Journal of Computational Mathematics, Vol.24, No.1, 2006, 103—112.

REMARKS ON ERROR ESTIMATES FOR THE
TRUNC PLATE ELEMENT *V

Ling Guo Jian-guo Huang
(Department of Mathematics, Shanghai Jiao Tong University, Shanghai 200030, China China)

Zhong-ci Shi
(LSEC, ICMSEC, Academy of Mathematics and System Sciences, Chinese Academy of Sciences,
Beijing 100080, China)

Abstract

This paper provides a simplified derivation for error estimates of the TRUNC plate
element. The error analysis for the problem with mixed boundary conditions is also dis-
cussed.
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1. Introduction

The TRUNC element is very effective for the numerical solution of Kirchhoff plates. Appli-
cations to some sample problems showed that it converged rapidly [1, 2, 3]. Shi first established
the error estimates in [9], and the derivation is rather technical.

This paper intends to revisit error analysis of the element. We will give a simple but very
useful identity for the approximate solution. From this identity, we obtain a desired estimate
for the term Ej(u*,wy) in [9] in a simplified way, which is essential in producing optimal error
estimates. We also discuss error analysis of the method for corresponding problems with mixed
boundary conditions. It deserves to point out that our derivation is different from that in [14],
where the deduction of (3.18) is not rigorous (see Remark 1.4.4.7 in [6, p.32]).

2. Error Estimates for Plate Bending Problem with Clamped
Conditions

Given a polygonal domain €2, consider the following plate bending problem with clamped
conditions [5]:

—Magapu*) = A%u* = fin Q,
{ u* = Opu”™ =0 on 012, (2.1)
where
M(lﬁ(u) = (1 - U)’Caﬁ(u) + UIC##(“’)? Kﬂcﬁ(u) = aﬁuv 1 S O[, ,ua 6 S 27

with o € (0,0.5) being the Poisson ratio of the plate and n the unit outward normal to 0€Q.
Throughout this paper we use Einstein’s convention for summation, and always assume that
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u* € H3(Q) N HZ(Q) in this section. The variational formulation of (2.1) is to find u* € V =
HZ(Q) such that
a(u*,v) = f(v) = / fudz, Yv eV,
Q

where

a(u,v) :z/ Mas(u)Kop(v)dz
Q
Z/ [A’U,A’U + (1 - U)(2(912’U,612’U — 011Ul — 822u6111))]d:v.
Q

We next give some useful identities [8] for later uses. Given a polygon G, let v be a function
in H3(G) and w a function in H?(G). Then

ag (v, w) ::/G./\/laﬁ(v)lCaﬁ(w)d:c
:/ Qo (v)0qwdr — {Mpn ()0 w + My (v)D-wlds, (2.2)
G oG

where
Min (V) 1= Mapg(v)nang, Mp-(v) := Mag(v)nats, Qa(v) := 0sMas(v),

with n = (n1,n2) and 7 = (71, 72) being the unit outward normal and tangent vector to 0G
such that (n,7) forms a right-hand system. Moreover, we have by (2.1) that

/ Qo (u)dpvdr — f(v) = Q. (u)vds, Yv € HY(G), (2.3)
G G
where 9, (u) := Qu(u)n, € H-Y/2(0G). Since the tangent derivative is only the derivative
with respect to the arc length parameter s in the boundary dG, we also write 05 for 0, in what
follows.

We divide the region of interest 2 into a regular family of triangular elements K with the
diameter hx < h, Q = Uger, K, and define on each triangle K the shape function to be an
incomplete cubic polynomial,

vp, =a1A1 + agde + azdg + agd A2 + asheds + agAzAg
+ar(Af A2 — A1A3) + as(A3A3 — AaA3) + ag(A3A1 — A3)9), (2.4)
with the nodal parameters being the function values and the values of two first order derivatives
at vertices of the triangle K, i.e., vn(pi), O1vn(pi), Qovn(pi), 1 < i < 3, where {p;}3_; denote

the three vertices of K. We then obtain the usual Zienkiewicz element space V}, related to V.
For each vy, € V},, we split the function into two parts,

Vp, = Up + U;w (2'5)
where
5h|K = a1\ + ag g + agAz + agA Ao + asAoAs + agAz (2.6)
and
vh | = ar(Ai A — AMA3) 4 ag(A3Az — AaA3) 4 ag(A2A1 — A3A?). (2.7)

Thus, we define a bilinear form on V} by

by (un, vp) = ap(@n, op) + an(up,v),), Yun, v € Vi,
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where
ap(up,vp) = ZaK(uh,vh), ax (up, vp) :=/ Mg (un)Kap(vy)de.
% K
With these notations, the TRUNC element method is to find u; € V}, such that

b (up,vp) = f(vn), Yup € V. (2.8)
Lemmas 2.1-2.5 are due to Shi [9].
Lemma 2.1 For the split functions determined by (2.4)-(2.7), it holds
[Onl2,x S lvnl2 ks [vhl2x S hilvnls k, 1000 0,00, S Bic|Unls, k-

Lemma 2.2 Let 1y, be the usual interpolation operator related to the Zienkiewicz element space
Vi,. Given u € H3(Q) and the decomposition of the interpolant rpu = Tpu + (rpu)’. Then

= rhttlm e S B3 uls gy [ = TR m ke S B uls ks [(raw)'| S Y M uls g, 0 <m < 2.

Lemma 2.3 The seminorm |vplon = (X f |vh|§7K)1/2 is a norm over the space Vi, and the
bilinear form bp(-,-) is coercive,

|Uh|§,h S bu(vn, vn), Yop € V.
Lemma 2.4 Let u*, up, be the solutions of (2.1) and (2.8) respectively. Then

|G (™, rhu”, wa)|

[u* —upl2n S [u* —rputlon + sup ; (2.9)
whEVh [whl2,n
where
Gr(u*,rpu*,wy) == By (u*,wp) + E1(u* — rpu®,wy,) — By (W, (rpu®)’),
Z /\/lnn )Opwds = Z/ [Au — (1 — 0)0ssu]Opwds.
Lemma 2.5 Let ¢ = u* — rpu*. Then
[E1 (@, wh)| < hlu*[slwnlz,n, |By(@n, (rau®)’) S hlu®|s|wh]2,h.
In the above results and henceforth, we always use “< ---” to indicate “< C---”, where

the generic constant C is independent of related parameters (e.g., hx and h) and the functions
under considerations, which may take different values in different appearances. Moreover, we
simply write | - |, (vesp. || - ||x) for | - |k, (vesp. || - ||x,e) where there is no confusion caused.

Lemma 2.6 For any vy, € Vi, it holds the identity:
Z [Mnn(w”FQF(anv;z) + MnT(w”FQF(aSU;z)] =0, Yw € P»(K),

FCOK
where
QF(f) =1/2F|(f(a) + (b))
for a continuous function f in F := (a,b).
Lemma 2.6 follows from the identities (18)-(19) in [9] combined with the identities [4, p.15]
Mo (1) = —{Au = (1 — 0)0ssu}, Mp-(u) =—(1—0)0nsu.

One of the main results of this paper is to give a new proof of the following result, which
simplifies the original derivation [9] essentially.
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Lemma 2.7 We have the estimate
| By (u*, wn)| S hlu®|3|whl2,n- (2.10)

Proof. Let F be an edge of a triangle K € 7;,. For each function v € L?(F), we define
1
Plv:= —/ vds, Rfv:=v— Pfwv.
\F[ Jr
Since P{" is an orthogonal projection operator, we can rewrite Fj(u*,wy,) in the form

—E1(u*,wp) Z Mm )0 wpds

=y Z /RO wn (W) RE (D101, )ds

K FCOK

+> > /PO i (0)] 0y 0 s

K FCOK
=:15 + I (211)

From Lemma 2.1, the estimate for P{" [12] and the Cauchy-Schwarz inequality, it follows that

1S D IR IMan(u?)]

K FCOK

S sl wala ke S Blutlslwnlon. (2.12)
K FCOK

5 (0nwn)l0.F

The second term in (2.11) is
S % [ R Mo = 30 3 R M ()] [ D
K FCOK K FCOK F

The integrand 0,,wy, is a linear polynomial in one variable on F) so the trapezoidal rule is exact
and yields,

/Fanﬁ}hds = QF(anﬁ}h) = QF(anwh) — QF(anw;l)

Since the first derivatives of wy are continuous at vertices, and d,u = 0 on the vertices of

F c 09, we know
Z Z PO nn )]QF(anwh) =0.

K FCOK

Therefore,

Z Z Py My (u*)]QF (9pwy,)

K FCOK
{ ;%}K{Po o >]QF<anwz>+P{wm<u*>]QF<asw;>}}

=:lo1 + Iss. (2.13)
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It follows from Lemma 2.6 that

ST AP IMun (I u))QF (Bwh) + P Mo (I8 0)]|QT (95wp)} = 0,

FCOK
where II(?) denotes the usual interpolation operator related the Lagrange element of second
order [4]. Hence,

2 * * 2) %
Tr| =| D AP Mun(u” = IPu)QT (0wh) + P [Mor (u” = I u")|QT (05w} )}
FCOK
1/2 * 2)
il Y (M = 120 o.r 10
FCOK

+ [ Mor(u* = 120" 0,105}, [|0.00.57} - (2.14)

However, we have by Lemma 2.1, the error estimate for the interpolation operator II(?) [4] and
the inverse inequality that

[ Mo (u* = I 0 0,7 + || Mir (u* — 1§?>u*>||o PSP = I 0k S L0 5.0,

10 S hrlwnls xS lwhl2,x-
Plugging these estimates into (2.14) and using the Cauchy-Schwarz inequality then yields
I1] S hiclu|s,wlwnlox S hlu|slwnlon. (2.15)
K

Moreover, since wj, is identically zero at the vertices of any K in 7, wy, is a continuous
function with zero values on 912, and Oswy, is a linear polynomial in one variable on F' C 0K,

we have
Z Z P{[Mnr(u*)]/ 8Swhd5:0,
K FCOK F
Z Z PO nT )]QF(aSwh):O,
K FCOK
and
:/ (957i)hds:/ Dswpds,
F F
hence

12222 Z Py Mo (w)]QT (9sw},)

K FCOK
_3 S P Mo (0] QF (Deun)
K FCOK
— P My (u®)] | Oswnds
;FCZ@K ’ ‘/F '
=0. (2.16)

The estimate (2.10) now follows from (2.11)-(2.13) and (2.15)-(2.16) directly.
The next result is an immediate consequence of Lemmas 2.2-2.7.

Theorem 2.1 Let u* € H3(Q) N HZ(Q) be the solution of problem (2.1) and up € Vj, the
solution of problem (2.8). Then
[u™ = upl2,pn S hlu®|s.
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3. Error Estimates for the Problem with Mixed Boundary Conditions

Suppose that €2 is a polygonal domain with the boundary 92 consmtmg of N line segments
{T;}7L,, which are numbered anticlockwise. Let Ty be the union of {T;}X°,, 1 < Ny < N, i.e.,

Iy = (Y; No ,1:)0, while 'y the other part of Q. We consider the plate bending problem w1th
the clamped conditions on Ty , i.e.,

uw* = d,u* =0 on Iy,

and the force and~ moment free conditions on fl. The related variational formulation is to find
u* € V = HZ(Q;T) such that
a(u*,v) = f(v), Vv €V, (3.1)

where a(u,v) := [, M ap(v)dz.
From now on we always assume that u* € H3(Q) N H3(Q;T). Then we have by the similar

argument in [7] that
Mapap(u’) + f=0in L*(Q),

and
Mopn(u*) =0in HY?(I';), No+1<i < N. (3.2)

We introduce an auxiliary space by
I’i’é(Q,f‘o) = {’U S H&(Q,f‘o), ’U|pi S Hi(l—‘z), 1< < N},

where H!(T;) consists of all functions in C°°(I';) whose first-order derivatives are identically
zero at two endpoints. The next result follows from the same argument for proving Lemma 4.1
in [7].

Lemma 3.1 H}(Q;Ty) is dense in H(;To) in the norm || - ||1.00-
Lemma 3.2 For all v e H}(Q;Ty),
< Qn(u*),v >H*1/2(BQ)><H1/2(BQ) —/ M- (u*)asvds =0. (33)
o0

Proof. For each v € fl& (Q; f‘o), we have by the trace theorem for polygonal domains [6] that

there exists a function w € HZ(2; ) such that
Opw =00n09Q; w=0 onf‘o; w=v only, Ng+1<i<N.

Now it follows (3.1), (3.2), (2.2) and (2.3) that

0=a(u*,w) — f(w) =< Qn(u),w >pg-1/2(90)x H1/2(00) —/ [Mon, (W) 0w + My (u™)9sw]ds
o2
=< Qn(u*),w > H-1/2(8Q) x H1/2(9%) —/ J\/lm(u*)(?swds
o2

This with Lemma 3.1 implies that (3.3) also holds for each v € H{(€;Ty) by the density
argument.
The TRUNC element method for solving (3.1) is to find uj, € V}, such that

by (un, vn) = f(vn), Yun € Vi, (3.4)

where
bh(uh,vh) = ah(@h,ﬁh) + ah(u%, ’U;l), Yup € V. (3.5)
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In contrast to the method (2.8), the only difference is that for a function vy, in the current
admissible space Vj,, it only holds that vy, (p) = dyvp(p) = davn(p) = 0, for any vertex p € Ty
(including the endpoints of Tp).

We next check the validity of Lemma 2.4 in the present case. We have by the identities
(2.2)-(2.3) that for all wy, € V4,

fwn) —an(u®,wp) = — Z Qn(u)wpds + Z/ *)Onwp, + Moy (u*)Oswy]ds
K

OK

= - Z Nwpds + Z ./\/lm- )0swpds — Ep(u*,wp). (3.6)
Observing that each function in V}, is continuous, by the density argument we get

—Z Nwpds = — O (u")wpds.

[219]

Since wy|aq € HA(Q;T), combining the last equation with (3.3) and (3.6) shows
flwr) = ap(u*,wp) — Er(u*,wy), Ywy, € V. (3.7)
On the other hand, recalling definition (3.5), we can write
br (v, wr) = ap (v, wr) — ap(Up, w),) — an (v}, 0n)
= ap(vyp — u*, wp) — ap(Op, wy) — an (v}, W) + an(u*, wp),
from which and (3.7) we obtain
f(wn) = bp(vn, wn) = flwp) — an(u*,wy) + an(Op, wy,) + ap(vy,, wp) + ap(u* — vh, wy)
= —FE1(u*,wp) + ap(On, wy,) + an (v, 0n) + ap(u® — vp, wp). (3.8)
Using Lemma 2.4 and (3.8), we find, for each v, € Vj,,
lun = vnl , < bn(un — v, wn) = f(wn) — bn(vn, ws)
=ap(u* —vp,wp) — E1(u*, wp) + ap(Op, wh) + ap (v}, ©n), (3.9)

where wy, := up — vp.
Noting that 05|k is a quadratic polynomial, and wj, takes zero values at vertices of triangles,
we have by identity (2.2) that
ah(ﬁh,wg) = El(’ljh,w;l). (3.10)
Similarly,
ah(vﬁl, ’lT}h) =F; (’U;w wh).
This with (3.9) and (3.10) implies

lun —vnl35 S an(u® —vp,wi) — By (u*, @) — By (u* = oh, wy,) + E1 (@, v7),

which leads to the estimate (2.9) by taking v, = rpu*. Therefore, Lemma 2.4 still holds true
for the method (3.4). It is easy to check that Lemma 2.5 is also valid for this method.

Now the critical step is to estimate F1(u*, wy). Employing the similar argument for proving
Lemma 2.7, we find

—El u ’LUh Z Mnn a ’LUhdS

= Z /RO on(W)IRE (Onitn)ds + Y /PO nn ()] Ononds

K FCOK K FCOK
=11 + 11>, (3.11)
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LIS > IR Mo (u™)]llo,r 1R (Dn@n)llo,r

K FCOK

S bl x@nlax S hlulslwnln, (3.12)
K FCOK

==Y Y P [Mu(u)Q" (9pwy)

K FCOK

{ S S (BF Mo )]@F(anww+P{[Mm<u*>]QF<asw;>}}

K FCOK

Y S B Mo Gy}

K FCOK
=: IIQl —|—IIQQ. (313)

1151 can be estimated as for the clamped bending problems,

|I_[21| < Zh;du |3 K|wh|2 K h|u | |wh|2 h- (314)
K

It remains to bound ITse. Applying the similar argument for deriving (2.16) we have

Il = Z P M, ( ]{QF (Dswy,) — /8whds}

FCBQ

-5 Z |F|2/ My, (w*)03w),d (3.15)

FC(?Q

where we have also used the identity
QF (9,wp) = / dswpds, YF C 0K,
F
and the error estimate for numerical integration formula [11]. We remark that in the equation

(3.15), F C 02 means that F' is a side of some triangle K € 7, which also belongs to 9.
By the Holder inequality we have for a side F)

n‘r(u*)asw%ds S HMnT(U*)”L’"(F) ||3Sw;1||y’ (F)

2
I N PR 2 B (3.16)
a,f=1

where r > 2 is a real number, ' = r/(r — 1).
Recalling definition (2.7), using the scaling argument, estimate (24) in [9] and the inverse
inequality for finite elements, we deduce that

1080k gy S Bt (e +las] + las))

L (F
—141 —3/2
S hy, " [wh 3,k hKF/ |wh|2,r’,KF7 (3.17)

where K is the triangle with F' as one side. Hence, by the Holder inequality, and (3.15)-(3.17)
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we get

2 1/r , /v
I <012 Y { 5 ||aagu*|zT<F>} { T |wh|;r,,KF}

a,B=1 \ FCon FCoQ
2 , 1/r'
<h2 Yy |aaﬁu*||mm{ 3 |wh|;rgKF} . (3.18)
a,B=1 FCoQ

Noting that 1 < r < 2, using the Holder inequality again, we obtain

, 1/7"/ 5 1/2 or_o QTTiQQ
(S b} s{ X e} (T [ 1)
FCoQ FCoQ Fcon’ Kr
< |wp|2,pmeas() 72/ 2r=2) < pr=2/Cr=2) 1, 1, (3.19)

where Q stands for the set of all points in Q with distance of Q no more than h.
On the other hand, it follows from [10] and [13, p.68] that, for all v € HY/?(9Q),

Hvlly(ag) N \/7_°||U|\H1/2(asz)a
where the generic constant does not depend on r. This with the trace theorem for Sobolev
spaces gives
”aOtﬁU*HLT(c’)Q) s \/7_”||U*H3,
from which and (3.18)-(3.19) it comes that
[3o] S ha/Th™ Y =2 [u* | wh -
By taking » = 2(1 + |Inh|) in the above estimate, we have after a simple computation that
|[Ilzs| S B(1+ [l h|)"2[|u”|[3]w]o,n- (3.20)
Now it follows from (3.11)-(3.14) and (3.20) that
B (u @n)| S (1 + b)Y [[w[3|wp]2,n,
which with Lemmas 2.4-2.5 yields

Ju* = unl2 S AL+ A2 w5,

Theorem 3.1 Let u* € H3(Q) N HZ(Q;To) be the solution of problem (3.1) and uy € Vi, the
solution of the discrete problem (3.4). Then

Ju* — w2 S AL+ A2 5.
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