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Abstract

The n-divided difference of the composite function h := f o g of functions f, g at a
group of nodes to,t1,--- ,tn is shown by the combinations of divided differences of f at
the group of nodes ¢(to0),g(t1), -+ ,9(tm) and divided differences of g at several partial
group of nodes to,t1, - ,tn, where m = 1,2,---  n. Especially, when the given group of
nodes are equal to each other completely, it will lead to Faa di Bruno’s formula of higher
derivatives of function h.
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1. Introduction

It is studied that a divided difference of a function at a group of given nodes can be shown
by combining the divided difference of the same function at another group of nodes[1,6,11].
When the given nodes are closed together, the divided difference is difficult to be computed.
If the divided difference can be described by the combination of the divided difference of the
same function at another distant node, then can be easily computed [12]. That is to say, it is
the generalization of Lagrange numerical derivative method.

It is well-known that the Leibniz formula

W) = (") £ @)™ (@) (11)
v=0

of higher derivative of h(z) := f(x) - g(z), whose divided difference form is as follows:

Steffensen1V! formula. Let h(z) := f(z) - g(z). For any nodes xg,x1, - ,Tp, we have
h[x()v'rla e ,In] = Zf[I07x17 e axl/] : g[IU7x1/+17 e 7xn]- (12)
v=0

Now, let us begin to study the formulas of divided difference or the form of Faa di Bruno’s
formula for the composite function. Recently, introductions to the Faa di Bruno’s formula of
higher derivative of composite function[9, 5] and it’s generalizations [3, 7] have been closely
noticed by researchers. Johnson [9] stated not only its history, but also its partition description
under the view of combination, the Bell polynomial description, determinant description, and
various kinds of formulas based on Taylor formulas. One of the aims of this paper is to give
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a supplement to the Johnson’s interesting results based on what we obtain in the paper. Of
cause, Basic formulas obtained in the paper about the divided difference is undoubtedly useful
for numerical analysis and combination analysis.

We will begin from the first order case. It is known that in primary calculus the formulas
of the first order derivative for the composite function is as the following:
Chain Rule. Suppose © = g¢(t) and y = f(z) have derivatives at t = to and = = g(to),
respectively. Then, the composite function y = h(t) := f(g(t)) has derivative at t = tg,and

W(t) = f'(z0)g'(to) = f'(9(t0))g (to)- (1.3)
The proof of the Chain Rule should be done as followings. Let t; # to, and 1 = g(t1), we
have
h(t1) — h(to) _ f(z1) — f(zo) g(t1) — g(to)

_ - . (1.4)
t1 — 1o xr1 — X t1 —to

Let t1 — tp, (1.3) follows from (1.4) immediately. But the bug of this proof method is that
we can not guarantee zp # zo, even though we can let t; # to. So there is something wrong
with (1.4). To avoid this tragedy, in Courant & John’s well-known calculus course [4], strict
condition of ¢’(¢) has no zero point on an interval is used.

f(z1) = (o)

1 — 2o
existed derivative f’(x). If we use the following definition of the first order divided difference
of f at nodes zg, x1:

As a matter of fact, the case x = 1 is not a tragedy. it just takes into the

flz) — fxo) . ,
flxo, 1] == x1—x0 ifzy # ao; (1.5)
f'(o), if z1 = wo,

then (1.4) can be replaced by the following suitable equality

h(t1) — h(to) g(t1) — g(to)
_— = _ - . 1.6
t —to f[$0,$1] t —to ( )
The above equation surely holds for z1 # xo. As long as y = f(x) has derivative at © = xg.
Let t; — to in (1.6), then the Chain Rule (1.3) follows.

Besides, we can easily find that (1.3) and the key step in its proof can be unified into the

following formulas:
hlto. t1] = flzo, z1]g[to, t1]
= f[g(t())a g(tl)]g[toa tl]v

which are called as divided difference form of Chain Rule or chain rule of the first order divided
difference. When t; # to, (1.7) becomes (1.6); while t; = g, (1.7) becomes (1.3).

Studies in the paper shows that similar results hold for higher divided differences. That
is, Faa di Bruno’s formula for higher derivative of composite function has its relative form of
divided difference. It will be given in the following Theorem 2.2 and 2.3, which not only give a
suitable generalization to Faa di Bruno’s formula, but also give the simplest proof method for
the formula. They are basic formulas about divided difference.

(1.7)

2. Main Results

To discuss the n-th order divided difference of f at a group of nodes zg,z1,:-- ,x,, we
first give its definition of recursion form for nodes which are different from each other. Then,
we understand the divided difference at nodes where some nodes are equal as the limit of the
divided difference mentioned above. From this point of view, we have (for example, see Isaacson
& Keller [8])



On the Divided Difference form of FAA di Bruno’s Formula 555

Lemma 2.1. Let zg,x1, - , 2y be nodes different from each other, and Tp41,Tm+y2, *+*, Tn

have k; > 0 nodes equal to x;, respectively, wherei =0,1,--- ,m, and ko+ki1+---+kn, =n—m.
If f has the k;-th order derivative at x;, i =0,1,--- ,m, then

1 6 k() 6 kl (9 k
ey —— (— —~ Ve (L YEm STl T 2.1
flrownoml = ppr i) G Gy el @)
Especially, if f has the n-th order derivative at xg, then
1
flzo, x1, - ,2n] = Ef(")(xo) (2.1a)

holds for the case x1 = 19 = -+ = x, = 9.

In the following, we briefly call the condition in Lemma 2.1 for the existence of derivative
of f as f has enough higher order derivative at relative nodes.
The main result is

Theorem 2.2. Let h(t) := f(g(t)). If f has enough higher order derivative at relative nodes,
then for a group of different nodes to,t1,- -+ ,tn (n > 1), we have

h[t()vtlv"' atn] = Z f[g(to)vg(tl)v"' ag(tm)] Z Hg[tiflvtl/iflvtl/ifﬂrlv"' ’tVi]a

m=1 Vo< Sro <<y, t=1
(2.2)
where vy := m, Vp, := n, and subscript variants in the inner multiple summation of the right
hand of (2.3) are v1,va -+ ,Vm—1. If function g has enough higher order derivative at relative
nodes, then (2.2) holds for any groupe of nodes to,t1,- - ,tn (it is not necessary to suppose that
the nodes are different from each other). Especially, when t; =ty = ---t, = to, (2.2) becomes
Faa di Brouno’s formula defined by
1 "1 m g(Vi_Vi—l"l‘l)(tO)
—p™ to) = = f(m) to CARS—_
=3 ) 3 G (23)

Vo i=M, Uy =M.
The equation (2.3) is a new version of Faa di Bruno’s formula. From (2.1a), it is obvious
that (2.2) contains (2.3). Next, we use new subscript variants
ki = Vl'—Vl',l—Fl, 1= 1,2,"' ,m,

in the inner multiple summation of the right hand of (2.2). Then, the former will be replaced
by
I/Z:kl—|—k2—|——|—kl—|—m—z, 221,2, ,m—l

The restricted condition of new subscript variants is
ki +ke+- - thkn=mn, ki>1- kn>1
Thus, from Theorem 2.2 ; we get

Theorem 2.3. Let h(t) := f(g(t)). If functions f and g has enough higher order derivative at
relative nodes, respectively, then for any group of nodes to,t1,--- ,tn, (n > 1), it holds that

n

h[t()vtlv"' 7tn] = Zf[g(to)vg(tl)v"' 7g(tm)]

m=1
m
X Z Hg[ti—latui,lutw,1+lu'" 7tl/¢]7

ki1+ko+-+km=n 4=1
ki, km=>1

(2.4)
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where
voi=m, vii=ki+kat--+k+m—i =12, m—1), vpy:=n.

Especially, when t; = --- =1t,, = to, (2.3) becomes Faa di Bruno’s formula defined by

n (i
—h(" (to) = Z_: mi WY Hg k'to . (2.5)

k1+k2+ +hkm=n =1

e >1

The inner multiple summation of the right hand of (2.5) is just the value of the general

partial Bell polynomial Emm(:vl,xg, cee L, y) at
Tk = g(k;('to), k=1,2--- n.
In fact, the (general) productive function of B, ,, is
(i zpth)™ = i Buymt", m=1,2,--- n. (2.6)
k=1 n=m

See, for example, Comter [2]. If we expand the left hand of (2.6) according to the multiplication
method of m power series, and compare coefficients of t", we get

Bn,m(xlax%"' ufEn) = Z Th1Thy " s Thypy - (27)

ky+ko+ - dkm=n
ki, km>1

So, (2.5) can be rewritten as

n - 1 m 5 g'(to) 9" (to 9™ (to

m=1

If we expand the m power of the left hand of (2.6) directly according to the formula of
multinomial terms, then

- m! a
— 1,02 a
Bn)m(fﬂl,xQ,"' ,$n)— § 1 | 'xl ./L'2 7xnn
ai.ag: - Qp.
aj+2ag+--+nap=n
Aot damm (2.9)
m)!
= WBmm(l!xl, 2lzg, -+ nlxy,)

follows, where

n!
By (21,22, an) 1= Z xtwy? - xer (2.10
nml@1,82, -, 8n) ol (W) a2 g (e L (2.10)
al+tag+--tan=m

is an exponent form of partial Bell polynomial. Based on (2.10), (2.5) can be rewritten as

W™ (to) = fm (9 (t0), 9" (t0), - 9™ (t0))- (2.11)
m=1
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Example 2.4. When n =4, it follows from (2.2) that
h[to, t1,t2,13, t4]
= flg(to), 9(t1)lglto, t1, 2, 3, ta]
+ flg(to), g(t1), 9(t2)l(glto, t1]gltr, ta, 3, ta]
+ glto, t2, t3]g(t1, t3, t4]
+ glto, t2, t3, ta]g[t1, ta]) (2.2a)
+ flg(to), 9(t1), g(t2), g(t3)](glto, talglts, ta]glta, ts, ta]
+ glto, tslglt1, ts, talglto, ta]
+ glto, ts, talglt1, talglta, ta])
+ flg(to), 9(t1), g(t2), g(t3), g(ta)lglto, talglts, ta]g[ta, ta]g[ts, ta].

When t; =ty = t3 = t4 = tg, it becomes
D (to) — f'(g(to)) gV (to)

4! 1! 4!
n f’”(g!(to)) (3(9’30))2(9”2(1!50))) '
" f(4)(49!(t0)) (9/51;0))4.

Now we see that
By = x4, Byo=2w123 + 23, Bus = 3xixy, Byg = af.
And (2.3a) can be rewritten as
h9 (to) = f'(g(t0))g™ (to) + £ (9(t0)) (49 (to)g" (to) + 39" (to)?)
+69" (g(to))g (to)?g" (to) + f P (g(t0))g’ (to)*.
Again, we see that
By =4, Byp=4zi25 + 373, Bys = 62712, Byy = 7.

Example 2.4 shows how the complexity relation in Faa di Bruno’s formula evolves from the
simple relation of divided difference of composite function in Theorem 2.2. Indeed, the divided
difference of composite function given by Theorem 2.2 is not only much more general than the
Faa di Bruno’s formula, but also much clearer.

3. Proof of the Main Results
First, we need the following transformation form of Steffensen formula

Lemma 3.1. Let to,t1, - ,tn be a group of nodes different from each other, and ®(t) :=
o(t) - (t), where ¢ and ¢ satisfy

o(to) =0 and  (tn) =0,
respectively. Then it holds that

n—1
(I)[t()a tla e atn] = Z ¢[t07t17 e 7tl/]¢[tl/7tl/+1a e 7tn] (31)
v=1
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Proof. The equation (3.1) follows from Steffenson formula

@[t07t17 e 7tn] = ¢[t0]w[t07t17 T 7tn]
n—1

+ Z¢[t0;t1;' c 7tu]¢[tu;tv+1;' o atn] +¢[t0;tla' o 7tn]¢[tn]7

v=1
and
¢[t0] = ¢(t0) =0, w[tn] = ¢(tn) =0

by the assumption.
Lemma 3.1 can be generalized to the following more general conclusion.

Lemma 3.2. Let tg,t1,- - ,t, be a group of nodes different from each other, and function ¢;
satisfies
¢i(ti)207 i=0,1,---,m—1.

Suppose P (t) := ¢po(t)p1(t) -+ dm—1(t). Then when n > m, we have

m
(I)[t07t17"' 7tn] = Z H¢i—l[ti—17tw,17tui,1+17"' 7tl/i]7

vo<vy v <Ly i=1

(3.2)
vy i= M, Vpy = N.

Proof. We use induction for m. It is true that (3.2) holds for m = 1.
For m = 2, it follows

(I)[tovtla e 7tn] = q)[tovt27t37 e 7tn7tn+1]

n

= dolto,ta,ts, st brltustuga, o taga]
v=2

from Lemma 3.1(here t,y1 := ¢1) and the symmetry of the divided differences. If we replace
tn,+1 with ¢; and change the sequence order of the nodes, then we have

n
Olto, b1, tn] = 3 oltosta,ts, - o]t tu turn, ).
v=2

The lemma holds for m = 2.
Suppose that divided difference of multiplication of m — 1 functions, whose values at
to,t1, -+ ,tm—2 are zero, can be computed by (3.2) for m > 3. Write

®(t) = do(t)P1(t) -+ Pm—3(t) Py (t),
o (t) = pm—2(t)pm—1(t), tnt1 = tm—1.
Then we get
(I)[to, ty,--- ,tn] = (I)[to, t1, tm—2, by bmt1 - 5t tn+1]

m—2
= Z H Qbi*l[ti*lv 275N SRR PR ’tVi]¢m72[tm72’ Wy by o150 7tn+1]'
vo<v1 < <vpm—2<n+1 i=1
(3.3)
Note that the terms with v,,—2 = n+ 1 in the multiple summation of the right hand of (3.3) is
not necessary to be computed, because they all have factors

5m—2[tm—27 tn+1] = am—2[tm—27 tm—l] =0.
So, the restriction on the index of multiple summation becomes

m=vy<v Sy < S VUpop S (3.4)
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By Lemma 3.1 and ¢y—1(tnt1) = dm—1(tm—1) = 0, we get

am72[tm—27 tV7n72 ) tV7n72+17 U 7t7l+1]

n
Z ¢m—2[tm—2u tl/m,gatum,g-i-la T 7tu]¢m—1 [tuu tl/—i—lu e 7tn+l]

V=Vm—2

Z ¢m—2[tm—2u tl/m,gatum,g-i-la e 7tu]¢m—1 [tn—i-lu tl/7 tl/—i—lu e 7tn]'

Vm—2<v<n

(3.5)

Put it into (3.3), and combine the multiple summation at the end of (3.3) with that of (3.5)
into a new multiple summation with the index restriction (3.4) and vy,,—2 < v < n. It is obvious
that the index restriction on multiple summation is

Vo Sy S < S V-2 S V1 S Uy V—1 2= YV, Vg = M, Uy 2= N

So, (3.2) holds for all positive integer m.
The Proof of Theorem 2.2. Let tg,t1,--- ,t, be nodes different from each other, Newton
interpolation polynomial of function A on it is

N(t; h, {t;}7o) = h(to) + i hlto,t1, - ,tu]wu(t), (3.6)
v=1
where o
w, () = w (b {ti} o) == [ (¢ = ta).
i=0
On the other hand, Newton interpolation polynomial of function f at nodes xg,x1,--- ,x, is
NG £ i) = F(a0) + 3 Flaor o, el () o). (37)

wm (g(); {g(t:)}izo) = ] (9(t) — g(t:)) =: Qm(t) (3.8)
with its Newton interpolation polynomial

N(t7 Qmu {tl}zlzo) = Z Qm[t07 t17 e 7tl/]wl/(t)

(Obviously, Q,,[to, t1,- - ,t,] = 0 for v < m), it follows the Newton interpolation polynomial
for composite function f o g defined by
N(t: fog {titio) = fla(t)) + Y fla(to), g(tr), -, g(tm)] D Qmlto,tr, -+ tolws (1)
m=1 v=m

Change the order of the summation, we have

N(t; f ©4g, {ti}?:o) = f(g(tO)) + Z Z f[g(to)vg(tl)v T ag(tm)]Qm[th [ATREE atl/]wv(t>' (39)

v=1m=1

Since (3.6) and (3.9) are the same according to the uniqueness of interpolation polynomial
of h = f o g, the coefficients of the term including w, (¢) are equal. So,

h[t()vtlv T 7tn] = i f[g(to)ug(tl)v T 7g(tm)]Qm[t07 [ARRRE 7tn] (3'10)

m=1
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follows. If we use Lemma 3.2 to compute the divided difference of function §2,,, defined by (3.8),
we get

Since the order of divided difference of ¢; included in the right hand of (3.2) is at least one,
these divided differences are ones of g, which induces

m
Qm[tOutlu' o 7tn] = Z Hg[ti—latui,latui,l—i—lu' o 7tl/¢]7

vo<v v <Ly i=1

(3.11)
Vo i= My, Vpy = N

Hence (2.2) follows form (3.11)and (3.10).

If function g has enough higher order derivative at relative nodes, (2.2) holds for general
nodes automatically.
Acknowledgements. Dedicated to the late Prof. Kong Feng (1920-1993), the first author of
the paper discussed Faa’s formula with him about twenty years ago.
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