=0,
/Fh 24t Jp,

which leads to the estimate (5.2).
Choosing ¢ = U in (4.12), ¢ = W in (4.16) and taking the sum leads to

1d
——/ U+ | W?2=0
2dt F}L F}L

and this gives the estimate (5.1).

The estimate (5.3) follows by taking ¢ = U in (4.16) with the use of the previous estimates.
Similarly the choice ¢ = W in (4.12) gives the estimate for the gradient of W.

We now can prove a convergence result for piecewise linear finite elements on two dimensional
surfaces. Note that as discrete initial value we take a realistic function which can be computed.

Theorem 5.2 (Convergence) Let u,w = —Aru be a sufficiently smooth solution of
ug + A2u =0, u(,0)=uy on T

on the sufficiently smooth closed surface T' and let U, W be the discrete solution according to
(4.12) and (4.16). As initial value Uy we take the discrete Ritz projection of the continuous
initial value ug defined by

/ VFhU() . Vrh(f) = / Vphual : thQb Vo € Sh (5.4)
Fh Fh,
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and fr, Uy = 0. With the lifts U' of U and W' of W we then have the error estimates

sup ||u(-,t) — Ul(-,t)HLz(p) +h sup [|[Vr(u(-t)— Ul(-,t))||L2(p) < Cth, (5.5)
t€(0,7T) t€(0,T)
and
. : . :
( [t = W0 dt) i ( [ It = W) g dt) <o,
(5.6)
where

1
2

T
Cr=c( sup |u(, )] mar) + (/O IUt(wt)I?{z(r)dt) + llwoll s (ry);

t€(0,T)
p)

T T
C2=C(</O IIU(-,t)||Z4(r>> +</O IUt(-,t)IIZar)dt) + l[uoll 4 r)-

Proof. In order to make the proof clearer we only treat the case D = 7 here. The proof is

1
2

easily extended to the general case. The error bounds follow the classic Galerkin error analysis
for parabolic equations [28] and rely on a suitable form of the error equation. In order to
compare discrete and continuous solution both should be defined on the same surface which we
take to be the continuous surface I'. The continuous equations read

/ut¢+/vrw~vrso:0, /wwf/vrvaw:o (5.7)
N N N I8

for all p,1 € HY(T'), and the discrete equations are given by

/ Ui + Ve, W-Vr,¢ =0, / W — Vr,U-Vr, v =0 (5.8)
Ty Ty Ty

Fh,

for all ¢, € Sp. We lift the discrete equations to the continuous surface as it was described in
(4.2). We define U!, W! and ¢!, ' by

U(Zat) - Ul(a(:c),t), W(Zat) - Wl(a(x)at)a
¢(x) = ¢'(a(z)), P(x) = (a(x))

for points x € I'y,. For better understanding of the following, we introduce the notation
up(z,t) = Ul(x,t), wp(x,t) = Wiz, t), zecl.

We recall the abbreviation (see Lemma 4.1)

R}l(I) =

5;%)7)(30)(1 — d(z)H(z))Pp(z)(I — d(z)H(z)), z €T}

together with its lifted version R} (a(z)) = Rp(z), @ € T'. Thus (5.8) leads to

1 1
/uh,tgah = + / R;LVth . Vpcph =0, / wpYn T / R%VFU}L -Vryr =0 (5.9)
I 5h I I 5h I
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for all ¢p,, by € S}. We take the differences of the equations (5.7) at ¢y, ¢y, and (5.9).
The error relation between continuous and lifted discrete solution then is given by

1
/(ut - 5—luh,t)<ph +/ (Vrw — R, Vrwy) - Vi =0, (5.10a)
r h r
1
/ (w0~ ) ~ / (Vru— Ry Vrup) - Ve, = 0 (5.10D)
r h r

for all wp, Yy € Sfl, and with the use of the estimates from Lemma 4.1 we obtain

= wneon+ [ Frtw—wn) - Veon < c? [ (Veuwnl[Veen] + [unllonl). (11

N N N

/ (w — wh)ebn — / Vr(u— un) - Vedn < ch? / (Vrunl|Vronl + fwnl[nl)  (5.11b)
N N N

for all ¢y, ¢y, € SL.
We define the Ritz-Galerkin projection vy of a function v as the unique solution v, € S;L
with fr op = 0 of

/ Vrop - Vrer = / Vrv-Vrp, Vo € S;l. (5.12)
I I

It is easily shown, with the help of Lemma 4.3, that for a sufficiently smooth function v one
has the estimates

||’U — 6h||L2(F) + h||Vp(v — 77h)||L2(I‘) § Ch2||UHH2(F) (513)

and similar estimates for the time derivative of v if v; € H?(T).
We now use @, = @, — up and 1, = Wy — wy, as test functions in (5.11), take the sum of
the two resulting equations, and arrive at

1d
2dt
< |lan,e — utllL2ylln — unllLzry + |0n — w2y |0n — whllL2(r)
+ch? ([[Vrwn || 2@ IVe (@n — un) || L2y + llun.el

i — “h||2L2(r) + ||@n — wh||2L2(F)

r2m)llan — un p2ery)

+ch? ([[Vrunll L2y IVe (@n — ws) || L2y + lwnll L2y [ @n — wh | L2(r))
- 2 L. 2
<ellan — unllz2@) + §||wh — w72
+eeh? ([IVrunlZay + IVownl 2oy + lundllZzmy + lwallZz ) + luell
: runzzr) rwalzzy + llwnellze oy + lwnllzz ey + [luellFe )
+||w|\§{2(r>) + eV (an — un)llZ2r) + ell Ve (@n — wn)|172r)- (5.14)

Here € is a positive number which will be chosen later. The last two terms on the right hand side
of this inequality are treated as follows. In (5.10) we choose ¢, = Wy, —wp, and ¥y, = Up,¢ — U
as test functions and subtract the resulting equations. Thus

/(Vrﬁ)h — R Vrwy) - V(b —wp) + /(Vrﬂh — R\ Vrup) - V(s — ung)
r r

- 7/1“ <(ut - éu;l,t)(ush —wp) — (w — éwh)(ﬁh,t —~ uh,t)) : (5.15)
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We estimate the terms in this equation separately. For the first term on the left hand side we
have with Lemma 4.1

/(Vp’lf)h — RélVth) . Vp(ﬁ)h — wh)
r
> [ (Fetan —wn) — et [ [Fewn |Vl - w)
r r
1 N
2 5/ |V (@p, —wn)]* — Ch4/ |Vrwn |2 (5.16)
r r
The second term on the left hand side of (5.15) is treated as follows:

/(Vrﬂh — RLVrup) - Ve (tns — ung)
r

1d ~ ~ d N s
> —— / RN (i, — up) - Vr(in —up) + — /(I — RL)Vriy, - V(i — up)
2 dt r dt r
—g/ Ve (it — un)|? —c5h4/ Vit o|2. (5.17)
I I

Here we have used the symmetry of the matrix PR%P.
And the right hand side of (5.15) is rewritten as

/F ((ut 1 Up,e)(Wp —wp) — (w — iwh)(ﬂh,t - Uh,t))

oh
d 1 _ 1 .
== F(u — uh)(gwh —w) — /F(u — Uh)(gwh,t — wy)
- N N 1
+/(ut — Upe)(w —wp) + /(Utwh — Uppwp ) (1 — 57)
N r h

d 1 . ~
> — (ufuh)(—lwhfw)fs/(uhfuh)Qfs/(whfwh)Q
dt Jr o, r r

—ceh* ([ullF2 (o) + lluelFrz oy + lwllze ) + lwellFe r)- (5.18)

We now collect the estimates (5.16), (5.17) and (5.18), integrate with respect to time. For
h < hg this gives the estimate

t
HVMmgumﬁm»+A|wmwww%m§@mt
t t
gg|\ah—uh|@2(r)+5/ ||ﬂh—uh||§{1(r)dt+s/ ln — wn| 2 dt
0 0

t
+m#@w;m+wm#m+l|m@m+wﬂ;mw>+m@ (5.19)

By Ao,n we denote the contribution of the initial values

Aoy = %/FRWF(@,L(.,O) — un(-,0)) - Ve (in (-, 0) — un(-,0))

+AXI*R@Vﬁ%hQ%VF@Mw®*uﬂwm)

+£WNWWNW—
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Our choice of upg = U} (see (5.4)) leads to

[V (@n(-,0) — wno) ||l 2ry < ch®|[uoll m2(ry, (5.20)

@n(-,0) — unoll z2ry < ch?|luol| m2(r)- (5.21)

This estimate is left to the reader. It is an easy consequence of the definition of the discrete
initial value, the geometric estimates from Lemma 4.1 and the assumptions on the mean values
of ap(+,0) and upg.

Altogether we arrive at the following estimate for the gradient terms:

t
Ve (n — un) 2y + / Ve (@ — wn) |2 dt
t t
< ellan — unlZage) +g/ lin — wnlZn dt+s/ lon — wn 2 dt
0 0
t
teoht (nun%pm Tl + / ealgngry + ol 3y it + ||uo||%fz<p>>  (5.22)
We now integrate estimate (5.14) with respect to time and get
t
~ 2 ~ 2
lin — un 2 + / n — wn2s

t t t
<e / i — un 3y dt + € / Ve — wn) |2y di + cch < / Vet 2
0 0 0
+||wh||§{1(r) + ||Uh,t||%2(r) + ||“t||%{2(r) + ||w||%{2(r) dt) + Ch4||U0||§{2(r)- (5.23)

We now add the estimates (5.22) and (5.23) and choose € small enough to obtain
t
~ 2 ~ 2
lin — un 3 ey + / ln — wal2 ) dt
t t
~ 2 4 2 2 2
< / lin — unlZngy dt +ch / Ity + lonlZn ey + lun el 2t
t
bt / e 2oy + el oy + a0l oy

el (1lulaqry + lolaey + w3z + o Ollrzqry ) - (5.24)

After an additional Gronwall argument we deduce the final estimate

T
sup [~ ey + / n — w2 dt

)

T
< ch4(/0 il Z2 ey + IV runlZaey + llwn 3 ) dt

T
Jr||UO||%r4(r) +/0 ||Ut||§12(r) + ||u||%r4(r) dt).

The stability estimates from Lemma 5.1 together with the error estimates for the Ritz-Galerkin
projections finally prove the theorem.
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We finally mention how the initial value of W is treated. For the estimate of [|[W'(-,0)||L2(r)
we use an inverse inequality. From (4.16) and (5.4) we infer

W C O, = [ Trlo- Ve W0 = [ Viug"- 9, w(.0
:/Rﬁlvpuo-vrwl(-,o) :/(Rﬁl—I)Vpuo-VrWl(-,O)+/Vpu0-Vle(-,O)
r I I

< ch?||Vruo |l pey [ Ve W (-, 0)[| L2(ry + | Aruol| L2y W, 0) || L2y
< ch?||Vruol| 2oyl Ve, W (- 0) | 220,y + clluollzz oy W (- 0) | L2y

< clluoll a2 W (- 0) L2y,

and so,
W (0l 2,y < elluollm2ry-

6. Implementation

For our computations we used the same time discretizations as in the Cartesian case. For
the linear problems these were the standard first order implicit time discretizations. For the
nonlinear problems time discretizations were used to linearize the problem. A survey of such
time discretizations can be found in [6, 16, 18]. The resulting linear systems were solved with
CG algorithms.

Algorithm 6.1 (Element stiffness matrix)

For a given triangle e with vertices ag, a1, a2 € R3 calculate the area
1
area = §|(a1 —ap) A (az — ao)|,

calculate the vectors

b = ag+1 —ar  (k=0,1,2 mod 3),
Cp = bk . bk+1 bk—l — bk . bk—l bk+1 (k‘ = 07 1, 2 mod 3),

and then set up the element stiffness matrix as

1 .
Sszmci-cj (2,320,172).

We would like to point out that the implementations of the fully discrete schemes are nearly
the same as for plane problems. The only difference for the finite element code is that the nodes
lie in R™*!. A finite element program sets up the stiffness matrix, the mass matrix and the right
hand side of the linear system by looping over all triangles. In this loop it visits each element
once and computes the element stiffness matrix, the element mass matrix and the element right
hand side and sums the result to the correct places in the matrices or the right hand side. In
order to demonstrate the simplicity of the algorithm we give a program, Algorithm 6.1, for the
computation of the element stiffness matrix

Siej :/VFXfVFXEZ/VevaeXT;, i’j:0,172
€ e
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for two dimensional surfaces in three space dimensions. Here x§, x{, x5 are the element basis
functions, i.e., the restrictions of the global basis functions to the element e. Note that in the
definition of the element stiffness matrix the tangential gradients become Cartesian gradients
because e is planar. In the formula for the area ”A” denotes the vector product in R3.

7. Concluding Remarks

The approach described here is directly applicable to other boundary conditions when oI’
is non-empty such as the non-homogeneous Dirichlet condition

u=g¢g on OI,
or Neumann boundary condition
Vru-pu=g on OT.

The method could be developed to apply to a coupling with field equations away from the
surface.

Observe that the approximating surfaces are polyhedral. It is a challenge to extend this
approach to higher order approximations of the surface and higher order finite element meth-
ods. Although the exposition has been concerned with triangulated surfaces in R?, immediately
applicable to curves, the methodology is also applicable to hypersurfaces in higher space dimen-
sions. Furthermore equations can be solved by this approach on surfaces with self-intersections
and on non-oriented surfaces.
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