Journal of Computational Mathematics, Vol.23, No.3, 2005, 285-304.

ON THE ERROR ESTIMATES FOR THE ROTATIONAL
PRESSURE-CORRECTION PROJECTION SPECTRAL
METHODS FOR THE UNSTEADY STOKES EQUATIONS *!

Feng-hui Huang  Chuan-ju Xu
(Department of Mathematics, Xiamen University, Xiamen 361005, China)

Abstract

This paper provides an analysis of the rotational form of the pressure-correction meth-
ods by spectral approximations for the unsteady Stokes equations. Error estimates in finite
time for the fully discrete case are given. Numerical experiences using both spectral and
spectral element methods are carried out to confirm the theoretical results.
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1. Introduction

Efficient solution of the Stokes equations is dependent upon the availability of fast solvers for
the pressure operator, as the pressure characteristic propagation speed is infinite for unsteady
incompressible flow. Generally, there are two principal ways to discretize the unsteady Stokes
equations in time. One way is to keep the velocity and the pressure coupled, and at each
time step it needs to solve the generalized Stokes problem which is the most computationally
expensive. A common technique for solving the algebraic system, stemming from discretization
of the Stokes equations, is the Uzawa algorithm. An Uzawa algorithm uses block Gaussian
elimination and back substitution for the pressure and the velocity yielding two positive definite
symmetric systems (see e.g. [19] and the references therein). This decoupling procedure has
been proven to be attractive than a direct algorithm. However the classical Uzawa algorithm
suffers from expensive solve of the pressure system as the pressure matrix involves the inverses
of the Helmholtz systems. This disadvantage could be overcome by using an additional splitting
technique. This approach has a common foundation with traditional splitting approaches which
leads to a Poisson equation for the pressure except that, in the former case, the splitting is
effected in the discrete form of the equations. Such an approach was analyzed and applied to
the various computations in the papers of Perot [21], Couzy et al. [9] and Fischer [11], but
no rigorous error estimate is available. The disadvantage of the Uzawa-based algorithm is that
a discrete form of the Ladyshenskaya-Brezzi-Babuska condition(LBB condition, [5]) must be
satisfied for obtaining the unique discrete solution. This means that for a high-order spectral
approximation, the degree of approximation for the pressure must be taken two degrees lower
than that for the velocity [20]. It is the so called Py x Py—_2 method. There exist some methods
that make use other space pairs than Py x Py_2, we refer to [6] for detailed description of these
methods.

Another way to discretize the continuous unsteady Stokes equations is provided by the class
of projection methods. This class of approaches has been introduced by Chorin [7, 8] and
Temam [28]. They are based on a particular time-discretization of the equations governing
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viscous incompressible flows, in which the viscosity and the incompressibility of the fluid are
dealt within two separate steps. By doing that, the original problem is reformulated into two
new and simpler problems. The theory of saddle-point problems is then no longer needed, that
is to say, the LBB condition is not needed; as a consequence, the degree of approximation for
the velocity and the pressure can be taken the same, yielding a simpler-to-implement numerical
scheme.

The projection algorithm can be interpreted as a predictor-corrector strategy, which can be
essentially classed into two families: classical fractional step methods and pressure-correction
methods. The classical fractional step methods have only first order convergence rate due to
the fact that it is basically an artificial compressibility technique [24, 25]. Different choices of
the pressure boundary condition have been discussed to improve the efficiency of this kind of
methods (see [17] for instance). The pressure-correction methods consist of two time substeps:
first we make the pressure explicit in the convection-diffusion step, and then compute its incre-
ment (correction) in the projection step. Second-order Error estimates in the L?-norm for the
velocity have been proved in the several papers [10, 26, 15, 27] for different cases. However the
pressure accuracy in a standard pressure-correction scheme can be at most of first-order in the
L?-norm, as shown by Strikwerda and Lee in [27]. In 1996, Timmermans, Minnev and Van De
Vosse introduced in [30] a modified pressure-correction scheme. They analyzed this approach
by means of an analytical test solution in the case of spectral element spatial discretization,
and showed that the L? errors of both the velocity and the gradient of the pressure are of
second-order, but the computed maximum pressure failed to converge due to the presence of
the corners. Recently, Guermond and Shen [14] reviewed this modified version of the pressure-
correction schemes. They termed it as the rotational form of the pressure-correction schemes,
and showed that the pressure approximation in the L?-norm is indeed %-order accurate. A
detail proof was given in the semi-discrete case.

The main task of the present paper is to provide a rigorous stability and error analysis
for the rotational form of the pressure-correction schemes in the fully discrete case using a
Galerkin spectral approximation. In order to get the optimal error estimates, we still assume
that the approximate velocity and pressure space pair satisfies the LBB condition. We prove
that the velocity error in time and in space is O(6t? + N=™) for the (?(L*(Q)?)-norm and that
the pressure error is O(6t2 + N—™) for the [2(L%())-norm, where N is the polynomial degree
used to approximate the velocity, dt is the time step, m is the regularity of the exact pressure
solution. Our numerical experiences are in good agreement with the above theoretical results
for the velocity, but the computed pressure appears to have higher order accuracy in time than
O((St%). Particularly our numerical results show that the pressure accuracy is sensible to the
kinematics viscosity in the case of singular computational domain. In the case of square domain,
for the L?(Q) norm at a given time T' > 1, the pressure accuracy is less than 2-order. But in
the case of smooth domain, the pressure accuracy is fully 2-order. This conforms to the results
given in [30] and [14].

We should emphasize that, in order to gain maximal simplicity in the implementation, our
numerical experiences use spectral and spectral element approximations of Py x Py version (we
refer to [14] for the Py X Pn_o version). As already indicated in [14], there are larger pressure
errors at the domain corners for the projection Py X Py_o spectral methods. Our numerical
results show that these larger pressure errors will be further enlarged if the Py x Py version
is used, and the maximum pressure error fails to converge due to the presence of the corners,
specially for very small 6t. However we will show that this failure can be efficiently overcome
by a simple filtering procedure, which consists in projecting the computed pressure into Py_»
space at each time step. This procedure is, in some sense, equivalent to the Py X Py_o version,
but is easier to implement. We refer it to as the filtered Py x Py version.

The outline of this paper is as follow: in Section 2 we recall the basic steps of projection-type
methods, and define their spectral approximation formulations. In section 3 we provide rigorous
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error estimations to the fully discrete rotational projection spectral methods. Numerical tests
are given in Section 4. Finally we give some concluding remarks in section 5.

2. Rotational Projection Spectral Methods for the Unsteady Stokes
Problem

2.1 Notations and hypotheses

Let  be an open connected bounded domain of IR? with a piecewise smooth boundary 9.
More specifically, the domain must be piecewise smooth enough so that Cattabriga’s regularity
estimates for the Stokes problem hold [29]. In this paper, W*P?(§) denotes the real Sobolev
spaces, 0 < s < 00,0 < p < o0, equipped with the norm || - ||s,,. The completion with respect
to the || - ||s,, norm of the space of the smooth functions compactly supported in €2 is denoted
by WP (2). The Hilbert spaces W*2(2) is denoted by H*(£2), the related norm is denoted by
| -|ls. In particular, the norm and inner product of L2(f2), i.e. H°(Q), are denoted by || - || and
(v, ) respectively. We also introduce the following Hilbert spaces:

X =H3(Q)? ={ve H (Q)* v|pn =0}, V={veX,V -v=0},
L3 = (o€ I*@). [ a=0}, M=I3@NH'®),

Xy =XNPy(Q)? My=MnNPy_2(Q), Yy=Pn(Q)?
Hy = {vn € Yn; (vn,Van) = 0,Yqn € My},
VN = {’UN S XN; (V . ’UN,qN) = (’UN,qu) = O,VqN S MN}.

where Py (Q) is the space of polynomials of degree less or equal than N with respect to each
variable in Q. It is known [20] that the space pair Xy X My satisfies the LBB condition:

(V-
inf  sup w >0y >0, (1)
aveMy oyexy  lunlhillanl
where Oy ~ N~1/2.
The following projection operators are useful for the error estimations:
Py, : YNy — Hp as the L2— orthogonal projector is defined by: given pn € Yy, Pa,yon €
HN, s.t.
(pn — Puyon,¥n) =0, Vi € Hy.
My : L?(Q) — My as the L?— orthogonal projector is defined by: given ¢ € L?(Q),IIn¢p €
MN, s.t.
(p—Hnp,¥n) =0, VYn € M.
% : V — VN Py (Q)? as the norm |- |; orthogonal projector is defined by: given ¢ € V,11%¢ €
VN Py(Q)?% s.t.
(V(p —T%¢), Viby) =0, Yoy € V N Py (Q)%
oL @ HY(Q) — My as the norm || - ||; orthogonal projector is defined by: given ¢ €
HY(Q), 1T € My, s.t.

(V(w ~ Iy ), VwN)) +(p —yp,Yn) =0, Yy € My.
Then we have the following properties
[Py enll < llenll,  Veon € Y
vl < llell, Y € L*(Q);
My el < llell, Vo e HY(Q);
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lo — X el1 + Nllo — ¥ ¢l < cN""|@llm+1, Vo €V
lo — Il + Nl — Lol < N |l@llme1, Vo € HY(Q),

where and hereafter in this section, ¢ denotes a generic positive constant.
Finally, we introduce the discrete inverse Stokes operator Sy : Yy — Vi: for all vy €
Yn, (Snvun,Tn) € Xn X My is the solution of the following problem

(VSNUNava)_(V'wNaTN):(UNawN); vaEXN; (2)
(V . SN’UN,(]N) = 0, VqN S MN.

Note that the second equation of (2) means Syvy € Vi, therefore the operator Sy is well
defined. We assume that 0f2 is sufficiently piecewise smooth such that the following stability
property holds:

IVry|l < cllow|l, Vow € Ya. (3)

Remark 2.1. It is known that the stability property (3) holds in the frame of finite element

methods(see e.g. [15]). In the frame of spectral methods, this stability assumption has not been

proven theoretically. However, (3) has been verified by a number of numerical experiences.
The following symmetry can be easily obtained from (2)

(on, SNYN) = (VSNeN, VSNYN) = (Un, Snen), Yeon,¥n € Y. (4)

Lemma 2.1. The linear form vy — (vN,SNvN)1/2 for vy € Yy induces a semi-norm on
Vi, which we denote by ||ux ||« = (vn, Snun)' /2. Then we have |Sxvn|i = |lun |+, and

[Snvon|lr < cllunllx < cllon]-1. (5)

Lemma 2.2. For all vy € Hy,wny € X, we have

(VSnon, Vun) 2 (Praywn,vn) = clon|l[un = Prywn |- (6)
Furthermore, for all 0 < a < 1, the following properties of Sy hold

(VSywy, Vwy) > (1 = a)llwn | = callwy = Prywn|?, (7)

(VSN Prywn, V) > (1 = a)l|[Puywy||? = callwn — Prywn|f. (8)

Proof. Using (2) and (3), we have

(VSN’UN, V’LUN) = (’UN,’LUN) + (V . ’LUN,TN)

= (’UN,’LUN) - (wN,VrN)
(PHNU)N,’UN) - (wN - PHN’LUN,VTN)
(Prywn,vn) = [lun — Puywn|[[Vrn|
(Prywn,vn) = cllon|llwy — Prywn|l,

which gives (6). Taking vy = Pg,ywn in (6) and using the Young inequality, we obtain (8).
Finally, let vy = wy in (2), then

(VSNU)N, VwN) = (wN,’LUN) + (V CWN, TN)
= (wN,wN) — (wN,VrN)

= |lwnl|]? = (wy — Puywn, Vry)

> |lwn||* = [lwx — Puywn|[[[Vrw|

> [lwn|? = ellwnl|wn — Praywn|

> (1 - a)|wn|]* = callwy = Paywn|?,

it is the result (7).

2.2 The rotational pressure-correction projection scheme



Rotational Projection Spectral Methods 289

We consider the following time-dependent Stokes equations in which homogeneous Dirichlet
condition has been assumed for simplicity. For a given body force f (possibly dependent on
time ) and a given divergence-free initial velocity field wug, find a velocity field u and a pressure
field p so that at ¢ = 0, u = ug, and at all subsequent time

%fyv%va:f, in Qx(0,T],
Vu=0, i Qx(0,T], (9)
u=0, in 90 x (0, T].

We now recall the pressure-correction algorithm using BF2 [14] to march in time for solving
the problem (9). The first sub-step accounting for viscous diffusion is

3Rt — gk 4 kL

20t
,ak-‘rl |BQ = Oa

o Vv2ak+l 4 vpk — f(tk+1)7 (10)

and the second sub-step accounting for incompressibility is
3uM ! — 3akt!
———— VO ) =0,

s (1)

k1
uFtl . n|pg = 0.

This method is called as the pressure-correction scheme in standard form. Though it is second
order accurate on the velocity in the L2-norm, it is plagued by a numerical boundary layer
that prevent it to be fully second order in the H'-norm of the velocity and in the L2-norm of
the pressure. A modified scheme with a divergence correction has been proposed in [30], which
was then called in [14] as the pressure-correction scheme in rotational form. In this scheme the
second step (11) is replaced by

k+1 ~ k41

% + V(karl *pk + vV - ﬂkJrl) = 0,

V- ukbtl =0, (12)

k1
w1 njgg = 0.

Numerical experiences have shown that the scheme in rotational form (10) and (12) provides
better approximations for the pressure. This scheme was reviewed by Guermond and Shen,
who gave a detailed error analysis in its semi-discrete form [14].

2.3 Full discretization

Now we consider the full discretization of the scheme in rotational form (10) and (12). For
a fixed finite time 7" > 0, we introduce a partition of the time interval [0,T], t* = kdt for
0 < k < K, where §t = T/K. We are interested in defining a fully discrete rotational form of
the pressure-correction algorithm for k£ < K; and define two sequences of approximate velocities
&’fv € Xn, u’fv € Yy and one sequence of approximate pressures p’fv € My such that

~ k41 k k—1
(3uN —4u +uy

n aUN) +V(V’a?\[+1av’UN)_ (pﬁcv’v’UN) (13)
:(fk+1aUN)7 V’U]\f GXN)
and
Juktl _ ggktl )
(W,UN) + (V(p]]c\;rl *plf\[ﬁLI/HNV'u]]chrl),vN) :0, V’UN € YN, (14)
(uh, Van) =0, Vqn € My.
The step (14) is a realization of the projection ulfvﬂ = Py, f/fvﬂ. In the implementation, we
take vy = Vg in the first equation of (14), so that we can obtain a discrete Poisson equation
for the pressure increment pﬁ,“ —pk + VNV - ﬁlfvﬂ.
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3. The Error Analysis

3.1 Preliminaries
Before going through the details of the error analysis, we introduce some technical tools.
For any sequence w = {w?, wl,...,w} in Sobolev space W, w is equipped with norm

K
lwllizqwy = (68 [[w*|5)"2.
k=0

We set
5twk = ’LUk — ’LUk_l 5ttwk = 5t(5twk),

’ 3 k+1 —4 k k—1
5tttwk = 5t(5ttwk); thkJrl = L ;ﬂ Tw

We can easily derive the following useful algebraic identities:
Q(warl,,warl _ wk) _ |wk+1|2 + |wk+1 _ wk|2 _ |wk|2’ (15)

2(whH 3wkt — 4wk 4+ k1)

— |,wk+1|2 + |2wk+1 _ wk|2 + |6ttwk+1|2 _ |wk|2 _ |2wk _ wk—1|2_ (16)
We denote u* = u(t*), p* = p(t¥), and
e’fv :ulfV—H%,uk, é]fv :ﬂ’fvfl_[?vuk, (17)
ek =pk —Iyp*, Wk =pk — Myp"

3.2 Error estimations

We assume that the couple exact solution (u, p) of the Stokes equations (9) is smooth enough
in time and in space. For simplicity we set ¥ = 1 and assume that the projection algorithm is
initialized so that

max(|le} [ len, [exll llen ) < edt®,  max(lleqfll, llen]) < e, (18)

where and hereafter in this paper, ¢ denotes a generic positive constant, which may depend on
the couple exact solution.

Lemma 3.1. Under the initial hypotheses (18), for all 1 < n < K, we have the following
estimates,

> lloeektt — ikt < eot® (66 + N7, (19)

k=1
IV - < ot/ (6t + N, (20)
lentt — et < est(ot + N—™). (21)

Proof. Step 1. The solution of problem (9) satisfies at time ¢t*+!

(UiH_l,’UN) + (V’ukJrl, V’UN) _ (V . 'UN,karl) = (karl"UN), Yoy € Xn, (22)
(V-u" qn) =0, Vgn € My.
Then we have
3MQ uk+t — 4TI uk + TIQ uk—1
N 2(?; = ,UN) + (VI u* ™, Vo) — (Myp* 1, V - oy)
(23)

:(fk+1_Rk+1aUN)_(Qk+1)V'UN)7 V’UNEXN,
(v : H?V’U’IH_Ia QN) = _(H%]uk-’_la qu) = 07 VQN S MN;
where RFt1 and Q! are defined by

RIHL — kL _ 3MQuktt — 4TIk + IQuk—1
= u! |
20t
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QF+1 = TIL ph+! — ph+!
Y

which can be controlled by
|RE) < e(6r? + N,

and
Q¥ < eNT™.

By subtracting the equation (13) from (23), and adding null terms I u**! — TIQur+1,
O phtt — Ik ph ! — My (V- OQukt!) to (14), we derive the equations that control the errors

( 25¢ avN)+(Vé]]€V+1ava>7(¢§cV7V'vN> (24)
= (RkJ’_l,’UN) + (Q]H_l,v . ’UN)7 Yoy € Xn,

3~k+1 — 4e’fv + e’f\fl

and
3ektl — ggh+l
(PR 5 on )+ (VT = vk + TNV - i) o) =0, Yo eYn, (g5
(eX,Van) =0, VYgn € M.
Furthermore, we can derive the equations that control the time increments of the errors

35t€k+1 45t6§€\[ + 5te§€v

591 ’UN) + (V(Stek"'l Von) + (Vétw]kv,vjv) (26)
= (5tRk+1,1)N>+(5tQk+1,V~UN>, VUN GXN,
and
35kt uy) + (V(&tak“ v ~k+1),uN)
3
= o5 Gk o) + (VO + v T &), ox ), Vow € Vv, (27)
5,56 1 VqN) =0, Vqn € My.
Step 2. We take vy = 40to.ey, "l e Xy in (26) to get
2(0ph L 30,8 — 4dek, + Sieh ) + 4Gt (VR VR + 4st(5,e5, V)
= 46t(5,85, 5tRk+1) + 46t(V - 5;’”1 5, QR 1),

We use a technique similar to that used in [14] to treat the first term which is denoted by I
then

26t

I= 6(0&5 ™, 6kt — 6ieh™) + 200k, 30,eh™ — 46,k + Speh )
+2(5t€k+1 - 5t€]]€\f+1 35t€k+1 - 45t€§€\[ + 5t€]]€\7_1)'

Applying the identities (15)-(16) to the first two terms of (28), which are denoted by I; and Iy
respectively, leads to

I = 36512 + Boiekt — 8kt I - 3diek I,
Iy = ek 2+ 1261k = ek + ekt 12 — 18iekel® — 1261ek — ek

Noting the fact that 3d,e5™ — 45,ek; + d,ek ! belongs to Hy and owing to (27), we find that
the last term I3 of (28) is vanishing:

(28)

; I = z(v(st( REL gk )+ V(TN (V - 6,851), 36,5 — dg,ek, + m’;;l) —0.
Combining all above results, we have
3|8 1P — 3100l 7 + Bl eel — deen 1P + el |17 + 128y — drely|?
—lloee[I? — l[20:eR, — drel[1” + ||5me’“+1|\2 + 48t Vo, * + 45t(5t et Vo)
= 45t(8,:51, 5, RFY) 4 46t(V - 6,85, 5,QF 1) (29)

< e 0t)|6: 5% + cler)dt|| 6 RFHH2 4 bt ||V - 8,812 4 c(c2)0t]|6: QR ||?
< 1E6t|| V85|12 + cadt||V - .85 |2 + eot]| 5, RFFY|2 + ot 6,QF |2
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Where ¢ is a constant such that ||v]|? < ¢||Vv||? and the positive constants cy,cz2 will be
determined in the later.

Step 3. By taking vy in (27) to be 25td,eftt, 25t5,8% 4‘53—’52V(5t€§,+1 + TNV - ek,

%V(&twﬁ + NV - k) respectively, and using the second equation of (27), we obtain the
following equalities:

3|16l I? = 3(deelt, e,

3(5,e"HL 6,85H1) + 2&(5@’&“, V(6ekt + TNV - é’;V“))
= 36,8571 )12 + 20t (5@@“, V(Sepk + TNV - é';V)),

46t2 -
THV(@Elfvﬂ +IINV - &5 h)|1?

= 26t (6té§“v“, V(6eh + TNV - é’fvﬂ))
462

+ = (VR + Iy V- ), Vo + vV -8 )

45t2 _ .
kil (V(&ta’f\,“ TNV ), V(6wk + TNV - e’;v))

3
y y 46t2 ;
= 25t(5t6§\[+1, V((Sﬂ/}écv +IIyV - 6%)) + THV(aﬂ/}?\f +IIyV - 6%)”2

By summing up the above relations, we derive

4612
B0k 2 + IV (Feh + TV - R

30)
- - - 4612 . (
= 8182 |12 + 0t (88K V(O + TnV - €K)) + = V(O + IV - &)1

We now give a bound for the last two terms in the right-hand side of (30). First, the term
45t(6,%1 V8,9h%) cancels out with the same term in (29). Using relation (15), we derive

45t(6,E8 1 VTNV - €5))
= —45t(V - (ekt — &k, TINV - &k)
= —ASt(IINV -5 — TNV - &k, TINV - k) (31)
= 26t(|[TINV - ex||° — TNV - e 1P + TNV - 623 1?)
< 26t(|[IINV - R |* — [TV - ex7H1Z + [V - deei12).
From the well-known relation

Vol = IV ol + IV x o], Vo € Hg(Q)?, (32)

we deduce
||V : 6té?v+1||2 S ||V6té§€\[+1||2 (33)

Noting that 1/11]% = Elfv - 5tH}Vpk+1’ we can bound ||V(5t¢1kv TNV - élfv)HQ by

IV (8 + TNV - 5|12

= | V(8,k + TNV - %)) — Vi, 1L phtt||2

2

< (HV((StEIfV + 1INV - &R + c6t2)

< bt 4 26612V (6:k + TINV - ) || + |V (5ik, + TINV - &5))||?

< oot 4 et (58 + [V (aieky +TxV - ) [2) + [ V(5 + Ty -2

< e6t® + (1 + c0t)||V (e + TNV - &K
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We combine the above estimations and choose c1,¢a in (29) to satisfy ¢1¢ + co = 2, then we
obtain

Bkt — ek 12+ 0P + 2k — ek + 20T Y - 27
+§5t2||V(5ts§V“ + NV -2

< 13ve 2 + 1280€l, — ek P + 26t TN Y - k2 + cot” (35)
4
+§5t2(1 + ¢6t)|| V(6% + TNV - 85|12 + cot|| 6, RF T2 + et 6,QF 1|2
Taking the sum of (35) for k =1 to n gives
Z el — el 12+ 10rentH 12 + [[26e ™ — Gref |12 + 6t TNV - ExT 12
+6t2|\V(6 et L NV - et )12
< c(5t4 F1I8eel |2 + [|120:ey — 8% |12 + S| TIN Y - EL 12 (36)

+6t2||V (Sl + TNV - eX)[12 + 682 3 [|[V(Seeh, + LIy V - k)|
k=1
+3t 3 SRME 4ot 3 |6iQR ).
k=1 k=1

By using the discrete Gronwall lemma to the above inequality and taking into account the
initial hypotheses, we obtain the first two desired results

3 deel™ — e 1P + 0t V(S + IV - e )|? + ot Iy V - |2
kf

= (37)
< cbt? (&2 + N*Qm).
To derive the estimate on %™ — &5+ we use the first equation of (25) with vy = ekt —ektt,

Noting ¥k = ek — 8115 p**! and above estimates, then we have

JeR = @ < etV (Rt — g + TNV - e
< | V3R + Ty - 2]+ 0tV (33)
< cdt(5t + N—™).

Theorem 3.1. Under the initial hypotheses (18), the solution of the projection scheme (13)-
(14) satisfies:
|lw — UNHZQ(LQ(Q)Z) + |lu— ﬂN||lz(L2(Q)2) < C(5t2 +NTT). (39)

Proof. From (24)-(25), we derive

(3€]]cv+1 )+(V ~k+1 v )+ (v( k+1 +H \va ) )
25t y UN € UN € UN (40)
= (R*L on) + (QFL, V-uy), Yon € Xy.

k k
746N+€N

Taking vy = 45tSneft! in (40), we get
2(3ekH! — ek, + ek SNek+1)+45t(v~k+1, (SNekH)) +45t(V(s’;v+1+H v.ekiy, SNe’;V“)
= 45t(RFH1 Syel ) 4 46t(QF !, V - Syekhy.
From the definition of Sy, we have,
45t(V( EHL TNV - ek, SNek“) ~0.
By the property (4), we derive the following identity which is similar to (16):

23y —def+en ' Sven) = [len T IE+[12eN —eR I+ 10weR I~ lleR 17— l12eR — i3
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Hence
ek 112 + 126kt — ek l12 + 0nekt 12 + 461(Vekt, 7 (Swek™))
< JleklI2 + 12k — e HIF + 40t (Snel T RETY) +45t(V - Snei T, QF ).

Using the identity ef/! = Py, &k and (8) with a = 1, we derive
ek 12 + l12eR — eN||2 + [10ei I3 + 30t
< [lefrll? + l12¢f — en 112 + eatllel — e |? (41)

+46t(Snektt REFL) 4 45H(V - Sneitt QR 1),
The last two terms can be bounded by using (5) :

45t(Syelt RFFYY < 4st|| Syl |IRFY | < 5t|| RELIZ 4 cot|| RFFL)2. (42)

464(V - Sweptt, Q1) < 4ot Swer 1 1@ < §5t||€]7v+1||3 +odt| QMR (43)

Combining (41)-(43) and taking the sum of (41) for k£ = 1 to n, we have

len™ 112 + l12eRt = eRellZ + 32 [18uel™ 12 + ot Z e I?

k=1
< llenll? + 12l — eXll? +edt 3 fler™ — Nk“IIQ + 0t Z ek 2 + e(6t* + N=2m).
k=1
Applying the discrete Gronwall lemma, estimates (38), and the initial hypotheses (18), we get
||6N||l2(L2(Q)2) < C((StQ +NT™).

Furthermore, thanks to the relations
~k k ~k k
Iex Il < llen™ — ex Il + llen™ 1,

and

uk, —uf = ek + Qb — P, ak —uF =k + Ik — Wk,

we arrive at the desired result.
Lemma 3.2. Under the hypotheses (18), we have

||DtéN||l2(L2(Q)2) < cdt ((5753/2 + N_m). (44)

Proof. we obtain the following equation from (26)-(27):
3(5t€k+1 — 4(Stélfv + (Sté?v

o 'UN) +(Vaep™, Von) + (Vo' ow) (45)
= (5tRk+1aUN)+ (6tQk+1,V'UN)7 V’U]\f S XNa

where 6,57]’? represents all the other terms which belong to My . Taking vy = 46tS Néte’”l €

Vi in (45) and repeating the same arguments as in the theorem 3.1 and using the inequality (7),
we obtain
§eex 12 + N12008x — 82k |I3 + 1012 + 6t 62K
< 10|17 + ||25t6N — Gy |2+ eot]|seen 12 (46)
+cot||6:EhT — k|2 + ot 6, RFY(|? 4 cot| 6, QR 2.

Summing the above relations for k = 1 to n, we have

18:E5" 12 + 112083 — deey [1F + ot Z [
< l16een 1l + [120i8 — i8R |13 + cot Z l6:2R 112 (47)

+cot Z 5:Ex" — Seel ™ |1* + cot Z 16 REFH2 + cot Z 13:Q%+1 2.
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By the discrete Gronwall lemma and the initial hypotheses (18), we have
68wz (12 ()2) < c0t(5E2 + N~™).

Finally from the relation 2D,é5t" = 35,e5+" — 6,85, we derive (44).
Theorem 3.2. Under the hypotheses (18), the solution of the projection scheme (13)-(14)
satisfies:

lu—an 2 @) + Bnllp — pallie @) < (682 +N7™). (48)

Proof. We use the same argument as in [14]. The error equations corresponding to (40)

and (25) can be written as a discrete nonhomogeneous Stokes system for the couple (él]cvﬂ, sf\,ﬂ +

IyV-ékit) e Xn x My:

(Vek, Voy) — ((a’ﬁl +INV - ), V- UN) = (h**1,uy), Von € X, (49)
(v'é];V+1an):(gk+1an)a VQN GMN,
where . -
3efTl _ gek 4 kT
hk‘-‘rl _ Rk-‘rl o N N N o V k+1
25t @
i1 _ 201 k+1 k ~k+1
g ZTVV(E —1/JN+HNV'€N )
Since e’fv = Py, é’fv, we obtain
3kt — gek 4 ekt 1 b 1 &
| EEN = <Dk < D
Hence, we have
3ektl — gek 4 k1
IWEE g < Ry | A O R
1 - 50
< IR+ = D | + [9QH - (50)
< (6832 4 N—™).
From the second equation of (49), we have
k+1 _ ~k+1 _ ~k+1
- "EN - . 5 ) )
(0" an) = (V- ey yan) = (UNV -y qn), Van € My
then
lg" M < TNV - 87| < est 2 (5t + N—™). (51)

Applying the standard stability result ([4]) to the non-homogeneous Stokes systems (49), we
obtain
1eX Il + BulleN™ + TV - e | < e(lA -1 + g™ .

Now we use the triangle inequality to get

ley™ 1l = e + In V- e =Ty V - e
< R+ NV e+ Iy V- e

Therefore
18X s+ B llen™ I < BN ITNY - ERFH]+ (IR 1+ llg" ) < e(8t%/2 + N7™).
Thanks to above relations, we derive

||éN||l2(H1(Q)2) + 5N||€N||12(L2(Q)) < C(5t3/2 + N*m)
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Finally, using the relations
iy —u = + Iuf — ¥, pf —pF =+ TINp* —pF,

the desired result is obtained.

4. Numerical Results

In order to test the accuracy of the projection schemes, a Stokes problem with an analytical
solution is solved. Numerical experiences are carried out using Py X Py Legendre spectral
methods for the spatial approximation, although theoretical analysis has been done in the
frame of Py X Py_o version. This is for the following reasons: First, numerical tests using
Py x Py g spectral projection schemes (mono-domain case) have been carried out by Guermond
and Shen in their recent paper [14], where desired convergence rate has been obtained; Second,
in view of computational efficiency, it is highly hopeful to use Py x Py version that allows to
produce a true discrete Laplacian system. Such a system is much easier to solve than a pseudo-
Laplacian stemming from a Py X Py_g spectral method (see e.g. [3, 1]); Third, analysis shows
that Py x Py projection scheme is a spurious mode-free method, contrast to the usual point
of view that Py x Py spectral methods suffer still from the space incompatibility, which is
generally present when the velocity and pressure is solved in coupled form. In fact it is easy
to check that all classical pressure spurious modes, such as L'y (z) Ly (y), Lo(z)Ln (y),- - (see
e.g. [4], proposition 5.2), are excluded if we compute the pressure by problem (14). Recently
reported instability [2] in the use of the Py x Py version in the frame of projection methods
is probably caused by the inconsistent pressure boundary conditions at the corners, as already
indicated by some authors (see e.g. [30]). As we will see in the following numerical tests,
this eventual instability can be efficiently overcome by using a simple filtering procedure, and
desired convergence rate is then recovered.

Precisely, the following full discretization is used in our numerical experiences: for k =
1,2,---, find @k, € Xy, uk, € Y and p%; € MY such that

~k41 k k—1
Jun" —4u +uy

SN ) (T, Tow) — (9 Vo)
:(fk+1aUN)7 V’U]\f GXN)
and
3uftt — 3aktt
(B2 o) + (VO = o + vV alf ) on ) =0, Yoy € Vi,
(u]]chrl,VqN) =0, Vqn € MZ/V

where My, = M N Py (1), different with the definition of My used in (13)-(14). At each time
step, once p’f\,‘H —p?V—I—VHNV-ﬂ];VH is obtained, we project it into the space My = M NPy_2()
(see [22] for a related description). This formulation is formally close to (13)-(14), but they
are not equivalent. The former allows use of a unique mesh, which can greatly reduce the
computational complexity. More importantly, we will show by numerical tests that the new
formulation possesses the desired accuracy same as (13)-(14), as predicted by our theoretical
analysis.
The exact solution (u, p) of the Stokes equations is set to be:

up(z,y,t) = sin(t) sin (27zx) cos (27y),
us(x,y,t) = —sin(t) cos(2rz) sin(27y), (52)
p(z,y,t) = sin’(t) cos(mz) sin(my),
the source term is given by f = u; — vAu + Vp:
{ f1 = [cos(t) + 8vn? sin(t)] sin(27x) cos(2my) — 7 sin?(t) sin(7x) sin(7y),

Fo = [ cos(t) — 8u? sin(t)] cos(2rz) sin(2ry) + 7 sin(t) cos(rz) cos(ny), )
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with zero initial condition and time-dependent boundary conditions for the velocity according
to the exact solution. We take v = 0.1 except stated otherwise.

4.1 Mono-domain spectral approximation

Now we solve the above problem on the domain 2 = (0,1) x (0,1). In the first test, we take
N large enough such that the spatial discretization errors are negligible as compared with the
time discretization errors. Then a small enough time step is fixed in order to study the spatial
errors. All errors are calculated up to T' = 1.

In Figure 1, we plot pressure error fields at T' = 1 for a typical time step ¢t = 0.01 with
N = 38. We see that for the standard form of the projection schemes, a numerical boundary
layer appears on the two boundaries where the exact pressure is such that % # 0 (i.e. the
boundaries y = 0 or y = 1). For the rotational form, there is no numerical boundary layer, but
we observe larger spikes at the four corners of the domain. In order to know whether the larger
spikes at the corners are caused by the use of Py x Py methods, we filter the pressure solution
by projecting it into Py_o space at each time step. The filtered errors are shown in the two
down figures in Figure 1. It is seen that the filtering has no effect on the standard form, but
efficiently smoothes the spikes on the error plot given by the rotational form. These observations
indicate that the divergence correction in the rotational projection methods successfully cured
the numerical boundary layer problem, and the filtered Py x Py spectral methods recovered
the accuracy that Py x Py_2 methods possess (see [14]).

It is worth noting that although more accurate than the standard projection methods, the
filtered Py x Py, like Py X Py_s rotational projection methods suffer still the corner problem.
Larger errors on the corners do not seem due to the classical spurious modes since any eventual
such modes would already have been removed by the filtering. It is mostly related to the fact
that the use of a Neumann condition overdetermines the problem at the corner points [30].
This point will be further confirmed by the following tests using spectral element methods.

In Figure 2, we compare the errors on the velocity measured in various norms as functions
of the time step dt. Comparison on the pressure errors is given in Figure 3. As expected, for
the velocity in the norms [2(L%*(Q)?) and [?(H'(Q2)?), both the rotational projection schemes
and the standard one attain 2-order convergence. The filtering procedure does not allow to
increase the convergence rate, but allows to improve the accuracy, as shown in the right graph
of Figure 2. For the pressure, as shown in Figure 3, the errors on the norm [?(L?(£2)) are not
fully 3/2—order for the non-filtering Py x Py version because of the larger errors at the corners
of the domain. Precisely, [2(L?(2)) norm errors are 3/2—order only for moderate time steps
while it doesn’t remain true for small time steps (Figure 3, left). However for a reason not yet
clear, the errors in the norms [2(H!(f2)) are only 1-order for the non-filtering Py x Py version
while 3/2—order is obtained for the filtered Py x Py version, specially for the rotational form.
Furthermore, the right graph of Figure 3 shows that, even higher order convergence rate than
3/2 is obtained for the pressure errors in the norm [2(L?(2)) by using filtered Py x Py version.
In summary, the rotational form and filtered version are more accurate than the standard form
and simple version for both velocity and pressure. All the following tests are carried out with
the filtered Py x Py version.

In Figure 4, spatial accuracy of the rotational projection spectral methods are investigated
by plotting the errors in norm [?(L?(2)) as functions of the polynomial degree N. From the
left graph of the figure, the spectral convergence is obvious for both the velocity and pressure
solutions. Influence of the viscosity v on the accuracy is also studied. In the right graph of
the figure, the errors for several values of v are plotted. It is seen that the velocity errors are
almost independent of v, while the pressure errors decrease quickly when v decreases. This
observation offers additional support to the suggestion that the pressure error spikes at the
corners are related to inconsistent pressure conditions at the corners.

4.2 Spectral element approximation
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The above numerical experiences are repeated in the case of spectral element methods (SEM)

and we successively study:
Implementation of the projection schemes in the Py x Py SEM depends essentially on the

formulation of the pressure system. The easiest way to discretize the Laplacian system for the

- Convergence behavior in the case of smooth domain.

Figure 1: Pressure error fields at ' = 1 with §¢ = 0.01 and N = 38 for the projection spectral methods.
- Influence of the domain decomposition;

Up: Pn X Pn version; down: filtered Py X Py version. Left: standard form; right: rotational form.
pressure is to define the discrete pressure in the (N + 1)? Gauss-Lobatto collocation points in

each macro-element. In such a way, there are pressure nodes located on the elemental interfaces

hence continuity of the pressure on the interfaces can be naturally imposed.

)

which is divided into 4 equal square elements.

)

the computation is run up to 7' = 1 using polynomial

1

b

(0,1) x (0

In order to check the temporal accuracy,

First we take the domain Q2

degree N large enough such that the spatial errors are negligible as compared with the temporal
In Figure 5, we draw the pressure error fields at 7" = 1 using the projection SEM with

errors.



Rotational Projection Spectral Methods 299

of B ok | = P standard i
-0 (HY): rotational
b 4 == (L?): standard
1 b B
5 (L2): rotational N
y=2.0x L8

log, (error)
log10(error)

—— 1P(HY): standard

L ~O= (HY): rotational il

7 2(1 2,

—= 2(L%): standard

0= 2(L?): rotational
y=2.0x -8l g

-10 L L L L . . . . . . .
- - Z Z -10
2 15 1 05 =45 -4 -35 -3
log,(dt)

-25
Iog10(dt)

Figure 2: Errors on the velocity as a function of the time step for N = 38. Left: Py X Pn version;
right: filtered Py X Py version.
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Figure 3: Errors on the pressure as a function of the time step for N = 38. Left: Pn X Py version;
right: filtered Py x Py version.

0t = 0.01, N = 24. The results are similar to the case of mono-domain: numerical boundary
layer by the standard form, large spikes at the corners by the rotational form. However it is
remarkable that the large spikes are only present at the four physical corners. The situation is
the same for the non-filtered Py x Py version (results non shown). This supports our previous
statement that larger pressure errors at the corners are not due to the Py x Py methods, but to
the incompatibility of the pressure boundary conditions. In Figure 6, we plot the errors on the
velocity and pressure measured in various norms as functions of the time step dt. The results
are also similar to the case of mono-domain.

To clarify the role of the singularity of the boundary, we carry out a test in the circular
domain Q = {(z,y) : § < #*+y? < 1}, which is divided into 12 equal elements. Figure 7 shows
the pressure error fields computed in this smooth domain at 7" = 1 with 6t = 0.01, N = 16.
A numerical boundary layer exists still on the entire boundary for the pressure calculated by
means of the standard form, but the errors are small everywhere for the rotational form. The
results are similar to the non-filtered Py x Py SEM (non shown). This test confirms that the
pressure oscillation at the corners is related to the singularity of the domain, not to the Py x Py
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Figure 5: Pressure error fields at T' = 1 by the projection SEM with ¢ = 0.01, N = 24. Left: standard
form; right: rotational form.

method.

From the left graph of Figure 8, we observe that for the circular domain, the pressure
errors measured in norm [%(L?(Q2)) and [>(H'(Q2)) are 3/2-order. The pressure errors measured
in norm L?(Q)) at time 7" = 1 are given in the right graph of Figure 8. We see that the
convergence rates are now fully second order. This conforms to the results obtained in [14] and
[30].

5. Concluding Remarks

There exists much works concerning numerical and theoretical investigations on the con-
vergence rates of projection methods. We have presented in this paper a detail analysis of
the rotational pressure-correction methods in the frame of the spectral spatial approximations
for the unsteady Stokes equations. Error estimations for the fully discrete scheme show that
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Figure 6: Velocity (left) and pressure (right) errors obtained by the projection SEM with N = 24 in

each element.
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element. Left: standard form; right: rotational form.
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the convergence rate for the velocity in the [2(L?(2))-norm is order O(6t%> + N~™), while the
convergence rate for the pressure is order O(5t2 + N~™), with here m the regularity of the
exact pressure solution.

The error estimates have been obtained by assuming that the discrete velocity and pressure
space pair satisfies the LBB condition (1), precisely by using the Py x Pn_2 approximation.
The role of the LBB conditions in the frame of the projection-type schemes has been discussed
by several authors. We refer to [2, 13] for recent detail discussions in this sense.

However we would like to mention here that the compatibility assumption used in our proof
for the convergence rate seems to be a technical need.

From the point of view of implementation, the LBB condition (1) between the velocity and
pressure approximation space is not mandatory for the projection methods to work. Indeed, a
principal interest in using the projection-type method is that we are free from the compatibility
restriction on the choice of the discrete velocity and pressure space. Otherwise, the fractional
step methods, which were introduced and analyzed in [21, 9, 11, 18, 31], could be the preference.

From the theoretical point of view, it is well-known that the LBB condition (1) is a necessary
and sufficient condition to obtain the optimal convergence rate when the velocity and pressure
are formulated in a coupled form. This is because that the well-known spurious modes (see
e.g. [4], p126) may pollute the pressure if the LBB condition (1) is violated. However, when
solving the velocity and pressure in two decoupled steps by the rotational projection schemes,
there is no evidence showing that the LBB condition (1) is a necessary condition to guarantee
the uniqueness of the pressure solution. Although numerical pressure oscillations using Py X
Py spectral projection methods (in standard forms) with very small time steps were recently
reported [2], the cause of these oscillations is not yet clear. It seems to us that the most possible
reason for these oscillations is the inconsistent pressure boundary conditions, especially when
the domain includes corners. In fact it is readily to see, as mentioned at the beginning of the
numerical experiences, that the spurious modes presented in a coupled Py x Py scheme are
excluded from the pressure in the projection step (14) even if the space My is taken to be Py .
Furthermore, our numerical experiences have shown that Py x Py version works well, and no
numerical oscillations occur in the case where the computational domain is smooth.

Acknowledgments. We would like to thank J. Shen for his suggestion and many helpful
discussions.
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