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Abstract

In this paper we propose the well-known Fourier method on some non-tensor product
domains in R?, including simplex and so-called super-simplex which consists of (d+1)!
simplices. As two examples, in 2-D and 3-D case a super-simplex is shown as a parallel
hexagon and a parallel quadrilateral dodecahedron, respectively. We have extended most
of concepts and results of the traditional Fourier methods on multivariate cases, such as
Fourier basis system, Fourier series, discrete Fourier transform (DFT) and its fast algorithm
(FFT) on the super-simplex, as well as generalized sine and cosine transforms (DST, DCT)
and related fast algorithms over a simplex. The relationship between the basic orthogonal
system and eigen-functions of a Laplacian-like operator over these domains is explored.
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1. Introduction

It is well known that the univariate Fourier transform and its tensor product form in high
dimension have been played a key role in applied mathematics and scientific computations in
many fields. Unfortunately, in high dimension the tensor product approach has to be limited
to domains which can transformed into a box. With theoretical interests and application drives
for developing more efficient grid generation and fast solver for numerical PDE, there have been
increasing interests in how to extend Fourier methods into irregular domains. Since simplex is
one of the simplest non-box domains, it seems more attention has being paid to the multivariate
orthogonal polynomials on simplex [1, 3, 4, 5, 10, 11, 12, 13]. In this paper we also study so-
called generalized sine and cosine transform and related fast transforms on a simplex.

As is well-known a simplex is a natural extension of an interval [0,1] in 1 — D. However,
besides simplex there is another kind of domain partition which is really important for high
dimension case. In 2-D and 3-D case, they are parallel hexagon and parallel dodecahedrons
which can be taken as a natural extension of the symmetry interval [—1,—1] instead of a
general interval [0,1]. In application point of views, this kind of domain partitions exist in
nature almost everywhere. As a well-known example, the shape of honeycombs is a hexagon
instead of quadrilaterals. There are many parallel dodecahedron shapes in natural crystals.
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Mathematically, it is worth to note that besides a box partition with d-directions, such a
super-simplex partitions d + 1-directions can also form a tiling in R%. However, a pure simplex
partition can not form a tiling if only shifting operators are allowed.

The most important issue of the generalization of Fourier transform for non-box domains is
the construction of the orthogonal bases. There is an intrinsic relationship between Fourier basis
and the Laplacian-like operator. As is well known, the eigen-decompositions of the Laplacian-
like operator usually result in the orthogonal exponential bases on box domains, instead of
orthogonal polynomials. To construct orthogonal bases in our case, in this paper we adopt
eigen-decompositions of the differential operators with periodic boundary conditions over the
super-simplex domain or with zero Dirichlet and zero Neumann boundary conditions. The idea
and algorithms may be useful for spectral methods and preconditioning algorithms for numerical
PDE solvers for non separable problems and over more wide non tensor-product partitions.

The remainder of this paper is organized as follows. In §2, after introducing some homoge-
neous coordinates, we present a tiling of the d 4 1-direction partition in R?. In §3, we construct
a basis and investigate its some properties, such as periodicity, orthogonality and completeness.
Then we study the related Fourier series and its convergence. We put our focus on exploring the
intrinsic relationship between the above basic system and eigenfunctions of a Laplacian-Like
PDE operator. On the analogy of univariate case, so-called generalized sine (HSin) and cosine
functions (HCos) are defined in the whole space, especially on a simplex in §4. Finally we inves-
tigate the generalized Fourier transform (HFT) and propose a fast discrete Fourier transform
(HFFT) on §5.

2. Notations and Definitions

Suppose vectors ey, e, ..., €4 are linear independent in R? and G is the Gram matrix

e -e; e;j-ey ... e€e]-eq
€ e €z - e ... €g-e

G(ei,ea,...,eq) = 2E mr b 2% = [e1,e9,...,eq) [e1,e9,...,eq]  (2.1)
€ej-€e; €eg-ex ... e€eq- €y

where the notation e - e; = €}ey denotes the inner product of e; and ez in RY.
We define a set of vectors as

[0, n9,...,n4] = [e1, €z, ..., e4][G(e1, €2, ..., eq)] " . (2.2)
Then two vector sets {e1,es,...,eq} and {ny,ny,...,n,} are bi-orthogonal in the sense
[e1,€0,...,eq)  [n1, 19, ....,n4] = [e1, €2, ....,e4]  [e1, €2, ...,e4][G(e1, €2, ...,e4)] ' = I.

Moreover, we define the (d 4+ 1)-th direction vector

d
Nngi1 = — Z n,. (2.3)
p=1

d+1

Hence there are totally 2(d71) = d(d + 1) hyperplanes via the d + 1 directions ny, ...,ng, ngy1.

(“3")

n,, =n, (r=1,..d), n,,=n,—-n, (I1<p<v<d). (2.4)

Now we lift the space R% to R . Set

For each point P € R?, we introduce its (d;rl) affine coordinates by taking its corresponding
vector projections in the space R? as
tvy=t,=P-n, (¥v=1,..d), thy=P-n,, (1<pu<v<d) (2.5)

with the similar relations to (2.4) t,, =t, —t, (1<p<v<d).
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d+1
Later we denote P € og in R* * ’ by means

(‘1)
og:={P=(t,,) €R

and the integer point set by

AN={jli=(urv) €04,jv €Z,v=1,..d}. (2.7)

Taking the origin point as the center, we define a basic d-D domain {2, to be a semi-open
parallel polyhedron as follows

oy =ty (V=1,0d), tuy=t,—t, (1<p<v<d} (2.6)

Definition 2.1. A semi-open super-simplex and a super-simplex in R is defined as

Qo ={P|P=(ty,) €0q, —1<t,, <1 (1<p<v<d)} (2.8)
and

Q={PIP=(tys) €0a, —1<tuy <1, (I<p<v<d} (2.9)
respectively, where o4 is defined in (2.6).

It is easy to know a super-simplex 2 defined in (2.8) is the closed set of €2, and has d(d +1)
hyperplanes and 2(2¢ — 1) vertices in R%.

As two examples, the basic domain 2 shows a parallel hexagon in 2-D in Figure 2.1 or a
parallel quadrilateral dodecahedron in 3-D in Figure 2.2, respectively. For sake of symmetry,
in 2 — D case we always take t; + t2 + t3 = 0, see [6],[9].

Figure 2.1: Parallel hexagon in 2-D Figure 2.2: Parallel dodecahedron in 3-D
To make a tiling in R? via the semi-open basic domain €, we introduce following definition.

Definition 2.2. A shifting semi-open super-simplex Qg € R? is defined as

Qq(P) = {PIP-Q €0, Qe 0} (2.10)
where the integer point set
d
0 :={QIQ=(kyv) €A, Y k=0 (mod d+1)} (2.11)
v=1

Now we turn to study so-called tiling property of the super-simplex partition.

Theorem 2.1. [Tiling] The set of all Qo with Q € ©, defined in (2.11), forms a tiling in R?
in the sense

U =R" and Qq () Q=2 (2.12)
Qe Q17#Q2
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Proof. For any given point P € R?, its first d affine coordinates in (2.5) can be expressed as
tV:jU—i_rU? jV€Z7 OSTV<1 V:1,...d.

Without loss of generality we may assume 1 > 19 > ... > ry, and

d
—d<js=Y j,<0 (mod d+1).

v=1

We may define the first d affine coordinates for Q = (ki, k2, k3, ..., kd,...) € O as

(j17j25j3a"'ajd)a .]SEO (mOd d+1)
(j1+17j27j3"'7jd)7 ]SE_]‘ (mOd d+1)
] 1,5 1,93, ...,7 is=—2 d d+1
otk = | 01125 L =2 ot a1
(j1+17j2+15"')jd71+15.jd)7 jSEl_d (mOd d+1)
(j1+17j2+15"')jd71+15.jd+1)7 jSE_d (mOd d+1)

Thus P — @ € €,, we have proved the first part of the theorem. Next, suppose the second part
of (2.12) is not true. There would be a point P € R? belong to two different domains g, and
Qg, at the same time. Then for each 1 < p < v < d there would be

=2 <ty (Q1) = tu(Q2) = (tp(Q1) = tuw(P)) = (tun(Q2) —tun(P)) <2, 1<pu<v<d

This means all absolute values of each coordinates for @ = Q1 — Q2 € © must be less than 2.
However, from the definitions (2.8) and (2.10) the inequalities can not be true unless Q1 = Q.
The proof has been completed.

The following Lemma is obvious in geometry point of views.

Lemma 2.1. Domain Q can be decomposed into d + 1 cubes in R?

d+1
o= (2.13)
v=1
where €, ’s are cubes defined as
Q,={P|0<t,, <1 1<pu<vy, or —1<t,,<0, p>v} v=1,..,d.
Qay1 ={P|0<t,,=t, <1, p=1,.,d}. (2.14)

Therefore, though the basic €2 is not a tensor-product domain, however, it is belongs to
piece-wise tensor product domains in the sense that it can be taken as a union of d 4+ 1 cubes.
This means there are d + 1 cubes which are all across the original and consist of d direction
among the d+ 1 directions. The union set of the d+ 1 cubes is just the basic d-D domain. This
fact will be useful to prove some properties later.

Corollary 2.1. The super-simplex domain @ € R? can be decomposed into (d 4 1)! simplices
with the same volume, a typical one among them can be expressed as

QSZ{PGQd+1| Ogtlg...gtdgl}. (215)

This is why we call Q as a super-simplex in R?.
Finally we introduce following homogeneous coordinates

d d d
b=+t —> ty, (p=1,.d), tap1=-> ta=—> tu (2.16)
v=1 pn=1 p=1
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and the related integer sets

d d
Jv=(d+1)j Z],u (v=1,..,d), derl:_Zju:_Zju- (2.17)
p=1 p=1

Then the © in (2.9) and A in (2.7) can also be expressed as
Q= {P|P = (t_la "'a{dafd+1) S O'dv_l < t,u..,l/ < 1 (1 < M <rv< d)}7

A={jli= (1, dd Jar1) € 0a,Juv € Z,v =1,...d}. (2.18)
Definition 2.3. Given integer vector j € A in (2.7) and P € o4 in (2.6), the inner product in
R(dzl) is defined by
PP= > Guwtuw (2.19)
1<p<v<d

The following lemma can be verified by a straightforward computation and it is useful later.

d+1
Lemma 2.2. The inner product j- P in R( ) can also be written to following various forms

d ~ d d+1
J.P:;]th/:;jut d+1Zjuu
or

j-P= Zjutu,u_jd-l-ltu_z.;utu,ua v=1,..,d

p<v nw>v

where t, and j, (v=1,...,d+ 1) are defined in (2.17) and (2.16).

3. An Orthogonal Function System on the Basic Domain

Definition 3.1. The generalized Fourier functions in the space R% are defined as

o
dt1d P

g(P)y=e¢™" (3.1)

d+1
where the inner product j - P is understood in R( 2 as Definition 2.3.

In particular, on an integer node P = (k,,) € 0g4,k, € Z, the function g,(P) can only take
d + 1 possible values which all are the roots of z4+1 = 1.

Theorem 3.1. [Periodicity] For any integer node Q € O, defined in (2.11), then for all integer
vector j € A in (2.7)

9;(P+Q) =g,(P), for all P. (3.2)
Proof. 1t only needs to note that
o(P+Q) = SR 0 (P)ei%j'Q

where ., ., y
=(d+1)> Gk =Y ju Y k-
v=1 p=1 p=1

From (2.11), for Q € O, ZZ:1 k,=0 (mod d+1). Hence, o' #HriQ _ 1.
Thus, we may study the function focused on the basic domain 2 later.
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Corollary 3.1. Q = (k,,,) € © is called to be a minimum periodicity of function g,(P) if

Sk, =20d+1). (3.3)

1<pu<v<d

Proof. Among d(d+ 1) neighboring nodes @ € O of Q) there are only two different cases. 2d
neighbor points among them are k, = +(1 4 0,,,)(v, x = 1,...d). And other d(d — 1) neighbor
nodes are k, = £1, k, = F1 (1 < p<v <d), othersky =0, AF#pu, A#v, A=
1,...,d). Both integer nodes satisfy the condition (3.3).

Lemma 3.1. [Normalization of Integral] For any integer vector j € A

/ng (P)dP = CQ 5Ij\,0' (34)
where C, is the volume of ).

Proof. The equality (3.4) is trivial if j is a zero vector. Otherwise from (2.14), the integral
domain can be decomposed into d + 1 boxes in R?. By Lemma 2.1 and Lemma 2.2, we have

d+1

1) = [ 9,(P)iP =37 1.G) (3.5)

where for v =1, ...,d

L/(j) = /Q Z.],u "% ]d+1t - Zj# y#}dp

n<v u>v

—{H/ ed+13“t“"dP}/ e d+13d+1t"dP{H/ e d+13#t““dP},

n<v u>v

and

Id+1(j) :/ exp{d+1 Z]M }dP H/ ed+13utﬂdp
Qat1

j 2T Ju i d27r13

Ifall j, # 0, from (2.17), e 7" =e ““* for v =1, ...,d. Hence we have

. 211 2xij
LG =TT g Gae) 7™ 1)
1<p#v<d
and
. 2m "L ay
Ly (j) = d{HJu} -7

Therefore, if all j, # 0

d+1 - d+1

. 271’2 278 Gag -
1(3) = d{H S RIS VL N )
v=1

because of E 1 j, = 0. Otherwise, if some, not all, j, = 0, the above derivation is still valid
by excluding these zero terms. The proof is completed.
Based on the above Lemma we can obtain the following orthogonality theorem directly.
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Theorem 3.2. [Orthogonality] Forj ,k € A
< 955 9x >a= OQ(S\j—k\,O (36)

where the inner product on )

< foza= [ FPPID
and Cq is the volume of €.

Proof. It is only need to point that
<Y >a= /ng,k(P)dP-

Theorem 3.3. [ Completeness| The set of g,(P) forms a complete orthogonal system in the
space C(Q(R?)).

We can prove the above basic theorem based on the following well-known Stone-Weierstrass
theorem.

Lemma 3.2 (Stone-Weierstrass [2]). Let S be a compact set and A an algebra (over C')
of complex valued continuous functions on S. Assume that A separates points, contains the
constants, and is itself conjugate. Then the uniform closure of A is equal to the algebra of all
complex valued continuous functions on S.

Since  is a centrally symmetric domain in R? and the multiple Fourier functions g,(P) are

complex. It is easy to see that V = Span{ g,(P),j € A} forms an algebra of complex valued
functions on 2, which contains the constants, and is self-conjugate.

From Theorem 3.1 we know that g;(P;) = g,(FP,) if and only if @ = P, — P, € ©. So V
separates all the inner points of ). As for the boundary points of 2, we can view the points P;
and P, as the “same” point in the sense of congruence if P, — P, € ©. In this way, V separates
the points of 2 and by Lemma 3.2, we arrive at the following lemma.

Lemma 3.3. Let C,(Q) = {f € C(Q) : f(P1) = f(P),VPL— P, € ©} and Li(Q) = {f €
LYQ): f(P) = f(P2),YP— P, €0O}. ThenV is dense in C,(Q) and in Li(2),1 < g < oo.

Therefore, the density of V' in C,(€2) is an immediate result of Lemma 3.2. Since C(1) is
dense in L?((2), we deduce that V' is also dense in LZ(2). The completeness of the orthogonal
system has been proved.

Hence, once we have a complete orthogonal basis, it is reasonable to define its generalized
Fourier series as

Definition 3.2. For a function f(P) € L(QY), the related generalized Fourier series (HFS) are
defined as

FP) ~ Y g(P) = < f(P)gy(P) >, (37)
jea @

As a consequence of Theorem 3.3, by the density of V' in LI(€2), we deduce that
Lemma 3.4. Let f € L(Q). If for anyj € A, v, =0, then f =0 .a.e.

Corollary 3.2. For a d-D continuous function f(P) € Cq(R?) with periodicity Q , if its all
coefficients vy, are zeros, the function f(P) must equal to zero itself.

There are different ways to define a partial sum of the generalized Fourier series in high
dimension case. To match our domain partition, we define
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Definition 3.3.
SalfIP)= > % 9,(P) (3:8)

Jj €An
where

A:UAn with Ap:={j e A| —n<j,,<n, 1 <v<pu<d} (3.9)
n=0

Remark. Almost all results of the traditional Fourier series with its convergence rate can
be extended to the general domain €2 case, just like the case of traditional Fourier series with
tensor product over box domains. Below we list some of them. In 2-D arbitrary triangle domain
case, the related proofs are shown in [8]. The detailed proofs for general case will be published
elsewhere later.

Proposition 3.1. For f(P) € C4(R?), the HFS (8.7) converges uniformly.
Proposition 3.2. If a bounded function |f(P)| < M is periodic over the basic domain ), then
there is an upper estimation of its finite Fourier series

1S, [f]] < CM (Inn)? (3.10)

where C' is a constant.

Proposition 3.3. Let f € C& and |D*(f)| < My, then following error estimate holds
1Sn[f] — f| < CMy(Inn)*n~" (3.11)
where C' is a constant.
Finally we explore the intrinsic relationship between the above basic functions system and
eigenfunctions of a second order elliptic operator with periodic boundary conditions over do-

mains consist of the d + 1 direction mesh.
Define an elliptic operator in R?

— 9 9 1
L=-d > (a_t‘,, - 5_%) (3.12)
1<v<pu<d+1

where d + 1 homogeneous variables &, (v = 1,...,d + 1), defined in (2.16), are taken to be
independent each other in this case.
By Lemma 2.2, g,(P) can be expressed as

i % -
g9,(P) = eXp{ig Jutu}.
’ (d4_1) v=1
It is easy to verify that
Lg,(P) = \ig,(P) (3.13)
where

2m - 472 d
A = Y Ge—d) = Y, Uv—d)?+ D it} 3.14
J ((d+ 1)2) - (.] j#) (d+ 1)2{ (] j#) + — Jv } ( )
<v<p<d+1 1<v<p<d v=1
In fact, from (2.17), we know

Yo Gv—du)?= Y. ([d+1)j—@+1i)*+ Y, (([d+1)j)%

1<v<p<d+1 1<v<p<d 1<v<d+1
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The elliptic operator in (3.12) may have various forms in different coordinates. In terms of
the affine coordinates [t1, ..., ta], from (2.16) t, = 25 (f, — tar1) (v =1,...,d) and

o 9. o 9 ., 1 o 9.
> Gomw) 't X ) S areEl X G a)

1<v<pu<d 1<v<d 1<v<pu<d
d
P o
t 2 Gyt )
1<v<d p=1
Then .,
d 0 0 0 0
D DI R S s A S
@rnet 2 o o) 2 o T 2,
or
o 9 o 9. d . -
===, — ey — Myg=—-((1 =d((d+ 1)1z — 1
L [atlv 76td] d[atla aatd] ) d d+1( 4+ ee ) (( + ) d ee ) (3 5)

where I is the identity matrix of order d and e = (1, ...,1).
Back to a Cartesian coordinates system, we assume

P=z1,..,2q] = [t1,....tq) J, J =]le1,...,eq].

where J is a Jacobian matrix, then [aitl, cey %] = [6%1, cey a%d] J.
Therefore in the Cartesian coordinates system, the operator can be written as

0 0 0 0
L= [y o) IMgI [, .y =—]T. 3.16
[ax17 k) 6$d] d [axl7 ) 6$d] ( )

In particularly, —£ = A becomes the Laplace operator if we take

1

(e,uae,u):lv (/L:Lvd)v (evve#):_aa (1§V7£/L§d) (317)

In fact, in the special case we have
1
J'J=Gley,..,eq) = S((d+ 1)L — ee’) = M;!

where G(eq, ...,eq4)) is the Gram matrix defined in (2.1). Hence JMgJ' = I4. In (3.18) case,
the corresponding 2-D and 3-D domains 2 show a regular parallel hexagon in Figure 2.1 and a
rhombic dodecahedron in 3-D in Figure 2.2, respectively.
Moreover, if we take

(epsep) =1, (n=1,..,d), (ey,e,)=cosa, (1<v#p<d). (3.18)

Denote G(a) := I + cosaee®. Since
(Ig + ee’)(I; + cosaee’) =1, + (1 4+ dcosa)ee”
Then the condition number becomes
1
, )
14+d(1+dcosa)

cond((I4 + ee”) (I + cos aee’)) = max(1 + d(1 + dcos )

In general, therefore, it is reasonable to call £ in (3.12) to be a Laplacian-like operator.
Combining above derivation with the completeness theorem 3.3 leads to the following the-
orem

Theorem 3.4. The generalized Fourier functions g;(P) in (3.1) form an orthogonal and com-
plete eigen-decomposition of the Laplacian-like eigen problem (3.12)-(3.13) with d+ 1-direction
periodic boundary conditions on the hyper-dodecahedron domain Q in (2.18). Moreover, the
corresponding eigenvalues are listed in (3.14) with the range j € A in (2.7) .
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4. Generalized Sine and Cosine Functions in R?

Analogy with 1-D case, now we define generalized sine and cosine functions with periodicity
Q from complex Fourier function g, in (3.1) with d + 1 direction parameters (2.17) in R%.

At first we observe that for any point P = [f1, ...,t411] € RY, there are totally (d+1)! points
which can be obtained by permutation the order from the d+ 1 original parameters . They can
be divided into two permutation sets, depending on the permutation number is even or odd.

Definition 4.1. [t,,, ...ty ,] € V4 or [ty ...t
permutation of [t1,...,tqy1], respectively.

vas1) € V_ if the vector is an even or odd

Hence, all points can also be divided into two groups.

Definition 4.2. A, (P) := {P|P ~ [ty,,...,t
[ty rtug, ) € Vo[tr, oy tap]}-

€ Vilfi,...tasa]} and N_(P) := {P|P ~

Vd+1]

Thus, we may define generalized sine and cosine functions as follows

Definition 4.3. For each point P € R and indez j € A,

HSing(P) = ol 3 g (PO - Y g(P) (4.1)

d+1 _ _
( ) PLeNL(P) P_eA_(P)
and )
HCos;i(P) := m{ Yo g+ Y g} (4.2)
| PLeNL(P) P_eN_(P)

where g,(P) is the Fourier functions defined in (3.1).

Then, HSini(P) = HSin(P), if j € A, (k) ; HSini(P) = —HSink(P), if j € A\_(k),
HCos;j(P) = HCosk(P), if j € AL (k) U A_(k).

Definition 4.4. Two vectors in A is called j =k (mod\) if and only if j € N\ (k) UA_(k).

Lemma 4.1. For all j € A and all point P € R?
[|HSin;(P)|| <1, |[|HCos;(P)|| <1, ||HSmJ2(P) +HC’05J-2(P)|| <1 (4.3)

Proof. The first two inequalities are obvious since dim(A_(P)) = dim(/\_(P))
Moreover, because

i((d—i—1)!)2(HSinJ?(P)+HCos§(P)): 1D SNBSS SEATS!
PLen.(P) PEA (P)

On the righthand side there are totally ((d + 1)!/2)? terms in which the absolute value of each
term is not exceed to 1. It leads to the third inequality in (4.3).

The last two inequalities in (4.3) are sharp since both equalities hold on the origin point
and several integer points. However, the first inequality is not sharp in general.

The following results on periodicity and orthogonality of HSin and HCos can be derived
from Theorem 3.1 Theorem 3.2 on g,(P) directly.

Lemma 4.2. For any integer point Q € © defined in (2.11), for all integer vector j
HSin,(P+ Q) = HSin,(P), HCos;(P+ Q)= HCos,(P), for all P. (4.4)
Besides, any Q € © satisfying the condition (3.8) is their minimum periodicity.
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Lemma 4.3. If j #k (mod)\), then
< HSin,, HSin, >,=0, < HCos;, HCos, >,=0. (4.5)
Besides, for any pair j, k € A
< HSin;, HCos, >,=0. (4.6)
Theorem 4.1. HSin functions vanish on all hyperplanes with t, ,, =integer, i.e.
HSinij(P) =0, if t,,=1integer, (1<v<p<d). (4.7
Proof. Tt is only need to prove that the function can be decomposed several terms which

vanish on all the above hyperplanes. In fact, due to the location symmetry of j and P in the
basic function g;, HSin;(P) can also be written as

(d;l) HSin :_{ Z Z g,(P)}. (4.8)
j E/\+(.]) JieN_0)

At first we keep the last index in A (j) to be jay1, for any permutation j, € A, (j), we can
find a j- € A_() via exchanging the first index and last index only, suppose the first index
is, say, j1, since (2.16), j1 — ja+1 = (d+ 1)j1, t1 — tar1 = (d + 1)t1, then

.9 d = 7 . 9 = = T . 9 = T 5T
g, (P) —g. (P) _ ezﬁ Z,/:2Jutu{elﬁ(J1t1+]d+1td+1 ) elﬁ(]d+1t1+]1td+1 )}
J—

i+

i on d = o7
— 9ie @z Yo_p vty l(d+1)2 (G1+Jas1)(Fr+tara) sin jitim

and

5%{%+Uﬂ-—% (P)} = emﬂ(d+4_2§jjut}emﬂ(d+l_2§33u§:t vysingitim. (4.9)

v#£1 v#1 v#1

Hence, in this special case

0, (P) =g, (P)} = falfa, . Fa) s juti

Thus, we may decompose the generalized sine function (4.1) into (d;rl) terms where each term
has a factor sinj, ,t17m (1 <v < p <d)

HSin;(P) = Z fou(te,...itq)sing, ptim
1<v<p<d

where
jl/,u = jl/7 (1/ = ]_7 ...,d), jV7/"/ = jlj —jM7 (1 S v < I S d)'

Therefore, we assert that functions HSin vanish on hyperplanes with t; = t1;=integer. With
similar derivation we can prove the left cases of (4.7).
As an example, for 2-D case, we have

1 iy e o
HSinj(P) = g{eT”t2 sinjitim + e 312 sin jotym + €3 532 sin(j; — jo )17}

™

iz

1 _ _
3{6 5720 gin i tom + 5710 sin jotom + €590 sin(jy — jo)tar}

™

iz

1, miog . o
= g{eThta sinj1 (tl — tQ)TF + eThtS Sian(tl — tQ)TF + 67J3t3 sin(j1 — jg)(tl — tQ)ﬂ'}

and

1 mis . o
HCos;(P) = 5{6T32t2 cos 1t 4 €3 1112 cos jotym + €73 7312 cos(ji — jo )t}
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1

xis F . i3 . xis g . .
= g{e 3721 cog jitom + €73 711 cos jotom 4 €3 131 cos(jy — jo)tam}

Lo midats o it o Tijats o
= g{e 872% cos jiti1om + € 3713 cos jot1am + €3 73%3 cos jiat127 )

Along with a similar way, in general d— dimension case, the generalized cosine function
HCos;(P) can be decomposed into (d;rl) terms. Each term involves a factor cosj, ,t17 such
that

HCos;(P) = HCosj(t1,ta, ....tq) = Z fou(ta, ... tq) cos gy .

1<v<up<d

Note that the term f,, ,(t2, ..., tq) before cos jit1m do not depend on the variable ¢;. Therefore,
as a function depends on d variables (¢1, {2, ..., t4), we know that the partial differential functions
%M vanish on hyperplanes with t; = integer.

In general, for each A = 1, ...,d, since the d variables (¢1,...,tx—1,tx,tr+1, -+, tq) are inde-

pendent, hence, there are additive separable decompositions of HCos;(P) such that

HCOSj(P) = HCOSj(l?l, ...,ti)\,l, tA,EA+1, ...,Ed)

= > foultrentact g, o ta) co8 i utaT.
1<v<p<d

Analogically, for each (1 <1 < m < d), the d variables (£1, ..., -1, 8141, tim, tm—1, tm+15 -+, L,
ta+1) are independent, hence, there are additive separable decompositions of HCos;(P) such
that

HCOSj (P) = HCOSj (El, ceey til,l, El+1, tlm; {mfl, Em+1, ceey Ed, Ed+1)

= E fy7l_t(t1,...,tlfl,tl+1,tm717tm+l7...7td7td+1> COSjV”utlmTr.
1<v<pu<d

The above derivations lead to the following assertion

Theorem 4.2.
0HCos;(P)

atu)u ty, p=integer

=0, (1<v<p<ad). (4.10)

In geometry, for each 1 < v < p < d, t,, represents a direction connecting a vertex and the
barycenter of corresponding simplex. Hence, the above identities (4.10) may be called Neumann
boundary conditions on a simplex.

In the sense of mod/\, the number of index is reduced by a factor (d 4+ 1)!. Hence, for
functions HSin;(P) and HCos;(P) we can reduced the defined domain from  to one of its
(d + 1)! simplex, e.g. Qg in (2.15) and reduced the index vector range j from A to

E={jeA|0<j <j2 < <jal, (4.11)

or
Et={eA|[0< i <jp< - < Ja) (4.12)

for HSin;j(P) and HCos;(P), respectively.
Finally, we obtain following conclusions

Theorem 4.3. The generalized sine family HSini(P) in (4.1) and the generalized cosine family
HCos;(P) in (4.2) form an orthogonal complete eigen-decomposition of eigen problem (8.13)
with zero boundary conditions or with zero Neumann boundary conditions (4.10) along a given
simplex (2.15) respectively. Moreover, their corresponding eigenvalues are also listed in (3.14)
forj €= orje =T, respectively .
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Similarly to univariate case, now we may define so-called generalized sine transform and
cosine transform as follows

Definition 4.5. For a f € L(Qg), its generalized sine transform (HCT) is defined as

J
j eEt s

f(P)~ > oy HCos(P), o= ci < f(P),HCos,(P) >,_ (4.13)

and its generalized cosine transform (HST) is defined as
. 1 .
f(P)~ "B, HSin(P), 8 = — < [(P), HSiny(P) > (4.14)
j e s

where ¢, is the volume of the simplex Qg and E and = are defined in (4.11) and (4.12),
respectively.

Analogy to the proof of Theorem 3.3, we obtain the following results:

Theorem 4.4. For allj € Z, the set of HSin;(P) and HCos,(P) form complete orthogonal
system in the space C(Qs(R?)), respectively.

Lemma 4.4. Let f € L(Qs). If all coefficients of its HST or HCT vanish, i.e. all a; =0 or
all B, =0, then f =0 .a.e.

Corollary 4.1. For a d-D continuous function f(P) € Cqy with zero boundary values along
Qs , if its all coefficients B, are zeros, the function f(P) must equal to zero itself.

5. Discrete Fourier Transform (HFT) and Fast Fourier Transform
(HFFT) over Q(R?)
Now we consider so-called discrete Fourier transform. Set discrete sets
An={k € A| —N<k,, <N-1 1<v<pu<d} (5.1)
where A is defined in (2.7). In 3-D case, a picture for Ag is shown in Figure 5.3.

€

SRR

Figure 5.3: A discrete set Az in 3-D

Just like the decomposition (2.13) in continuous case, there is a decomposition for discrete

case
d+1

AN = U AN,U

v=1
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where

Ny=1k €A|1<k,, <N, 1<pu<v, or 1-N<k,, <0, p>v}, v=1,...4d.

AN7d+1={k eA |1§kH>H <N, ,u,Zl,...,d.}. (52)
Hence, we have
Lemma 5.1.
d+1
dim Ay =Y _dim Ay, = (d+1)N*
v=1

Definition 5.1. Given (d+1)N? data { fi.} withk € Ay, forj € Ax the generalized discrete
Fourier transform (HDFT) is defined as

2mi s
- N N @+nHnN?
F= > ghfc. g =e (5.3)
k €An

and the related inverse discrete Fourier transform (HIDFT) is defined as

N — @ik
g

1 _N
. F = 5.4
/ (d+1)Ndk§ iaetle s Jpae = € (54)
N

Remark. The definition of the above inverse transform is reasonable and unique, because by
using the similar derivation of Lemma 3.1 we know

d
Z J1 k - d+ 1)N 6\11*12%0' (55)
k €An

The corresponding matrix form of the HDFT and HIDFT become

F = GN f, GN = ( gJ_]Yk ) (56)
and )

f—GFGli’N. 5.7
(d+ l)Nd( ) (57)

It is obvious that the working amount is O(N2?) in magnitude by direct matrix multiplica-
tion. It is too expansive for applications.

In the case of d = 2 and d = 3 we have proposed and implemented a corresponding fast
algorithm called HFFT ([9], [14]). The HFFT algorithm can also be extended on our general
d-dimension case based on the following Lemma listed below. Let us start from the case N = 2n.

Lemma 5.2. For N = 2n there is a factorization for Gx in terms of smaller G,, in R%:

Gn = Py (T2, @) I(as1yn) D (T2e (X) G)Qn (5.8)

where Ty 4, defined below in (5.16), is a constant matriz of order 2% and I, is the identity
matriz with an indicated order m , notation ) is so-called Kronecker product, Dy, defined in
(5.15), is a diagonal matriz of order (d+ 1)N?, Py and QN are two permutation matrices of
order (d + 1)N< which represent domain decomposition on the left-side for F and multi-color
reordering on the right-hand for £, respectively.

Proof. By using periodicity of function gjjyk we first extend the data from Ay to A}, defined
as
Ay ={k e A| —=N<k,, <N, 1<v<pu<d}
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In order to do multi-color reordering, we take two 2% integer points as
d d d
P, = Z velle A, Q, = Z v, (el + Zem) €0, (n,..,vg=0,1). (5.9)
1=1 1=1 =1
d+1
where el is I-th coordinate unit vector in R™. In terms of vectors in R* * 7, it is easy to know
their inner product

(el™, ety =36, ., — 1, (el™], zd: Y =3_d (m=1,..,d). (5.10)
n=1
Moreover, .
Py, Q)= Y (30nm+ (2= d))Vnjm- (5.11)
n,m=1
Denote

APN(P) = {k |2k + P, € A}
then the original data can be decomposed into 2¢ parts by multi-color reordering
1 1

{fkedvt= |J {(AkeA¥@)r= | {fasrlked} (512

where all foxi+p, represent data fx € AE?,] (P,) via a suitable reordering the subscript k.
Similarly, based on the periodic extension the functional data also can be divided into 2¢
parts via domain decomposition
1 1

{(Blieavt= |J {Blicr@)}= |J {Finq.licA} (5.13)

where all Fj,nq, represent data Fj € A,(nQ,) via a suitable reordering the subscript j. A
simple example in 2-D is shown in Figure 5.4-5.5 and Figure 5.6 [9].

JAVAVAVA
AVAVAVAYAY
JAVAVAVAVAVA
JAVAVAVACACATOW
\VAVAVAVAVAVAY

VAVAVAVAVAV,

VAVAV,VAV/

AN

Figure 5.4: 2-D Odd-even reordering As,

Since (2.11),(2.17)and (5.3) we know Irguw = b hence

N

_ N — 2 gV "
gj+nQu72k+P,,_gnQWzk gnQWPV gj7Pu gj72k_gQM>Pl, gj7Pu gjvk'

N N _ N
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(N-1,0,1-N) (N-1,1-N,0)

A AV AVAVAVA

camen ﬂnllmo)

omom

(-1,N,1-N) (-1,1-N,N)

(-m,m-{m::(fm\.,m-l)

(N\N,0) (N,0,N) (-3n,3n,0) (-3n,0,3n)

Figure 5.5: 2-D Multi-color reordering Figure 5.6: 2-D Domain-decomposition

Substituting (5.12) and (5.13) into (5.3) leads to

1

Fiina, = Z Z gﬁnqwzwpu fe= Z géulpu .gJ']YPu Z i (5:14)

vi,...,va=0 k €A, (P,) vi,...,vqa=0 k €A, (P.)
where the first two terms are independent on k

d

_ N
ooy = exp{d+1( v Qul, g, = Xp{(dJrl)N;Jz v}

Denote a 2¢ order matrix by Th 4 = (gfQ » ), and a (d+ 1)N? order diagonal matrix by
woPu

d

271 .
DN = (exp{m Zjlyl})jEAn,(yl,u.Vd:O,l) (515)
1=1
y (5.11), T34 can be expressed to
d
T2 ( d+ 1( Z (35717771 + (2 - d))yn:um)})(ul,myd:o,l)x(ul ,,,,, ng=0,1) (516)
m=1
In particulary, for d = 2
1 1 1 1
v v 1 -1 1 -1
Too = ((=D)"") ocvsmmm<r = || | _; _{| =T QT (5.17)
1 -1 -1 1

where matrix To = (1 _11> appears in the usual 1-D FFT algorithm.

Take Py and Qx to be two suitable permutation matrices of order (d+1)N¢ which represent
domain decomposition on the left-side for F and multi-color reordering on the right-hand for f,
respectively. Substituting the above matrices into (5.14) leads to the matrix form (5.8). Hence
we have proved the above Lemma 5.2.

Furthermore, we have
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Corollary 5.1. For a general case N = Ng2™ the transform matriz G can be represented by
Gn, via the following factorization

Gy H (Tyaa-1) Q) Pryar—t) Tnaa—1 ) (Ta.a () Lias1)(2-15)2) Toaa—1 (R) Dyai—1)})
=1

(Iyma ®GN0)(H{Izd<m—l> Q) Quai-n ), (5.18)
=1

where Pyoi—i and Qpngi-m (I = 1,...,m) are related [-step permutation operators on function
data Fj and original data fi, respectively, Dyg1-: are the corresponding diagonal matrices.
Moreover, there is analogue factorization for more general case N = Non™

Corollary 5.2. If N = Non™, then

G H I nd(— 1)® an z I nd(l— 1)® nd®[(d+l lN)d nd(l 1)®DNn1 l)})
=
(Lyma Q) GNO)(H{Ind(m,U Q) Qunt—n 1), (5.19)
=1

where T}, 4 is a constant matrix of order nd

27i
d+1)

Therefore, the following theorem is a natural consequence of the above corollary.

T (exp{( (PV’Q#)})(H,W%:O ,,,,, n—1)X (@1, ng=0,..., n—1)" (5'20)

Theorem 5.1. The HFFT factorization formula (5.19) can reduce the computation complexity
of matriz multiplication (5.7) from O(N?%) to O(N9LogN).

Similar to the above HDFT in(5.3), we may also define so-called generalized discrete sine
(HDST) and discrete cosine transform (HDCT) over Qs.

Let = HN = AyE and = HN = Anx(E'". It is not hard to know the amount of nodes for
ZEn and = equal to the freedom number of the corresponding (n — 1 — d)-degree and n-degree
polynonnals in R?, i.e.

dimEn (RY) = <N N 1), dim=% (RY) = <N ;d).

Definition 5.2. Given (Nd_l) data {fx} withk € Exy (N >d+1), forj € En the generalized
discrete sine transform (HDST) and its inverse transform can be defined as

> HSinl, fi (5.21)
k €En
and .
HS ' [fl = 5 Y HSinl fi (5.22)
( d ) k €En

respectively, where HSinJ_]Yk is defined in (4.1).

Definition 5.3. Given (Ner) data {fx} with k € HN, forj € HN the generalized discrete
cosine transform (HDCT)and its inverse transform can be defined as

HC; [f]= > HCos fi (5.23)

=+
k €=
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and
_ 1
HOH ()= ovgay 22 HOosgi i (5.24)
( d )k e=f;

respectively, where HCOSJ,JYk is defined in (4.2).

The above fast algorithms (5.19) designed for HFFT can be moved to the case of HDST
and HDCT. One may also design the fast transform special for HDST or HDCT. Recently
some fast algorithms have been designed and implemented in 2 — D [9]. and 3 — D case [14]
And this approach has been applied to construct so-called approximate eigen-decomposition
preconditioners for solving numerical PDE problems [7]. This approach may become a useful
tools of spectral methods and preconditioning algorithm for numerical PDE solvers.

Acknowledgement. The author would like to thank Dr. Xiao-chuan Cai for valuable discus-
sions during my visit at University of Colorado at Boulder.
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