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Abstract

This paper investigates various Weber problems including unconstrained Weber prob-
lems and constrained Weber problems under [i,l2 and l.-norms. First with a trans-
formation technique various Weber problems are turned into a class of monotone linear
variational inequalities. By exploiting the favorable structure of these variational inequal-
ities, we present a new projection-type method for them. Compared with some other
projection-type methods which can solve monotone linear variational inequality, this new
projection-type method is simple in numerical implementations and more efficient for solv-
ing this class of problems; Compared with some popular methods for solving unconstrained
Weber problem and constrained Weber problem, a singularity would not happen in this
new method and it is more reliable by using this new method to solve various Weber
problems.

Mathematics subject classification: 49KO05.
Key words: Linear variational inequality, Various Weber problems, Projection-type method,
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1. Introduction

Weber problem (WP) is one of the fundamental models in location theory and has many
applications in practice, see, e.g., [10]. Its objective is to site a new facility in the plane
to minimize a sum of weighted distances from the new facility to a set of customers whose
locations are known. Weber problem has the following formulation:

n
WP: min C(z) = wil|lr — a; 1.1
min C@) = Y wyllz = a1}, (11)
Jj=1
where a; is the known location of the ¢th customer, ¢ = 1,---,n; n is the number of customers;
x is the unknown location of the new facility; w; is the weight associated with the customer
aj, t=1,---,n; || - ||, is the distance measuring function.

When the new facility = is restricted to be sited in a constrained area X, this model is
named as constrained Weber problem (CWP).

Some efficient methods have been proposed for solving Weber problem and constrained
Weber problem. Weiszfeld procedure [12] is perhaps the most popular and standard method for
Weber problem with Euclidean distances; Recently, a so-called Newton-Bracketing (NB) method
[8] was presented to solve Weber problem. The well-known method for constrained Weber
problem whose constrained area is the union of a finite set of convex polygons was presented
in [3], which consists in a search for the unconstrained solution followed by an exploration of
some of the boundary parts of the polygons defining the feasible region.
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However, a singularity may happen for these popular methods: if an iterate generated by
them is identical with one of customers, the next iterate is undefined. The reason for this
singularity is that a “bad” initial point is chosen for these methods. Chandrasekaran and
Tamir [2] showed that the set of these “bad” initial points may contain a continuum set, and
thus in advance we have no way to clearly know whether one initial point is bad or not.

In this paper, we discuss various Weber problems (VWP) including Weber problems and
constrained Weber problems under /1,1 and /,-norms,

VWP: min C(z) = j;wjﬂx — ajllp, (1.2)

where X is a constrained area which is closed and convex in R%2. Note that VWP reduce to

Weber problem in the case that X = R2. With a transformation technique, various Weber

problems can be reformulated as min-max problems from which a class of monotone linear
variational inequalities (LVIs) may be obtained,

(z— 2T (AT2* +q1) > 0 VzelX, 13

{ (z — 2T (=Az* + q2) > 0 VzeZ, (13)

where x € RF, z € RF", A = (I},,---,Ix)T € RF"** [} is the k x k identity matrix and X and
Z are closed convex sets. Thus, solving various Weber problems is equivalent to solving (1.3).

Many computational methods have been established for solving monotone linear variational
inequality. The projection-type methods, e.g., projection-contraction (PC) methods, may be
one class of the simplest methods for solving these problems and they are also applicable for
solving (1.3). Our purpose is to exploit the favorable structure of (1.3) in practice and propose
a more efficient projection-type method for it. Note that for LVI (1.3) AT A = nl}. Based on
this observation, a new projection-type method is proposed. The new method is rather simple
in numerical implementations. The most significance for proposing this new method is that
for an arbitrarily chosen initial point the singularity would not happen for this new method,
which guarantees that using this method we can acquire the optimal solution of various Weber
problems. Numerical results are reported, which shows that the new projection-type method
is meaningful for solving these problems.

The paper is organized as follows. Some popular methods for solving Weber problem are
provided in Section 2. In Section 3 various Weber problems under [1,ls and [,,-norms are
transformed into this class of variational inequalities (1.3). Some preliminaries required in
coming analysis are given in Section 4. The new projection-type method for solving this class
of variational inequalities is presented in Section 5. In Section 6 the convergence of the new
method is provided and preliminary numerical results are reported in Section 7. Finally, some
concluding remarks are drawn in the last section.

2. Some Existing Algorithms for Solving Weber Problem

In this section we discuss two popular methods for solving Weber problem: Weiszfeld pro-
cedure and Newton-Bracketing method.

2.1 Weiszfeld procedure

Since the distance measuring function is convex, as a sum of convex functions, the objective
function C(x) of Weber problem is convex. It is clear that the set of its optimal solutions is
nonempty and convex. Whereas, the main difficulty for solving Weber problem is that C(z)
is non-differentiable at some locations, e.g., the locations of customers. The gradient of C(z)
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with Euclidean distances exists for all « ¢ {ay,---,a,}, and it is given by:
VC(r) = wj

w; .
Pl P P

If C is differentiable at z*, z* is an optimal location if and only if
VC(z*) = Zw-u =0.
J

It follows that . .
. Zj:l wil|z* —ajll; " a;
S willzt — a5t

The recursion of Weiszfeld procedure is

et g willzt —aslz "t g

> willat —agllst

Weiszfeld procedure is perhaps the most popular and standard method for solving Weber prob-
lem with Euclidean distances. Its convergence was studied in [7, 9, 11], etc.

(2.1)

2.2 Newton-Bracketing method

NB method is an iterative method which works by improving bounds on the minimum value
of C(x), rather than by approximating a solution z* satisfying VC(z) = 0.

Each iteration of NB method generates a bracket [L¥,U*] and an iterate x* satisfying
Lk < C(z%) < U*.

Newton-Bracketing method
Given € > 0, a initial point 2° and a bracket [LY, U°] which satisfies L° < C(z°) < U°.
For k =0,1,---, if U¥ — L* > ¢ then do:

M =aU* + (1 — a)LF, 0<a<l,;

s k C(fck) - M*

=af — =~ VC(a"); 2.2
N e 22
LR Lk, if C(z*1) < O(ah),
M*, otherwise;
e _ [ O, if O <O,
U*, otherwise;
e[ @ if Ok < O,
z", otherwise.

Remark 1. According to (2.1) and (2.2), it is obvious that any iterate in the sequence {z*}
generated by Weiszfeld procedure and NB method shouldn’t be identical with any of the cus-
tomers. Otherwise, the methods will stop at a non-optimal solution of Weber problem.

3. LVI Reformulations of VWP

In this section various Weber problems under I, and [,-norms are reformulated as linear
variational inequalities with a transformation technique.
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Note that for any d € R?, we have the following properties

wlldlly = roax ', (3.1)
d||s = dr 3.2
w||d||2 max £, (3.2)
dl|so = dr'e, 3.3
wldlloo = max d"¢ (3.3)

where
By ={¢ € R* | |¢]r < w},
By ={¢ € R* | [[¢]]2 < w},
BY ={6 € R’ | [|¢]loo < w}.

According to (3.1), (3.2) and (3.3), various Weber problems under [,-norms,

in C(x) = T —a; =12 3.4
mip ) = Y wslleall, - p=1,2,00, (3.49)

are equivalent to the following min-max problems, respectively:

n

min max 25 (x — a;), t=o00,2,1, (3.5)
zeX ZiGBzui i—1
where each z; (i = 1,2,---,n) is a vector in By = {¢£ € R? | ||¢]|+ < w;}. A compact form of
(3.5) is
minmax 27 (Az —b), (3.6)
zeX z€B;
where
ZT:(vazgv"'vzz)v By = B x By x -+ x B, (3.7)
A:(127125"'712)T5 bT:(a’,{aagv"'vag)' .

Let (z*,2*) € X x B, be any solution of (3.6), then it follows that
(Az* —b) < 2T (Az* —b) < 2T (Az —b), VezeX, ze B, (3.8)
thus (z*, 2*) is a solution of the following linear variational inequality:

(z —29)T(ATz*) > 0 VzelX,

(z = 29T (=Az* +b) > 0 Vz e B,. (39)

reX, zreb; {

Note that (3.9) has the same structure as (1.3) with Z taken as B, thus, various Weber problems
can be transformed into a class of linear variational inequalities (1.3). A compact form of the
obtained LVT is given as:

LVI(Q, M, q) : u* € qQ, (u —u*)T (Mu* +q) >0, Yu e, (3.10)

x 0 AT 0 .
”_(z> M—<_A 0 > q—<b), A= (I, L)T, Q=X xB. (3.11)
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For various Weber problems under different /,-norms, the different forms of B are

Boo, p=1
B = Bo, p=2; (3.12)
817 b =oo.

4. Preliminaries for Proposed Projection-type Method

In this section, we summarize some basic concepts and known properties which will be used
in coming analysis.

Definition 1. For a given vector v € R™ and a closed convez set §2, the solution of problem
min{||u—v |2 | u € Q} (4.1)
is called as the projection of v on Q, denoted by Po(v). In other words,
Po(v) = argmin{|| u —v ||2 | u € Q}. (4.2)
Proposition 1.[6] Let Q C R™ be a closed conver set, then
(v — Po(v))T (u — Po(v)) <0, VoveR"ueQ. (4.3)
Proposition 2. Given a closed convex set Q C R™, we have
[[Pa(uw) — Po(v)|| < |ju—1v], Vu, v € R". (4.4)
Theorem 1. [1, 5] Let 3 > 0, then u* is a solution of LVI(Q, M, q) if and only if
u* — Po[u* — B(Mu* +q) ] =0. (4.5)
Hence, solving LVI(Q, M, q) is equivalent to finding a zero point of the residue function
e(u, B) = u" — Pa[u* — B(Mu* +q) . (4.6)

e(u, 1) is commonly abbreviated to e(u) and |le(u)|| is often regarded as some measure of the
discrepancy between the solution and the current iterate.

5. The Proposed Projection-type Method

Note that AT = (Iy,---,I;) and AT A = nl}. Based on this observation a new projection-
type method is proposed to solve the favorable class of linear variational inequalities (1.3). The
general iteration of the proposed projection-type method is described as follows:

The proposed projection-type method.

Step 0. Given a tolerance € > 0 and u® = (2%, 29) € Q. Set k = 0.
Step 1. Calculate a* = (%, ZF):

F = PyeF + (Az* — o)), (5.1)

ik = PX[%(nxk — (ATEF 4 qy) — AT (F = 2F). (5.2)
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Step 2. Compute ||e(@*)||, and
if |le(@*)|| < e, @* = (¥, z*) is the solution and stop;
else adopt slack technique to calculate u**! = (xF+1 ZF+1) .

A= 2P (= 2P, (5.3)
oF = 2P 4 a(3F — 2F), (5.4)
and go to Step 1.
Remark 2. In fact, #¥ in (5.2) is a solution of the following linear variational inequality:
P e X, (@ —dMT((ATEF 4 q) + AT (M - 2F) 4+ AT AR —2%) >0, Va'eX. (5.5)
This can be seen by using Theorem 1. According to Theorem 1, (5.5) is equivalent to
P = Px{i" — B [(ATZF + q) + AT(ZF — 2+ AT A@EF — 29},  vB>o0. (5.6)

Note that AT A = nly. If we take 8 = 1/n, (5.6) will be turned into
- 1 - -
i* = PX[E(nxk — (ATZF 4 qp) — AT (ZF - 2M))). (5.7)

Thus (5.5) is equivalent to (5.2) and #* in (5.2) is a solution of (5.5).

Remark 3. « is the slack factor which can be chosen from the interval (0, 2). If & = 1, we
have

uf =3P = uF (@t —ub), a=1, (5.8)
i.e., @¥ is directly used as the next iterate «**!. This can be interpreted as follows: start with
u* and move along the direction @* — u* by a step length o = 1, then we get the next iterate
u**1. Since a can be chosen from the interval (0, 2), a natural question is whether a bigger step
length could improve the computational efficiency of the proposed method. Numerical results
in Section 6 reveal that o € [1.4, 1.8] is more efficient than o = 1.

It is obvious that given an iterate u* = (2%, 2*) the next iterate u**1 = (z*+1 2**1) may
be easily acquired by (5.1)—(5.4), and therefore the proposed method is extremely simple in
numerical implementations.

6. Convergence Analysis

This section analyzes the convergence of the new projection-type method. Global conver-
gence of it is proved under mild assumption. It is reasonable to assume that the solution set of
LVI (1.3) is nonempty. In particular, we denote u* = (z*, 2*) a solution of LVI (1.3).

Lemma 1. The sequences {u*} and {@*} generated by the proposed method satisfy
{(zF = 2%) + A@® — ) T{(" = 2F) + A@@® — 29)) > ||(2F = 2F) + A(z® — 292 (6.1)
Proof. It follows from Proposition 1 that
(ZF — 2)T{[2" + (42" — )] - 2"} >0, VzeZ (6.2)
Since u* = (z*, 2*) is a solution of LVI (1.3), z* € Z, and therefore

(2% — 29T{[2% + (Az* — )] = 2*} > 0. (6.3)
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According to the second inequality of LVI (1.3) and 2% € Z, we have
(2" = 2T (~(Az" — g2)) > 0. (6.4)
Adding (6.3) and (6.4) we obtain
(2% — 2T {(2F = 2F) + A(aF — 2*)} > 0. (6.5)
According to the first inequality of LVI (1.3) and #* € X, we know
(z* — )T (=AT2" —q1) > 0. (6.6)
Due to (5.5) and z* € X, we achive
(% — Z)T{(ATE* + q1) + AT (% — 2F) + AT AR — 27)} > 0. (6.7)
Adding (6.6) and (6.7), the following inequality is obtained:
(z* — F)T{(AT (% — 2%) + AT (3F — 2F) 4+ AT A(zF — 2M)} >0, (6.8)
and consequently
(2% — 2T A(x* — %) + (A@EFP — o) T {(2F = 2F) + A(z* — 2F)} > 0. (6.9)
Adding (6.5) and (6.9) we have
{(ZF =29+ A@EF — ) T{(2" = 29 + A(2® — 3%)) > 0. (6.10)
Lemma 1 follows from (6.10) directly and the proof is complete.

Lemma 2. Let {u*} and {@"*} be the sequences produced by the proposed method, then the
following inequality is true,

IR+ = 2%) + A — a7
< (25 = 2) + Al — %)) — a2 — a)[|(2F — 2%) + Az — 0)||2. (6.11)

Proof. By a simple manipulation, we have

H(Zk-i-l _ Z*) +A($k+1 _ I*)HQ
= (" = 2") + A" — )] — of (2" — 2F) + A" — 2|12
(2% = 2%) + A(z® — 2%)||? = 20((2" — 2*) + A(aF — 2*)T((2F = 2F) + A(aF — 77))
+a2||(zk — ék) + A(:Ek — ;%k)||2
(2% = 2) + A" — 2| — a2 — Q) [| (2" — 2%) + A(a® — 2¥)|1%.

IN

The last inequality follows from Lemma 1.
Now we are ready to prove the global convergence of the proposed projection-type method.

Theorem 2. For an arbitrarily chosen initial point u® and a slack factor a € (0, 2), the
proposed method will generate a sequence {u*} which converges to a solution of (1.3).

Proof. By using v := z + Ax, (6.11) can be written as:

[VF Y — w2 < Jlo* = o*? = a2 = a)|o* — 5F)% (6.12)
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Since a € (0, 2), (6.12) means the sequence {v*} is Fejér-monotone with respect to v*. Hence
{v*} is bounded and

Jim v — &% = 0. (6.13)
Note that
N ex(@) \ _ (@ — Px[i* — (ATZ" + q))]
{8 = ( e. (i) ) - ( B Pyl (AT 4 o) ) |

Substituting the first ¥ in e, (@*) and the first ¥ in e, (@"), respectively, by
Px{i% — [(ATZ% + q1) + AT (3% — 2%) + AT A% — o))}, (6.14)

Py [zk + (A:Ek — )], (6.15)

according to (5.6) and (5.1), and using the non-expansive proposition (4.4) of the projection
operator, we have

AT (2F — z )+ATA (zF —x
~k <
e < (YRS ST)
T
< (7)ot
It follows that
Jim e(i®) = 0. (6.16)

Let @* be a cluster point of {@*} and the subsequence {@*/} converges to @*. Since e(u) is a
continuous function with respect to u, according to (6.16) we have

e(*) = lim e(@*) = 0. (6.17)

Jj—oo

It follows that every cluster point of {@*} is a solution of LVI (1.3). Assume that {@*} has
more than one cluster points, e.g., (Z1, 27) and (23, 23). Denote

v =4 AR, wk =2+ A, (6.18)

then v} and v} are two cluster points of {#*}. However (6.12) and (6.13) indicate that

khm P = khm o* =t =3, (6.19)
and thus
(21 — 23) = A(#5 — 27)- (6.20)

According to the second inequality of LVI (1.3) and 27, 25 € Z, we have
(27 = 2)T (=A% + q2) >0, (25 — 2T (A% +q2) > 0. (6.21)
Adding the two inequalities in (6.21), we obtain
(55— 3)T(—A@; - &) 2 0. (6.22)
Substituting (6.20) into (6.22) and using AT A = nl},, we get

—n||z} — &3> > 0. (6.23)
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It follows that
=g, H=7 (6.24)
thus {@*} has exactly one cluster point and

lim @* = u*. (6.25)

k—oo
The proof is complete.

Remark 4. Using Weiszfeld procedure, NB method to solve Weber problem and the algorithm
in [3] to solve constrained Weber problem require comparatively little CPU time. Compared
with these popular methods, the proposed projection-type method has some merits:

1. The projection-type method is applicable for solving both Weber problem and constrained
Weber problem whose constrained area is closed and convex;

2. The singularity that if an iterate is identical with one of customers then the next iterate
would be undefined may happen in these popular methods. Whereas, it follows from
Theorem 2 that this singularity would not happen in the proposed projection-type method,
thus, for an arbitrarily chosen initial point this new projection-type method can acquire
the solution of Weber problem and constrained Weber problem.

7. Numerical Experience

This section has two parts:

1). Subsection 7.1 illustrates that this singularity would not happen in the proposed projection-
type method.

2). Subsection 7.2 reports the performance of the projection-type method for solving a large
number of various Weber problems.

All tested problems are coded with MATLAB 6.5 and numerical experiments have been carried
out in PC Pentium IV with CPU 1.7G. The stopping criterion of the proposed method is chosen
as

lle(u)|oo < 1075, (7.1)

7.1 Singularity

When using the popular methods to solve Weber problem and constrained Weber problem,
according to (2.1) and (2.2), we readily know that if one iterate ¥ is identical with one of
the customers then the next iterate z**! is undefined and these methods would stop at a non-
optimal solution. The reason for this singularity is that we choose a “bad” initial point. To
avoid this singular case an appropriate initial point should be taken. Whereas Chandrasekaran
and Tamir (1989) showed that the set of “bad” initial points may contain a continuum subset
and in advance we have no way to clearly know whether one initial point is “good” or “bad”.
However, Theorem 2 guarantees that for an arbitrarily chosen initial point this new method
can acquire the optimal solution of Weber problem and constrained Weber problem.

To illustrate this, we consider the following simple Weber problem. There are nine customers
a; (i=1,---,9) in the plane whose locations are given by the columns of the following matrix.
All w; are 1. It is easy to know its optimal solution is (0, 0).

(7.2)

-1 0 1 -1 0 1 -1 0 1
-1 -1 -1 0O 0 O 1 1 1

When Weiszfeld procedure or NB method is used to solve this Weber problem, the following
two kinds of points can’t be selected as the initial point:
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1) the nine customers and,

2) some other points which are not customers and beginning with which may generate an
iterate identical with one of the customers.

However, any point in the plane can be taken as the initial point of the proposed projection-
type method. Table 7.1 gives the main results of the new projection-type method for different
initial points. In Table 7.1 “randomly” means this problem is tested 100 times with randomly
generated initial points and the numbers are the average number of iterations and the average
computing time.

Table 7.1. Main results for different initial points

initial point | iterations | CPU time(s) | initial point | iterations | CPU time(s)
ay 38 0.01643 as 38 0.01702
az 38 0.01612 ar 38 0.01832
as 38 0.01562 as 38 0.01563
a4 38 0.01563 ag 38 0.01562
as 1 0.00090 randomly 37.45 0.01532

This simple example shows that the proposed projection-type method removes the singu-
larity and its implementation is not effected even when some of its iterates coincides with the
location of a customer. This improvement is especially meaningful for the case that the lo-
cations of customers are dense. In this sense the proposed projection-type method has the
advantage of Weiszfeld procedure and NB method.

7.2 Performance of the projection-type method

In order to verify practical efficiency of the proposed projection-type method, we use this
method to solve a large number of constrained Weber problems. CWPs under [3-norm are used
in our numerical experiments, however, as we have shown, the proposed method are also ap-
plicable for solving various Weber problems under /; and l..-norms. Twenty CWPs are tested
for each size and the average number of iterations and computing time are computed. The
customers of tested problems are randomly generated from (—10, 10)? and the weights are ran-
domly generated from (0,5). The constrained area X is taken as X = {z| ||z — (=0.5, 0)7||2 <
1}.

Table 7.2 reports numerical results obtained by using different methods to solve linear
variational inequalities arising from CWPs. “ 7 in Table 7.2 means computing time is more
than two minutes. Table 7.2 shows that

1. As the sizes of CWPs increase, the number of iterations and computing time needed in
the proposed method increase too. In general, they increase rather slowly with the size.

2. The proposed method needs much fewer iterations and less computing time than the
method presented in [4] requires.

We know PC method in [4] is efficient for general monotone linear variational inequality. How-
ever, since the proposed method exploits the favorable structure of LVI (1.3), it is more efficient
for this class of problems.
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Table 7.2. Numerical results obtained by using different methods
PC method in [4] New method PC method in [4] New method
n iter. CPU(s) | iter. | CPU(s) n iter. CPU(s) | iter. | CPU(s)
50 58.14 0.15812 | 33.88 | 0.03125 | 600 | 404.50 | 22.76633 | 67.28 | 0.66705
100 | 137.23 | 0.73237 | 38.93 | 0.06953 | 700 | 422.87 | 29.89183 | 70.75 | 0.81405
200 | 208.52 | 2.51645 | 46.22 | 0.15594 | 800 | 531.30 | 46.26600 | 72.20 | 0.95780
300 | 274.68 | 5.98351 | 51.82 | 0.25908 | 900 | 632.22 | 66.48472 | 75.40 | 1.12810
400 | 344.24 | 10.82863 | 57.26 | 0.38500 | 1000 | 767.65 | 95.64139 | 81.80 | 1.36570
500 | 390.91 | 16.78115 | 61.88 | 0.51030 | 2000 | >1000 / 86.30 | 2.83280

In Step 2 of the proposed method a slack technique is applied. According to Theorem 2, slack
factor @ can be drawn from the interval (0, 2). In our numerical experiences, we have found
that slack factor o € [1.4, 1.8] is more efficient than ov = 1. Table 7.3 reveals computational
efficiency of the slack technique. The columns of “slack” and “noslack” give the average number
of iterations and computing time for this class of problems with slack factor « taken as 1.6 and
1, respectively. It is clear that the proposed method with slack factor @ = 1.6 needs about
2/3 times number of iterations and computing time as the method with o = 1 requires, which
indicates that slack technique can improve computational efficiency of the proposed method
greatly.

Table 7.3. Main results using the proposed method
with/without slack technique applied
noslack (o =1) slack (o = 1.6) noslack (a=1) slack (a = 1.6)
n iter. CPU(s.) | iter. | CPU(s.) n iter. CPU(s.) | iter. | CPU(s.)
50 47.25 | 0.04375 | 33.88 | 0.03125 600 | 105.40 | 1.05780 | 67.28 | 0.66705
100 | 61.84 | 0.11492 | 38.93 | 0.06953 | 700 | 103.10 | 1.20160 | 70.75 | 0.81405
200 | 75.50 | 0.26026 | 46.22 | 0.15594 | 800 | 113.95 | 1.50235 | 72.20 | 0.95780
300 | 85.10 | 0.42814 | 51.82 | 0.25908 | 900 | 118.20 | 1.80160 | 75.40 | 1.12810
400 | 102.80 | 0.67970 | 57.26 | 0.38500 | 1000 | 122.10 | 2.04840 | 81.80 | 1.36570
500 | 105.30 | 0.89314 | 61.88 | 0.51030 | 2000 | 138.90 | 4.55150 | 86.30 | 2.83280

8. Conclusions

This paper discusses various Weber problems which are very relevant for practical appli-
cations. A transformation technique is adopted to reformulate various Weber problems as
min-max problems from which a class of monotone linear variational inequalities is obtained.
Based on the favorable structure of obtained variational inequalities, a new projection-type
method is suggested, which is easy to implement and promising for solving this class of prob-
lems. It also has the advantage in comparison with some popular methods for solving Weber
problem and constrained Weber problem: 1) it can be used to solve both Weber problem and
constrained Weber problem; 2) the singular case that when one iterate is identical with one of
customers the next iterate will be undefined would not happen in this projection-type method.
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