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Abstract

The polynomials related with cubic Hermite-Padé approximation to the exponential
function are investigated which have degrees at most n,m, s respectively. A connection
is given between the coefficients of each of the polynomials and certain hypergeometric
functions, which leads to a simple expression for a polynomial in a special case. Contour
integral representations of the polynomials are given. By using of the saddle point method
the exact asymptotics of the polynomials are derived as n,m, s tend to infinity through
certain ray sequence. Some further uniform asymptotic aspects of the polynomials are also
discussed.
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1. Introduction

Hermite-Padé approximation to the exponential function was introduced by Hermite [5] who
considered expressions of the form

te(2)e® ™ b1 (2)e™ 1% 4ty (2)e™® = O(z"), (1.1)

where t1(x), ta(x), -+ ,tp(x) are polynomials, of specified degrees,chosen so that h is as large
as possible.
Included, of course, in expressions of type (1.1) are both the ordinary Padé approximations

Py(2)e™" + Qu() = O@@" ™) (1.2)

with deg(ﬁn)g n, deg(@m)g m,Pn(O) # 0, and the quadratic Hermite-Padé approximations
[3.4] ~ . i
Po(2)e™ + Qu(z)e ™ + Ry(z) = O(a"TmFs+2) (1.3)

with deg(P,)< n,deg(Qy,)< m,deg(Rs)< s, P,(0) # 0.
In this paper, we wish to investigate a number of properties of the polynomials P,, T}, Q.
and R, that arise from the solution of the following cubic Hermite-Padé approximations

Pn(l’)e_gr + Tl(x)e—Qz + Qm(l’)e_z + Rs(x) — O(mn+m+s+l+3), (1.4)

with deg(P,)< n, deg(T;)< I, deg(Qm)< m, deg(Rs)< s, P, monic. But as is well known, if
we set £ =y — &, then any cubic equation * + az® + bz + ¢ = 0 can be transformed into the

following form
3+(b—a—2) +(£a3—lab+c)—0
Y 3V T r" T3 e
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So without loss of generality, in this paper we only consider approximations to e~* generated
by finding polynomials P, Q,, and R, so that

Erms(x) := Pp(2)e73% + Qum(z)e™ + Ry(x) = O(x™TmTsT2), (1.5)

The explicit formulae for these unique polynomials are known; in the super-diagonal case n =
m = s, they were obtained by Wang & Zheng [12] and for arbitrary n,m,s € N, they can be
found in Zheng & Wang [13].

2. The Polynomials P, (,, and R,

The polynomials P,,Q,, and R, with deg(P,)= n, deg(Qm)= m, deg(Rs)= s, P, monic,
that satisfy (1.5) are given by (cf. Zheng & Wang [13])

n i
Pa(r) =my B (2.1)
=
where, for 0 < j < n,
n—j k .
o 2 n+m—-—k—j\(s+k
-:2J n — ] 22
= (5) ()0 23
3t IS gl
Qm(r) = = n!ZJT, (2.3)
j=0 7

where, for 0 < 7 < m,
m—j .
In+m—k—j3\[(s+k
] (R (] (2.0
k=0

2
rix
it

Rs(ﬂi) _ (_1)m2m+135—nn! Z
§=0

where, for 0 < j < s,

21 (s+m—k—j\/n+k
rj:(_wzg_k( . )( . ) (2.6)
k=0
We observe that each of the polynomials P, Q,,, and Ry depends on all three positive integers
n, m, and s and the subscript merely denotes the degree of the polynomial in each case. Writing
P,(z) = P(n,m, s;x), Qm(xz) = Q(n,m, s;x),and Rs(z) = R(n,m, s; ).
Our first result establishes a connection between the coefficients of P,, @, Rs and certain
o F1 hypergeometric functions.We recall the definition of the Gauss function (cf.[1])

o (@r®)k
Fi(a,b;c; z) := 2.7
2 l(aa 7072) I;O (C)kk' zZ, ( )
where
_Jala+1l)- - (a+k-1)=T(a+k)/T'(a), if k>1,
() = { 1 if a0 k=0, (2.8)
If t € N,it follows immediately from (2.8) that
(DR =k), for 0<k <t
(=1) = { 0, for k > t. (2.9)
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Therefore, the hypergeometric series o F1(—t, b; ¢; 2), ¢t € N, is a polynomial of degree ¢ in z and,
from (2.8) and (2.9), we have for b,c € N,

L e\ (k)
2P (—t, b+ e+ 1;2) == k; <k>m(—z)k. (2.10)

Theorem 1. Let p;,q;, and r; be given by (2.2),(2.4), and (2.6), respectively. Then

, —j 2
pj:2ﬂn<"+: ]) 2Fi(G = mos Lij—n—mig).j = 0,1, m (2.11)
qj:(—2)j("+7:_]) DFi(G—mys+ 15 —n—m;—2),j=0,1,-- ,m (2.12)

. — 1
TJ:(_l)j(S—’_Z ]> 2F1(j-$,7l+1,]—5—m,§),]:0,1,,S (213)

Another way of writing this is

1
).i7=0.1.--- . 2.14
TL—] ))j E] y 13 ( )

) QFl(j—n,S+1;m+S+2;3

, 1— 4

= 2 (T T R G sk b £ 230 =0 m (215)
, 1-j 2

rj:(—1)1("+m:_5;r J) 2Fi(j = st Lintm+23),5 =015  (216)

Proof. From (2.2) with n — j =t and (2.9) we have, for 0 <t < n,

t k
(m+t—k)l(s+ k) (2
p=2" Z mlslkl(t — k)! (5)

t

_ gm0 (O + L <2> (2.17)
k

mlt! — (—m —t)rk! \3

from which (2.11) immediately follows. The identities (2.12) and (2.13) follow from the same
method.

In general the function o F; (a, b; ¢; ) is not defined if ¢ = 0, —1,—2,-- -, but in (2.11)-(2.13)
the a-parameter equal also a non-positive integer value,with |a| < |c|. In that case the F-function
is well-defined. We use a well-known transformation of the F-function to obtain (2.14)-(2.16),
where the c-parameter is a positive integer and which are more convenient representations. We
use [4]

I'(e)I'(c—a—10)
I'(c—a)l'(c—b)
a=0,-1,-2,---;]arg(l — z)| < . (2.18)

oFi(a,b;¢;2) = oFi(a,b;a+b—c+1;1—2),

Applying this formula to (2.11)-(2.13) we obtain that all arguments in the gamma functions
in front of the F-function in (2.18) become equal to non-positive integers.Hence some care is
needed in applying the transformation. To verify (2.11)—(2.14) we use the property (cf.[1])
I'(2) RL(k+1—2)
B P BN e G N A S ) SO 2.19
I\(Z _ k) ( ) 1—\(1 _ Z) Y Y ) Y ( )
and introduce a small parameter €. That is, we write using a =j —n,b=s+1,c=j—n—m,
I(c)l(c—a—b) . I(c+e)l(c+e—a—0)

I(c—a)l(c—0) Py I'c+e—a)l(c+e—b)
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_Tm+1D)I(n+m+s—j+2)
Fn+m—j+1)(m+s+2)

(2.20)

This gives the result in (2.14). The results for ¢; and r; follow in a similar way.

As an immediate consequence of Theorem 1,we can express the coefficients p;, g;, and 7; in
appropriate Jacobi polynomials.
Corollary 1. For any n,m,s € N,if P,Ea’ﬁ) denotes the Jacobi polynomial of degree k with
parameter o and (3, then

i—n j—n—m—1,j—n—s—1
pj = (~6) P J )(5), (2.21)
meaij j—n—m—1,n+s+1
¢ = (~1)"2 P et (5, (2.22)
rj = (=1)7gi-sprim it 5y, (2.23)

Proof. Firstly we have (cf.[1])

PO () = <’“;“) DFi(—ka+B+k+Latl; “Tx). (2.24)
After applying the following relation (cf.[1])
2Fi(a, by 2) = (1= 2)7* 2Fi(a, ¢ — bic; ﬁ) (2.25)
to (2.11),we have
p; = GJ”(TH_ZZ_j) DFi(j—mj—m—n—s—1j—n—m;—2). (2.26)

Through a few manipulations with binomial coefficients and gamma functions (again with
negative integer arguments), the proof of (2.21) follows from (2.26) and (2.24) with o = j —
n—m-1,0=j—-n—s—1,k=n—jand z =5.
The relation (2.22) follows from (2.12) and (2.24) in the same manner. Finally by applying
(2.25) we have
n+m+s+1—j

Tj=(—1)j3js< s

Now we can easily prove (2.23) from (2.27) and (2.24). Especially,when m = s,the coefficient
p; can be expressed in appropriate Gegenbauer polynomial (cf.[1]).

> oF 1 (j—s,m+1Ln+m+2;-2). (2.27)

Corollary 2. For any n,m = s € N, if C’,EV) denotes the Gegenbauer polynomial of degree k

with parameter vy, then

s+n—jln+2s+1— j)!c(j_.n_s_l/g)
sl(2n 4+ 2s 4+ 1 — 2j)! n=J

p; = (—6y (5). (2.28)

Proof. We have (cf.[1])
29)k ~1/2,7-1/2)
C(z) = ( pU Y ).

It follows from (2.21) that

F(Z] — 27’L — 28 — l)r(—S) (j,ﬁfsfl/g)(5)
rGg—-n—2s—1)I(j—-n—s) "7 '
A few manipulations with binomial coefficients and gamma functions (again with negative
integer arguments) gives the proof of (2.28).

p; = (—6)"""
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3. Contour Integral Representations and Asymtotics

The polynomials P, Q.,, and R that satisfy (1.5), and are given by (2.1)-(2.6), admit
simple contour integral representations.
Theorem 2. Let n,m,s € N and let C be a circle, centre at the origin,radius v € (0,1). Let
P, (), Qm(x), and Rs(x) be the polynomials given by (2.1),(2.3),and (2.5),respectively. Then

(—1)"3°1n! 7{ =20
P,(z) = dv, 1
(x) 2”+S+127Ti c ’U”+1(U + 1)m+1(v + 3/2)s+1 v (3 )

(_1)m+13s+1n! % egm,
m = d s 2
Q (f) on+s+19m54 c ’Um+1(1} I 1)n+1(1/2 — 1})5+1 v (3 )
(_1)m+53s+12m+1n! j{ £TY
R(2) = dv. 3.3
(@) 2mi L oL (0 4 1) (y 4 3y (3.3)

Proof. We only prove (3.1). The other two relations can be proved in the same manner.

Expanding e~2*? in its Maclaurin series and using Cauchy’s integral theorem, we have
(_1)n35+1n! % e—2zv d
v

2ntstlomi Jo untl(v 4+ 1)+ (v + 3/2)5+1

—1)"3s+in! 1 = (—22)7
_ (=13 ay 20 i

2ttt Jo untl(v 4 1)mHl (v + 3/2)s+! = 4!

(=3t [ 3R (—20) 1 p
Toeiom | gt Jo v i o ) 4372

+(—2m)"% 1 iy
nl Jo (ot )m (o +3/2) o

= (—2x)j7{ pi—n-l
d
+an+1 FIR A AR T Yy

= ey G (20 ! "
= on+s+1 = J' (=) [(v+1)m+i(v 4 3/2)sF1
= v=0

By using of Leibniz’ rule, we have

[(u T 1>m+1<1v T 3/2>s+1} o

v=0

) ]
m—+1
— k (v+1) o

s+k+1 o
> (3) (") Eem e )= ) = = R

]

v=0

—(s+1)|[-(s4+1)=1]- - [-(s+1)—k+1]
_nfj 2\ nej(m+n—3j—Fk(s+k)!
) () |

ml!s!
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A comparison of the coefficients of powers of = on the right side of (3.1) with (2.1) completes
the proof of (3.1).

In order to analyze the asymptotic behaviour of the polynomials P, (x), Qum (), and Rs(z)
given by (3.1), (3.2), and (3.3),respectively,we let

N=n+1,M=m+1,S=s+1, (3.4)
and assume that all these parameters are large.We write
M =aN,S =[N, (3.5)
where «, 8 are real, positive constants. We write (3.1) in the form
_ (_1)n38+1n! —Np(v) ,—2zv
Pn(x) = M C@ PlWe d’U, (36)

where

3 /6
v(l +v)® (v + 5) (3.7)
To give the asymptotics, we need the following lemma
Lemma (Saddle Point Method)m. Let h, g be analytic function in a simply connected open
set A and assume that g has no zeros in A. Let ' be a smooth oriented path with a finite
length and endpoints a and b,lying in A. Moreover, let I, = [ h(z)/g(z)"dz. Further assume
that a point zo of T, different from an endpoint, is a mondegenerate critical point of g (i.e.,
¢ (20) = 0,4 (20) # 0)and let w be the phase corresponding to the direction of the tangent to
the oriented path at zo. Suppose that min,cr |g(z)| is attained at the point zo only. Then, if

h(z0) # 0,

p(v) :=1n

/1 h(zo) 1
I = \ralo s o)A (140 (1)), (3.5
as n — oo, where the phase wy of g (20)/9(20) is chosen to satisfy |wo + 2w| < 7/2.Since
9(2) —g(20) ~ (9" (20)/2)(z — 20)? as z — zo along T, and |g(2)/g(z0)| > 1, it is always possible
to choose wy uniquely in this way.

Applying the saddle point method to the integral in (3.6), a simple calculation shows that
for all real,positive values of o and (3, p(v) has derivative equal to zero at a point,say vg,lying
in (—1,0),and at another point to the left of —1. The contour C can be chosen to run through
vg. Moreover, p (vg) # 0 and, in fact, p (vg) is real and negative for all o, 8 > 0. Therefore, as
N — oo, we deduce from (3.6) that

(_1)n35+1n! e—Nﬁ(vo) 1 e—Qrvo

Pul@) ~ i

(3.9)

A1

where if p (vo) = —k2 say, ko > 0, we choose the branch of \/2p” (vg) = iv/2ko, in accordance
with [7]. In Theorem 3 more details are given for a special case.
Similarly, for @, (z), we have from (3.2)

(_1)m+135+1n! —N§g(v Tv
Qm(ﬂj) = W ﬁ € N )62 d’U, (310)
where
1 B
G(v) :=1n [v*(1 +v) (5 - U) (3.11)

Now for 0 < 8 < 4 we can choose C' to run through two saddle points:§(v) has derivative equal
to zero at two distinct points, v1 € (—1,0),v2 € (0,1) for all @ > 0,0 < 5 < 4.
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Applying the saddle point method to the integral in (3.10), as N — oo, we have

(_1)m+135+1n! Ne T eQrvl Ne P 6211)2
m(@) ~ 2 e Na(e) [~ 9o Nata) [ — 4 (312
Qm(2) ~ e 57 (o0) (3.12)

When 8 > 4, we can choose C to run through one saddle point: §(v) has derivative equal to
zero at one point v; € (—1,0) (at another point vo < —1) for all @ > 0,6 > 4.
In this case, as N — oo, we have

(_1)m+135+1n! —ch( 1) T 6211)1
m(T) ~ ————— W= 3.13
Q (x) 2”+5+127TZ e N 2@// ('Ul) ( )
For Rs(z), we have from (3.3)
-1 m+535+12m+1 | N
Ru(z) = & — r j{c e~ NFW) g gy, (3.14)
where
#(v) := In[v? (v + 1)*(v + 3)]. (3.15)

Then we can choose C' to run through one saddle point: 7(v) has derivative equal to zero at
one point v3 € (—1,0) (at another point to the left of —1) for all a, 8 > 0.

Applying the saddle point method,as N — oco,we have
(_1)m+338+12m+1n!

Tv3
, 9e—Niws) [T ¢ 3.16
271 N /27" (vg) ( )

Ry(x) ~

The asymptotic formulae for P,,, Q,,,and Ry are rather cumbersome arithmetically for arbitrary
a, B > 0. We shall, therefore, restrict ourselves to the (rather natural) case when 8 = 2 in (3.5),
although the method works for all o, 5 > 0.

Theorem 3. Let P, (x), Qm(x), and Rs(x) be given by (3.1),(3.2), and (3.3), respectively, and
assume that (3.5) holds with 8 = 2. Set

o:=v9a% + 300+ 9, (3.17)

2
§::\/3a2+19a+$+2—0<%+2+2), (3.18)
2
T:Z\/3a2+19a+?+2+0<%+2+2), (3.19)
n{(a+3)[3(a+3) — o]}"*! [0 — (a+3)]>" TV
Ap o= , (3.20)
) 9m+3n+3 /(TL + ]_)71— S o
n{(a +3)[3(a +3) + o]}" [0 + (a +3)]*""Y
By o = . (3.21)
’ 2m+3n+3 (n + 1)7‘( -T «
Then, as n — oo, we have
3(atd)—o
P, (z) ~ Ay pe 2@ 7 (3.22)
Qu(z) ~ —Ap e 50i5® 4 (1) B, e~ Hars (3.23)
Ry(@) ~ (~1)" B e~ Hatm 2, (3.24)

The asymptotics are uniform with respect to x on compact subset of C.
Proof. Putting 8 = 2 in (3.7) and differentiating with respect to v, we see that p'(v) = 0

_ _3 o
Whenv—_zim.
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Setting
3 o
__3 2
Vo 4+4(Oé+3)’ (3 5)
it follows from (3.7) with 8 = 2 that
— Np(v -1y o—(a+3)1"
o0 = LW {0+ 330 +3) — o) [%} , (3.26)
and B
2 (vg) = —¢>. (3.27)

Therefore from (3.9), as N — oo, recalling that N = n + 1, we deduce (3.22) from (3.26) and
(3.27).
Turning to the polynomial Q,(z), with 8 = 2 in (3.11). Then ¢’(v) = 0 when v = —1 +

g

—Z—=, so that the integral in (3.10) has two (simple) saddle points inside C at the real axis

4(a+3)?
given by . .
o o
=——— =4 —. 3.28
B T ) L R B ooy (3.28)
Moreover, from (3.11) with 8 = 2, we have
24 (1) = =% 24 (w) = —77, (3.29)
while
e~ Na(v1) = (_1)M+N g=Np(vo) (3.30)
—N(vs) 1 N U+(a+3) M
e = 9N2M{(a+3)[3(a+3)+0]} — - (3.31)

We must choose the branches of 1/2¢" (v1) and /24" (v2) in accordance with [7], namely,

1/2¢" (v1) = ig, 24" (vg) = —iT. (3.32)

Then,from (3.12) together with (3.30)-(3.32), we deduce (3.23).
Now we investigate the polynomial R(z) with 8 = 2.Then #/(v) = 0 when v = =2+ 2

Setting
b= -S4 T
2 2(a+3)

it follows from (3.15) with 8 = 2 that

M
Ni(ea) _ 1@ +3)Bla+3) + 0]} [o+ (a+3) (3.34)
¢ - QN2M+3N o ’ :
and ,
87 (v3) = —72. (3.35)
In accordance with [7],we choose _
2 (v3) = %T. (3.36)

Then,from (3.16) together with (3.34) and (3.36), we deduce (3.24).

The results hold uniformly with respect to x on compact subsets of C, because we assume
that z is independent of the large parameter n(cf.[7]).

The contour integrals for the polynomials P, , Q,,, Rs, and E,;,s can be written in the form

P 3s+1n!621 e—Qrw d 7
n(®) = ~ 5t ?il (1 — w)rHwm+ (g + 1/2)+1 (3.37)
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Qun(a) = — S ]{ c dw (3.38)
m - on+s+19; Co (1 _ w)n+1wm+1(w + 1/2)s+1 ) .
35+1n!€—z e—Qrw
Ry(r) = —— dw, 3.39
(33) on+s+19m; ]{ ) (1 _ w)n+1wm+1(w + 1/2)S+1 w ( )
-3
35+1n!e—r e—2zw
Enms = - . d y 3.40
(z) ontstiogg ?{c (1 — w) Hlwm i (w + 1/2)5+1 w (3.40)

where C, is a circle, center at w = v, radius r € (0,1/2), and C is a circle, center at the
origin,radius 7 > 1. The result for the remainder E,,s defined in (1.5) follows from adding
up the results in (3.37)-(3.39). So, in fact, we have the same integral representation for the
quantities P,, Qm, Rs, and FEy,,,s, but with different contours of integration. Of course, all
contours can be deformed without crossing the poles.

To obtain the asymptotic behavior of the remainder,we cannot simply use the results in
(3.22)-(3.24). Adding up these results gives

Erms(x) = Poy(2)e ™% + Quu(2)e™ + Ry(z) ~ 0,

which does not give useful information,but is in agreement with the approximating property of
the Hermite-Padé method. A better estimate for F,,,s follows from (3.40), by taking into the
account the exponential function when computing the saddle point.

Theorem 4. Let E,, s be defined by (3.40); assume that n,m, s tend to co and x = o(n+m+s).
Then

(_1)m+535+12m+1n!

Enms:
(n+m+s+2)!

e T tmEsT2 4oo(1)]. (3.41)

Proof. We write (3.40) in the form

(_1)n35+1n!67w ef2ww
Epms (z) = ontst19,; o wtmtsts tH(w)dw, (3.42)
where
t(w) 1
w) = .
A= D+ ot
The function e=2*% /w"T™*+5%3 has a saddle point at wy = — 22543 which tends to infinity,
and t(w) = 14 22:5=1 4 ... =14 0(1) in a neighborhood of the saddle point, and in fact on a

circle with radius |wg|. This proves the theorem.

4. Some Aspects of Uniform Asymptotic Method

The asymptotic estimates given in (3.22)-(3.24) and (3.41) cannot be used to obtain detailed
information on the zeros, because the zeros occur outside compact sets as the orders n,m, s
tend to infinity.

As explained at the end of the previous section,the four quantities P, @m, Rs, and Ej, s
all have the same integral representation

—é(w dw
few)wa—m@+wr (1)

with different contours and with

d(w) = 2zw+n1n(1—w)—|—mlnw+sln(% + w), (4.2)
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where we now write z instead of x, to underline that the argument is complex. The saddle points
of the integrand are the zeros of the derivative of ¢. There are three saddle points defined by
the cubic equation

Y(w) ::2zw3+(m+n+s—z)w2—(%—g—i—s—i—z)w—%:0. (4.3)

Obvoiusly, ¥(—3) = 25,9(0) = —%,4(1) = 2n, so the saddle points are real when z is real.
When z > 0, the saddle points occur in (—oo, —% ,(—%,0),and (0,1).When z < 0,the saddle
points occur in (—3,0), (0,1),and (1, +00).

For certain complex values of z, two or three saddle points may coincide. It is known from
uniform asymptotic (cf.[7] or [10])that Airy functions can describe the asymptotic behaviour of
the integrals when two saddle points coincide. It is also known that in the z-plane strings of
zeros arise near z-values that make the saddle points coalesce.

In the case s = 2n, when the resultant expression of (w) and ¥'(w) equals zero, namely
Res(¢, ¢, w) = 0, two saddle points coincide. It is easy to prove that z solves the equation

3627 + (132n — 36m)z> + (189n? + 306mn — 27m?)2% + (162n® + 270mn?
+126m?n + 18m®)z + 81n* + 324mn3 + 270m?n? + 84m3n + 9Im* = 0. (4.4)
When s = 2n = 4m and
2t +23mz3 4 189m?2? + 637m3z + 686m* = 0 (4.5)

three saddle points coincide at

1
wz——:l:\/ﬁ

e (4.6)
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