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Abstract
We prove that any linear multi-step method G7 of the form

Y anZy =1 B 'VH(Z)
k=0 k=0

with odd order w (u > 3) cannot be conjugate to a symplectic method G5 of order w
(w > u) via any generalized linear multi-step method G3 of the form

Z Oéka = TZ ﬂkJ71VH(Z 'YklZl)-
k=0 k=0 =0

We also give a necessary condition for this kind of generalized linear multi-step methods
to be conjugate-symplectic. We also demonstrate that these results can be easily extended
to the case when G3 is a more general operator.

Mathematics subject classification: 65L06.
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1. Introduction

For a Hamiltonian system

4z _ JWH(Z), ZeR™, (1.1)

dt
J — On In ,
-1, 0,
V stands for the gradient operator, and H : R?*" — R! is a smooth function (Hamiltonian), the
symplecticity of any compatible linear m-step method (LMSM)

where

S aZi=1Y PJ 'VH(Zy) with > B #0 (1.2)

k=0 k=0 k=0
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can be defined via its step-transition operator (STO) G (also denoted by G7): R?" — R?*"
satisfying

m m
> G =7 BJ T (VH) o G, (1.3)
k=0 k=0

where G* stands for k-fold composition of G: Go G --- o0 G.

Definition 1.1. ([4, 7, 12]) An LMSM (1.2) is said to be symplectic for the Hamiltonian system
(1.1) iff its STO G defined by (1.3) is symplectic, i.e.,

o] o6 ”

for any Hamiltonian function H and any sufficiently small step-size T.

Naturally, one can define an STO for any compatible difference scheme for any ordinarily
differential equation and expand the STO as a power series in 7 [6, 14]. In particular, the STO
G7 of any LMSM of order s was written as [12]:

+oo 4 _
G7(2) =3 5 21 + a2 L O, (1.5)
i=0
where "
zZ0 =z zW = g 'VH(Z), 2zFl= %Z[” = 7K z11
for k=1,2,---, a # 0 is a real number.

There have been some interesting negative results on the symplecticity of the STOs [7, 12]
or even in a weak sense the step-transition mappings [2] for LMSMs. We will concentrate on
the conjugate symplecticity of LMSMs and a kind of general linear methods in the sequel.

The following interesting relation was first found by Dahlquist [1] and was introduced to one
of the authors (Tang) by Feng [5], and by Scovel [11] in a stimulating discussion on symplectic
multistep methods.

For the general ordinary differential equation

Cfi_f =f(Z), ZcRP, (1.6)

the 2nd-order trapezoidal rule (denoted by G7, : Zo — Z1)
T
Zy=2Zo+ §[f(Zl) + f(Zo)] (1.7)

is related to the 2nd-order mid-point rule (denoted by G7,, : Zo — Z1)

Z1+ Z
Z1 —ZOZTf (%) (18)
via the 1st-order Euler-forward scheme (denoted by G7; : Zo — Z1)
Zl = Z0+Tf(Z0) (19)

More precisely,
fo oGy, =Gy, 0 fo. (1.10)
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It is known [3, 8, 10] that the midpoint rule GF,p 1s a 2nd-order symplectic scheme for the
Hamiltonian system (1.1). In the sense of the step-transition operator, Eq. (1.10) shows that
the trapezoidal rule is also symplectic up to a coordinate transformation which is close to the
identity. We will call this kind of methods conjugate-symplectic schemes or schemes of conjugate
symplecticity.

Definition 1.2. ([6, 13]) If three difference schemes G7, G} and G% compatible with Eq. (1.6)
satisfy
G3T oG] =Gy oGy (1.11)

for some real number A\ and for any smooth function H and any sufficiently small step-size T,
then G7 and G are said to be a Dahlquist pair or a conjugate pair via G5. We call Eg. (1.11)
a conjugate relation. A Dahlquist pair G7 and G5 is said to be symplectic if GT or G§ is
symplectic for the Hamiltonian system (1.1). In this case when one of GT and G7 is symplectic,
we also call the other conjugate-symplectic.

It has been shown [6, 13] that there is an order barrier for Dahlquist pairs: the orders of
G7, GT and G% in (1.11) are 2, 2 and 1 respectively when both G7 and G% are LMSMs, and
5 is a symplectic method.
In the present paper, we study the case when G7 is an LMSM (1.2) or the following gener-
alized linear multi-step method (GLMSM):

Zaka :TZﬁ)kJ_lVH(Z’}/klZl) (112&)
k=0 k=0 =0
with
m
ZWZL k=0,---,m, (1.120)
=0

G3% is a GLMSM and G7 is a symplectic method. We will obtain some negative results for
odd-order G7.

2. Preliminary Lemmas

Assume that the orders of G7, G3 and G7 are u, v and w — 1 respectively with w > 1, v > 1
and w > 2 (due to the compatibility). We write their expansions as follows:

+oo 4 ]

Gi(2) =Y 52+ 7 AZ) + 0), (2.1)
i=0
+oo 4 ]

G3(2) =3 2 4 7 M(2) + O+, (2.2)
i=0
+oo 4

G5(2) =Y S 2W + 7 B(2) + O, (2.3)
i=0

where A(Z) #0, M(Z) # 0 and B(Z) # 0.
Lemma 2.1. If u = v = w, then expanding both sides of Eq. (1.11) yields

AB.zZM 4+ A =M+ v zUB, (2.4)
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Remark 2.1. In Lemma 2.1, if the condition u = v = w is removed, then Eq. (2.4) will be
changed too. More precisely,

e if u=v < w, then (2.4) changes to

A= M; (2.5a)

e if u=w < v, then (2.4) changes to
A+ B, zM = \vzMNp; (2.5b)

o if v = w < u, then (2.4) changes to
NB,ZzM = xvzINB + M; (2.5¢)

o if u<v<woru<w<wv, then (2.4) changes to

A=0; (2.5d)

o if v <u<worv<w< u, then (2.4) changes to

M =0; (2.5¢)

o if w<u<worw<uv< u,then (2.4) changes to

\B, zM = \vzIB, (2.5f)

Definition 2.1. A transformation W: R?" — R2™ is said to be infinitesimally symplectic iff
its Jacobian W, satisfies WX J + JW, = 0.

Lemma 2.2. In (2.2), if G3: R?" — R?" is symplectic, then M: R?" — R>" is infinitesimally
symplectic.

Lemma 2.3. ([12]) In the exzpansion (2.2), if v is odd and
M= +rzMzN. . ZMZ00 L.
with k # 0, then M cannot be infinitesimally symplectic and G5 cannot be symplectic.

Lemma 2.4. ([7, 12]) Under Definition 1.1, any LMSM (1.2) cannot be symplectic for the
Hamiltonian system (1.1).

3. Results and Conjecture

Theorem 3.1. [t is impossible for an LMSM with odd order uw (> 3) to be conjugate to a
symplectic method with order v (> u) via any GLMSM.

Proof. We suppose that Eq. (1.11) is satisfied with G7 being symplectic. Since A(Z) # 0,
M(Z) # 0 and w > 2, the cases (2.5d) and (2.5¢) are impossible. When A # 0, it is easy to
check that the case (2.5f) is impossible; when A = 0, Eq. (1.11) becomes G7(Z) = G} (Z), that
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means that the LMSM G7 is also symplectic which contradicts Lemma 2.4. If v > u, we need
only to consider the cases (2.4), (2.5a) and (2.5b). We know from (1.5),

A=az = ..y qzMNz0 . Z0 700

with @ # 0. Consequently, Eq. (2.5b) cannot be satisfied. Moreover, for both cases (2.4) and
(2.5a), we have
M = ---JraZE]ZE] ...ZE]Z{H +

with a # 0, M cannot be infinitesimally symplectic according to Lemma 2.3, which contradicts
the assumption that G7 is symplectic. Thus both cases (2.4) and (2.5a) are also impossible.
This completes the proof of this theorem.

Theorem 3.2. It is impossible for a GLMSM of form (1.12) with odd order u (> 3) satisfying

ku+1

Z ﬂkzml e R (3.1)

k=0

to be conjugate to a symplectic method with order v (> w) via another GLMSM.

Proof. Similarly, any GLMSM of form (1.12) can be characterized by the corresponding
step-transition operator G satisfying

Z aGF = TZmJ (VH)o ZWGI (3.2)

Since (1.12) is of order u, one can write (see [12])

kt yAd

k(7) — Futl u+2 =1.2..-.
G();Z.T—l—k@() +O(r ), k=12,
and,
m u+1
Lizlil
S lz T+ kO(Z) “+1+0(7u+2)1
k=0 i=0
m ut zz[] )
_725kJ (VH) o Z’yk] Z T+ jO(2)T “+1+(’)(T”+2)1
k=0 §=0 i=0
—TZﬁkJ (VH) o Z+ZZ%]‘7 Zlri 4 oty | (3.3)
k=0 i=1 =0
Consequently,
m u+1
Z’Wk@ w3 Z%ll k S|z 3
k=0 = v ut1)!

Since Y7 kax # 0 is required by the compatibility of scheme (1.12), the condition (3.1) means
that in (2.4) or (2.5a) M(Z) cannot be infinitesimally symplectic because it contains the term
ZE]ZE] . ZE]Z[I] (“’U/ + 17-fold an[l]aa).



Non-Existence of Conjugate-Symplectic Multi-Step Methods of Odd Order 695

Remark 3.1. The results of Theorems 3.1 and 3.2 may not be true for even u. When v = 4
and A = aZ 1 or simply ZI%), we set

XY B = bzl (Z10)3 4 3c2) (211 212 4 4z 78,
Then in (2.4)

M =zt e,z — ZzIUB)
= (1+0)z0 (2 £ 32+ b+ o)z [(2)2212)] 4 3(1 + ¢) 21V (2122
+(4+3c+d) 2 (Z0 2B 4+ (1 — b+ )z 20 (Z10)3
+3(1 — e+ d)zM zLl(ZzM 2Py 4 Z10 Z01 718, (3.5)

and

M. = (1+0)(z1). (Z[”)4 (1+b)(Z[”) s(Z1M)? 11
+3(2+ b+ ¢)(zM)s[(zM) 2[21] +6(24 b+ ¢)(2M),. (zMzE z[1
+32+ b+ 0)(Z1).2 (212 (20). 20 + 32+ b+ 0)(21).2 (21)? 211 211
+3(1+0)(ZM).2(Z2P)? 4+ 6(1 + c) (Z1M). 2P (Z1M). Zz1M
+6(1 + ¢)(z1),zP 2Nz 1 (4 4 3¢+ d)(zM) . (z1 ZB3))
+(4+3c+d) (21, 2Bz + (4 + 3¢+ d)(z1), 20 (211 . (Z11)2
+2(4 4 3¢+ d)(zM), zW(zM, zM 711 4 (4+3c+d)(Z[1]) Z[”(Z[”) z1
+(d+3c+ad)(zMy, zMzM(Z00), 7210 4 (4 + 3c + d )(zM), z z[ z[M 7
+(1 = b+ d)(Z2M). (2520 + (1 - b+ d) 2 (20)0 (2 )
+3(1—b+d)zN(zM) . (2 [11) 4301 c+d)(ZE])Z[Z£”(Z[ 1712l
+3(1 — e+ ad)zM(ZL ) (z! 2[21)+3( —c+d)zMN(zMy, z2 z11
+3(1 — e+ d)zM(zM), 20 (z1), 20 1+ 3(1 — ¢+ d)zM (21, z1 Z11 711
+(Z£1])Z(Z[ ]Z[3]) + Z[l] (Z[ll) ZBl 1 Z[ ]Z[ll (Z[ll) (Z[l])Q
+2zM 70Nz, ZM ZzI 4z Zz(Z00y 7121 4z Z10 71070y | 70

z

N ARVARVASVARYAS) (3.6)

z

It can be verified that if

then M is infinitesimally symplectic.

Nevertheless, to make the result of Theorem 3.1 be untrue for even u, besides the conditions
mentioned above, there are more equations to be satisfied. So we still believe that the result is
true for even u. In particular, we have

Conjecture 3.1. If a GLMSM of form (1.12) with order u (> 1) is conjugate-symplectic via
another GLMSM, then it must be conjugate to the 2nd-order mid-point rule (1.8).

Remark 3.2. It is easy to check from the proofs that the results of Theorems 3.1 and 3.2 are
also true when G7 is a more general operator, say, a general linear method or a B-series (for
the details about general linear methods and B-series, see [8, 9].
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