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Abstract

This paper proposes a robust finite element method for a three-dimensional fourth-order
elliptic singular perturbation problem. The method uses the three-dimensional Morley ele-
ment and replaces the finite element functions in the part of bilinear form corresponding to
the second-order differential operator by a suitable approximation. To give such an approx-
imation, a convergent nonconforming element for the second-order problem is constructed.
It is shown that the method converges uniformly in the perturbation parameter.
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1. Introduction

Let 2 be a bounded polyhedral domain of R™ with 1 < n < 3. Denote the boundary of {2
by 9. For f € L*(Q), we consider the following boundary value problem of the fourth-order
elliptic singular perturbation equation:

2A%u — Au = f, in Q,

ou . (1.1)
u = — =
|6Q I )
where v = (vq,--- ,v,) " is the unit outer normal of 99, A is the standard Laplacian operator

and ¢ is a small parameter satisfying 0 < € < 1. When € — 0 the differential equation formally
degenerates to the Poisson equation.

In the two-dimensional case, the Morley element was proposed in [9] for the plate bending
problem. The Morley element is convergent for fourth-order elliptic problems, but is divergent
for second-order problems (see, e.g., [5, 8, 13]). The Morley element and an C° modified Morley
element for problem (1.1) were discussed in [10]. It was shown that the modified Morley element
is uniformly convergent with respect to ¢ while the Morley element does not converge when
e — 0. Two non-C° nonconforming elements were proposed in [4] by the double set parameter
technique. These two elements were also proved to be uniformly convergent. A modified Morley
element method for problem (1.1) was proposed in [15]; it is convergent uniformly with respect
to . This method also uses the Morley element (or the rectangle Morley element), but the
linear approximation (or the bilinear approximation) of finite element functions is used in the
part of the bilinear form corresponding to the second-order differential term.

In this paper, we consider the three-dimensional case. The three-dimensional Morley element
can be found in [11] or in [14]. We will take a similar way used in [15] and propose a modified
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Morley element method for problem (1.1). We will use certain approximation of finite element
functions in the part of the bilinear form corresponding to the second-order differential term. It
will be shown that the modified method converges uniformly in the perturbation parameter €.
The three-dimensional Morley element uses the integral averages of the function over all edges
as degrees of freedom instead of the function values at vertices. To given suitable approximation
of the finite element function, we need to construct a convergent nonconforming finite element
for the Poisson equation with the integral averages of the function over all edges as degrees of
freedom.

Problem (1.1) is a boundary value problem of a stationary linearizing form of the Cahn-
Hilliard equation. The modelling in material science makes use of the Cahn-Hilliard equations
in three dimensions (see, e.g., [2, 3, 6]). Besides the theoretical interest, our new finite element
method is expected to be useful in the computation of the Cahn-Hilliard equation.

The paper is organized as follows. The rest of this section lists some preliminaries. Section 2
describes a nonconforming finite element for the Poisson equation. Section 3 gives the detailed
descriptions of the modified Morley element method. Section 4 shows the uniform convergence
of the method.

Throughout this paper, we assume n = 3. For a nonnegative integer s, let H*(Q2), || - |52
and | - |s,o denote the usual Sobolev space, norm and semi-norm, respectively. Let H§(£2) be
the closure of C§°(Q) in H*(2) with respect to the norm || - ||, and (-,-) denotes the inner
product of L?(Q2). Define

2
U w / Z al‘zal‘j 81'181'] Vv,w €H (Q)7 (1.2)
3
ov Ow
- H(Q). 1.
b(v, w) /Q;(?xic‘):ci’ Vo, w € H'(Q) (1.3)

The weak form of problem (1.1) is: find u € HZ(Q2) such that
e2a(u,v) +b(u,v) = (f,v), Yo € HZ(Q). (1.4)
Let u° be the solution of following boundary value problem:

{ —Au® = f, in Q,

(1.5)
u0|39 =0.

For a mesh size h, let 73 be a triangulation of 2 consisting of tetrahedra. For each T € 73,
let hp be the diameter of the smallest ball containing 7" and pr be the diameter of the largest
ball contained in T'. Let {73} be a family of triangulations with A — 0. Throughout the paper,
we assume that hy < h < npp, VI € T, with i a positive constant independent of h.

2. A Nonconforming Element for the Poisson Equation

For a subset B C R? and a nonnegative integer r, let P.(B) be the space of all polynomials
with degree not greater than r.

Given a tetrahedron 7', its four vertices are denoted by a;, 1 < j < 4. The face of T" opposite
a; is denoted by Fj, 1 < j < 4. The edge with a; and a; as its vertices, is denoted by S;;,
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1 < i < j < 4. Denote the measures of T, F; and S;; by |T|, |F;| and |S;;| respectively. Let
A1, -, A\g be the barycentric coordinates of T. Define

a1 =1 = A3) (A2 — A1), g2 = (A1 — A2)(Aa — A3).
We define a nonconforming element (7', Py, ®5.) for the Poisson equation by
1) T is a tetrahedron.
2) Pp = P(T) + spanf{qi, ¢2}-
3) For v € C(T),
D5 (v) = ($12(v), $13(v), P14 (v), P23(V), P24(v), P34(v)) "

with

1
) ij

For1<i<j<4,let1<k<l<4and{k,I}N{i,j} =0, and define
2 1
pij = g()\z + ) — g(Ak + A1) + 2005 + 20\ — Z Z Aiy Aig - (2.1)
11=1,7 ia=Kk,l
Set
- 2 1
Pij = 3N +7) = 2 (A + X).

Then the following identities can be verified:

{ P12 = P12 + 2q1 + q2, P13 = P13 — q1 — 2q2, P14 = P14 — q1 + G2, (22)

D23 = P23 — q1 + G2, D24 = P24 — q1 — 2qG2, P34 = P34 + 2G1 + Go.
That is, p;; € Pj, 1 <1 < j < 4. Denote by §;; the Kronecker delta. By directly computations,

we obtain )

1Skil Js,.

Hence, p;;, 1 <1 < j < 4, are the basis functions corresponding to the degrees of freedom. This
indicates that ®7. is Pj-unisolvent.
The interpolation operator II5. corresponding to (T, Pj, ®5.) is written as

Mpo= > pi¢i(v), Yve D). (2.4)

1<i< <4
For v € L?(Q) and v|p € C(T), VT € Ty, define I v by
v|r = 03 (v|r), YT € Th. (2.5)
By the interpolation theory (see, e.g., [5]) we obtain the following lemma.
Lemma 2.1. There exists a constant C' independent of h such that
| — 50| < Ch2 ™ |vlor, 0<m <2, Yoec H*(T), (2.6)

is true for all T € Ty,.
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By a direct computation we have the following lemma.

Lemma 2.2. Given a tetrahedron T', the following equality is true:

/ p, 1<i<4, VpeP;j. (2.7)
|F| 1<;<k<4 ]k| Sik
Fi ki

By the above two lemmas and some relevant mathematical theories (see, e.g., [5, 8, 12])
we can verify that this element is convergent for the boundary value problem of the three-
dimensional Poisson equation.

3. Modified Morley Element Method

The Morley element can be described by (T, PA, ®) with
1) T is a tetrahedron.
2) PM = Py(T).

3) ® is the vector of degrees of freedom whose components are:

1 / 1 ov
v, 1<i<j <4 —/ =, 1<j<4
1Si51 Js,, |5 Jp, Ov

For each 7, let V; and V¢ be the corresponding finite element spaces associated with
the Morley element for the discretization of H?(Q) and HZ(f2), respectively. This defines two
families of finite element spaces {V},} and {Vj,0}. It is known that Vj, ¢ H2(Q2) and Vi,o ¢ HZ(S).
Let II, be the interpolation operator corresponding to the Morley element and 7j.

We define, for v,w € L?(Q) and v|7,w|r € H*(T), VT € Ty,

an (v, w) Z / Z 81181] 8:0181] (3.1)

TeTh i,7=1

bp (v, w) Z / Z 86;)1 SZ (3.2)

TETh

for v e C(T).

The standard finite element method for problem (1.4) corresponding to the Morley element is:
find up € Vio such that

e2an(un, vn) + bn(un,vp) = (f,vn), Vo € Vio. (3.3)
We consider the following modified Morley element method: find uj € V3o such that
e2ap(un, vp) + bp (5w, T vy) = (f, I5v,), Yo, € Vi, (3.4)
Problem (3.4) has a unique solution when £ > 0. When ¢ = 0, the problem degenerates to
b, (I} un, o) = (f, IMjvn),  Vup € Vio. (3.5)

Although the solution of problem (3.5) is not unique yet, IT7 uy, is uniquely determined. Actually,
IT} up, is the exact finite element solution for problem (1.5) given in the previous section.
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Now we consider two examples. Let Q = [—1,1]3 and
ur(@) = (1 - 21)*(1 - 23)*(1 - 23)?,
us(z) = (1 4 cosmey)(1l + cosmas) (1 + cosmas).

Let i € {1,2}. For ¢ > 0, set f = e2A%u; — Au;. Then wu; is the solution of problem (1.1) when
€ > 0, and is the solution of problem (1.5) when ¢ = 0.

We first divide €2 into 12 tetrahedral elements with h = 2 as shown in Fig. 3.1. Then we
use the global regular refinement strategy provided in [1] to get the mesh sequence.

.05 4

7 |
05
0
1A%
-1
o 05

Fig. 3.1. The initial mesh.

Define
s s 1/2
|th|‘|s,h = (52ah(vh,vh) —+ bh(Hhvh, h”l)h)) / ,  Yup € Vo

Different values of € and h are chosen to demonstrate the behaviors of the following relative
error of the modified Morley element method,

Tk = wplllen

h= (3.6)
) [T ullle,n

where wy, is the solution of problem (3.4).
Let g = A%u;. Then u; is the solution of the following boundary value problem of biharmonic

equation,
A%y =g, in Q,
o (3.7)
uloa = avloa

For comparison, we also consider the error of the finite element solution to problem (3.7). Let
up € Vo be the solution of the following problem,

ah(ﬁh, ’Uh) = (g,HfL’l}h), Yoy, € Vi (3.8)

In this situation, the relative error Ej, is represented by

ah(Hhu — ’ﬁh, Hhu — ’ﬁh)
ah(Hhu, Hhu)

=
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For the modified Morley element method in the case of f = e2A%u; — Au; and g = A2uq,
E. and Ej, corresponding to some ¢ and h, are listed in Table 3.1. In the case that f =

£2A2%uy — Augy and g = A2uy, E., and Ej, are listed in Table 3.2.

From Tables 3.1 and 3.2 we see that the modified Morley element method converges for all
e € [0, 1]. More precisely, the result shows that E. ; is linear with respect to h as well as Eg

and FEj are.
Table 3.1:
| e\h 2 1 21 22 23 24

0 0.5800 | 0.2942 | 0.1654 | 0.08072 | 0.03969 | 0.01960

2-10 0.5800 | 0.2942 | 0.1654 | 0.08071 | 0.03966 | 0.01958

278 0.5802 | 0.2943 | 0.1654 | 0.0805 | 0.03923 | 0.01874

26 0.5844 | 0.2950 | 0.1651 | 0.07802 | 0.03429 | 0.01276

214 0.6492 | 0.3082 | 0.1680 | 0.06994 | 0.02814 | 0.01234

22 1.438 | 0.5122 | 0.2923 | 0.1426 | 0.06951 | 0.03398

1 3.565 | 0.8335 | 0.4097 | 0.1959 | 0.09494 | 0.04634

oo (Biharmonic) | 4.195 | 0.8872 | 0.4243 | 0.2021 | 0.09781 | 0.04773

Table 3.2:
| e\h | 2 | 1 [ 27t | 272 2-3 21

0 0.7717 | 0.3048 | 0.1778 | 0.08484 | 0.04107 | 0.02009

210 0.7717 | 0.3048 | 0.1778 | 0.08483 | 0.04105 | 0.02003

278 0.7721 | 0.3049 | 0.1777 | 0.08466 | 0.04063 | 0.01920

26 0.7776 | 0.3054 | 0.1777 | 0.08226 | 0.03570 | 0.01316

21 0.8643 | 0.3140 | 0.1822 | 0.07345 | 0.02838 | 0.01209

22 1.919 | 0.4598 | 0.2949 | 0.1401 | 0.06752 | 0.03288

1 4.788 | 0.7376 | 0.4012 | 0.1907 | 0.09203 | 0.04484

oo (Biharmonic) | 5.646 | 0.7877 | 0.4144 | 0.1966 | 0.09480 | 0.04618

4. Convergence Analysis

In this section, we discuss the convergence properties of the modified Morley element meth-

ods given in the previous section.

We introduce the following mesh-dependent norm || - ||,,,5, and semi-norm | - |, p:

2 1/2 2
lollma = (D2 Iol2z) s Wlnn = (3 Ioiir)

TET TETh

for v € L*(Q) that v|r € H™(T), VT € Tj.

1/2

Let u and wuy, be the solutions of problems (1.4) and (3.4), respectively.

)

Lemma 4.1. There exists a constant C independent of h and € such that for any vy € Vi,

there exists wy, € H(Q) satisfying

v — whlo.e + Blvn — wh|in < CR%vnlon,

(4.1)
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HHZ’Uh — wh| 0,0+ h|HZUh — wh|1,h < Ch|HZUh|1,h. (4.2)

Proof. Let v, € Vio. For T € Ty, denote by IIL the linear interpolation operator with
function values at all vertices of T' as degrees of freedom. Define II} v by

vl = I (vlr), VYT € Th,

for a function v € L?(Q) and v|z € C°(T), VT € T;. By the interpolation theory, the following
inequality is true:

[T v, — TS v | < CRE ™5 vkl2h, 0<m < 1. (4.3)

Given a set B C R", let T;,(B) = {T € 75, | BNT # 0} and Nj,(B) the number of the
elements in 75, (B). Now we define w;, € H}(Q2) as follows: for any T € 7y,
i) wh|T € Pl(T).

ii) if the vertex a; of T is in §2 then

1
i) = ——< 113 ’ i)
wh(a;) Nifai) > (Wonlr)(ai)
€Tn(ai)
Thus, wy, is well defined. We will show that
T3 vp, — wh|mp < CR* ™[ oplon, 0<m<1. (4.4)
By the affine technique, we can show that
4
|p|2m7T < Ch372m Z Ip(a;)|?, Vpe€ P(T), m=0,1. (4.5)

i=1

Set ¢ = H}leLvh — wy, and ¢ = IIvy,. Obviously, p|r € Pi(T), VT € T,. For T € Ty, let

or = ¢|r and Y = Y|
If the vertex a; of T is in §2 then by the definition of wy,

1
> vri(a) = ACH)

T/E'Th(am)

elai) = r(as) - > (vr@) - vr(a)).

Nh(ai) TIE%L(G/%)

For T' € 73(a;) there exist Ty, -+ ,Ty € Tn(a;) such that Ty =T, Ty = T’ and Fj =T, NTj41
is a common face of T; and T} 41 and a; € F}, 1 < j < J. By the inverse inequality, we have

(V1 (ai) — Y1, (ai))

‘ 2

MI

[z (as) — o (ai)[* = |

j=1
J—1 ) J—1 )
<C Z WTJ‘ (a;) — VT (ai)| < Ch™* Z WTJ‘ — V14, |0,}7“j'
j=1 j=1

On each edge of F j, the integral average of 17, is equal to the one of 97, , by the definition of
1. Hence

‘wTj - wTjJrl |?),F‘j < Ch3(|w|§7Tj + |w|§7Tj+1)'
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Then

9 J
Yr(a:) — Yo (a)| <ChY |01,

j=1

Since Ny (T) is bounded, we get

lea)* < Ch > ¥l (4.6)

T'e€Th(T)

If the vertex a; of T is on 0f) then there exists T” € 73 (a;) with a face F of T” belonging to
0f) and a; € F. By the definition of wy,

lp(ai)| = [Yr(ai) — ¥ (ai) + Y7 (ai)|
< [Yr(ai) — ¥r(ai)| + [¢r(ai)l.

Since the integral average of ¢ on each edge of F' vanishes,
[z (ai)|> < Ch=2|¢ppe|§ g < ChlY[3 1

by the inverse inequality. By similar analysis for |¢7(a;) — 11/ (a;)|, we conclude that (4.6) is
also true in this case.
Combining (4.5) and (4.6), we obtain

h2m|80|12n,T§Ch4 Z |7/1|§,T/~
T'eTn(T)

Summing the above inequality over all T' € 7, gives

h2m|90|2m,h <cnt Z Z |¢|§,T/-

TeTh T'€Th(T)

Consequently,
h2m|90|72n,h < Ch4|¢|§,h- (4-7)

Inequality (4.4) follows from (4.7) and (4.3).
We obtain (4.2) by (4.4) and the inverse inequality, and (4.1) by (4.4) and Lemma 2.1. This
completes the proof of Lemma 4.1. n

Lemma 4.2. There exists a constant C' independent of h and € such that for any vy € Vi,

| br (I u, I 0n) + (Au, I vp)| < Chlulz,0[T;vn]1n, (4.8)
lan(u,vn) — (A%u, I vp)| < C(hluls,q + b2 A%ulo,0)|vnl2,n, (4.9)

when u € H3(Q).
Proof. Let vy, € Vpo. By Green’s formula,
bh (H;ua Hivh) + (Aua Hivh)

. R ou__,
= bp(Ilju — u, I} vp) + E / a_HhUh'
Teq, JoT OV
h
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Given T € Tj, and a face F of T, and let P2 be the orthogonal projection operator from L?(F')
to Py(F). By Lemma 2.2, we have

Z/ LUB = Z Z/ _,p )( Sup — PRI vp).

TeETh TeT, FCOT

By the interpolation theory and the Schwarz inequality we obtain

‘ Z / ;Slvh‘ < Ch|u|27Q|HZ’U}l|17h. (4.10)
TET or 0

On the other hand,
b (I}, u — u, I} 0p)| < Chlulz,olITvn 18-

Hence (4.8) follows.

Now let ¢ € HY(Q). Let 4, € {1,2,3}. It is known that the integral average of %vh on F
J
is continuous through F' and vanishes when F' C 0. Then Green’s formula gives

Z / 0? Vh 6¢ (9’1}}1)
8:&8% 811 &rj

TETh
Z gz}z - Z Z /¢8vh
TET, J TeT, FCoT

6Uh 6Uh .
T%;’ FgT/ ascj 8 )
=¥ 3 [o-rpa (g - Phgt )
TeT, FCOT J

From the Schwarz inequality and the interpolation theory we obtain

Z Z/¢ PY) 81};; ng)

TET, FCOT
Z H a'Uh a'Uh
Pp
TET, FCAT 8:c] 0.F
<C Z hloli,r|vnle,r < Chld|1alvel2,n-
TET,

Consequently, we obtain that for any ¢ € HY(Q), v, € Vio, 1,5 € {1,2,3},

by / Oon_, 06 29| < Ohlsh alenlo (4.11)

Tt 81181] 8:@- O



640 M. WANG AND X.R. MENG

Let wy, € H}(Q) be as in (4.1) and (4.2). Then

an(u,vp) — (A%, Hivh)

OAwu O( w;l —vp)
A2 _ F\Wh = Yh)
(A )+ Y > [ G

i=1TeTy,
8 ’Uh O0Au Ovy,
+Z 2 / + s )
i=1TET,

0%y 0%y, 93w Ovy,
+ Z Z/ O0x;0z; Ox;0x; +8z%8xj 8—%)

1<i#j<3TETh

0 u 02 ’Uh 93w Oy,
Z Z o922 92291 O ) (4.12)
<iEi<sTem / or; 8:E axi Ox; 8x3>
We obtain (4.9) from (4.12), (4.11), (4.1) and Lemma 2.1. 0

Theorem 4.1. There exists a constant C independent of h and & such that

+[lu = Munllin < Chllulz, + eluls, + ehl|A%u]o.0) (4.13)

when u € H3(Q).

Proof. Let ¢y, = Il u. Then

ellu — unll2,n + [Ju — 11},

<ellu—enllan+ lu—1Eenllin +llun — @nll2n + I (un — en) (4.14)
Set vy, = up, — @p. From (3.4) and (1.1), we derive that
€2ah(’l)h, ’Uh) + bh(Hi’Uh, Hivh)
= e2ap(u — ¢n, vp) + bu (1L}, (u — ¢p), I vn)
+e? ((AQU,HZ’Uh) — ah(u,vh)) — ((Au,Hvah) + b, (117 u, Hivh)).
By the interpolation theory, Lemma 2.1, (4.8) and (4.9), we have
e2ap (vn, vn) + by (15 vy, I vp)
< Ch(lul2,0 + €luls,0 + eh|| A%ullo.0) (elvnl2,n + [T vnl1,n)-
Since
lonl3 + IMonl3 s < C(2an(onvn) + b (Tyvn, Tin) )
we obtain that
ellun = @nllon + 15, (un — @n)ll1,n < Ch(|ul2,0 + eluls,o + ehl|A%ullo,0). (4.15)
The theorem follows from the interpolation theory, (4.14) and (4.15). 0
Similar to Lemma 5.1 in [10], we can prove the following lemma.
Lemma 4.3. If Q) is convex, then there exists a constant C' independent of € such that
e 2lu—u’l g + P lulz0 + e uls0 < Ol fllog (4.16)

for all f € L*(Q).
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Lemma 4.4. There exists a constant C' independent of € and h such that

— 1/2 1/2
loloor < € (A2l + Iwlg/F 10117 ).

1/2, ,1/2
> o= Pollo.r < Cllellg/Zloli/7.
Fcor

for allve HYT) and T € T;,.

Proof. Let T be the reference tetrahedron. From [7] we know that

1/2

o,f||@||1/2 Vi € HY(T).

19ll0.07 < CUOIL 200112

Then we obtain (4.17) by the affine technique.

641

(4.17)

(4.18)

(4.19)

Now let T' € 75, and let P be the orthogonal projection operator from L2(T') to Py(T). For

cach F C 9T and o € H 1(T), we have by (4.19) and the interpolation theory,
10— PRollg ¢ < [0 — PRo — PR(0 — PLo)lly 5

. 11/2 A L 11/2 L 11/2)A11/2

< Cllé — PRolly 2l — PRoIlL2 < 191l 2112

Consequently, we obtain (4.18) by the affine technique.

O

Theorem 4.2. If (2 is convez, then there exists a constant C independent of h and € such that

ellu = unllo,n + [lu = I unlln < CHY2| flo0-
Proof. From the interpolation theory, it is true that
lu — Thull j, < Clula.ollu = Mpull2n < Chlulsoluls o

By Lemma 4.3, we have
ellu—Myullan < CRM?| fllo.0-

Similar to (4.4) in [10], we can show that
lv =10l 5 < Chlvlialvlzg, Yo € HE(Q).
Using (4.22), we obtain
lu—u® =10}, (u = u) I}, < Chlu —u’li0lu —u’l20,
and we have, by the interpolation theory,
[u® — 151 n < Chlu|a.q.
By Lemma 4.3 and the following inequalities,

4[|z, < Cll fllo..

lu = Tullup < flu—® =10 (= a®) |1+ Ju® = 5?1,

we have
lu = Tull1,n < CAY2| fllo,0-

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)
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Set vy, = up, — [Mpu. Lemma 2.2 and Green’s formula give

b (T w, 15 vg) + (Au, 15 vp) = by (T u — u, 7 vp)

+ Z Z/ 0 Poa( By ))( }Szvhfpfg‘ th)

TeT, FCOT

+Y 3 / Ppa )( S un — POITSup).

TeT, FCOT

By the Schwarz inequality and the interpolation theory, we have

| b (I, Th0n) + (Aw, T op)| < €S ( lu — T w17 + hlu®lor
TeTh

O(u —u?) I(u —u®) ,
O = B UL TR
+ F;T ov B ov O,F) I vn .7

It follows from (4.24), (4.18), (4.23) and Lemma 4.3 that

| b (0w, I3 0p) + (Au, I 0p)| < ChY? (4.25)
Now let ¢ € H*(2) and i,j € {1,2}. From the proof of Lemma 4.2, we have
pIgNC %@W
al’zal'] 8:01 al‘j
Z Z H Hav}l a’U}l
Py .
TET, FCAT Oz; llo.F
By the interpolation theory and (4.17), we have
9%y, 8<Z) ovy, 1 1/2 1/2
=) < o2 6l alell 4.26
| Z / 9wz, T o, o, )| I#llo.allelialvnlen (4.26)

Let wy, € H}(Q) such that (4.1) and (4.2) are true. If € < h, then by Green’s formula we get
wh — Uh wh - Uh)
O D Bl I e R B R
TET TETn TETh

By the Schwarz inequality, (4.1) and (4.17), we obtain

¥ [t

’L

TETh
w} — U
< Y Iofoor| X2+ S ollohun — enlar
TeTh ’ TETh
< C(h2||g)1o/a 1/2+ 6ll0.2) [vnl2,h-

Hence when ¢ < h,

2| [ e A < on (ol alolifE +

ox;
TeT,

)|’U}l|2 h- (4.27)
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When e > h, by the Schwarz inequality and (4.1) we have,

0301
TeT,

It follows from (1.1) and (1.5) that
e2(A2u,wy, — Iwp) = (A(u — u®), wy, — I vp).
When e > h, we have by (4.2) and Lemma 2.2,

|(A(u = u®), wp — on)| < Chlu = u’l2.0[I;vn]1,n

< ChY2eY 2y — w0y o T vp |1 -
By Lemma 4.3 and (4.23) we get that
e2(A%u, wy, — o) < CRY2|| fllo.alEvn|ip,  for e > h.
On the other hand, we have

(A(u — uo) wp, — I} vp)
3

‘ Z / OCuwn — vn) < Che®|p|1.alvnlan < ChY2528)1 alvnl2.n.

J=1TecT Li

Then

[(A(u —u”), wp, — )|

3 .0
<2 2 (5=l -

J=1T€Ty,

By (4.17), (4.2) and the Schwarz inequality, we obtain

[(A(u = u), w, — T vs)|

< C (W2 u = w5 = wOl5/G + lu = w0 ) Ton).a:
From Lemma 4.3 and (4.29) we get
|€2(A%u, wy, — Tvp)| < C(BY? +'72) || fllo,lTT vm] 1 -

That is, (4.30) is also true when € < h.
From Lemma 4.3, (4.12), (4.26)-(4.28) and (4.30) we obtain

&% an(u,vn) — (A%, )| < CRY2| flloa(elvnla.n + T vnl1n).-

= Z Z (/8T LUO)(IU}L — I o)y — /T 0(ua;ju0) a(wha_m?zvh)

H,Slvh||17T).
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(4.28)

(4.29)

(4.30)

(4.31)

Combining (4.21), (4.24), (4.25), (4.31) and the proof of Theorem 4.1, we complete the proof

of the theorem.
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