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Abstract

This paper is concerned with the stability of theoretical solution and numerical solution
of a class of nonlinear differential equations with piecewise delays. At first, a sufficient
condition for the stability of theoretical solution of these problems is given, then numerical
stability and asymptotical stability are discussed for a class of multistep methods when
applied to these problems.
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1. Introduction

In recent years, many authors discussed the stability of numerical methods for the solution of
delay differential equations(DDEs) (see, e.g., [1, 2, 3, 4, 10] and their references) with constant
delay. Recently, H.Tian [9] has given the exponential asymptotic stability of singularly per-
turbed delay differential equations with a bounded lag, and this type stability can be applied to
general delay differential equations with a variable lag. However, the stability results of numer-
ical methods for differential equations with variable delays are much less. In 1997, Zennaro[7]
first investigated asymptotical stability of nonlinear delay differential equations(DDEs) with a
variable delay, and gave the stability result of Runge-Kutta methods applied to this systems.
In 1984, Cooke et al [6] described the existence, asymptotic behavior, periodic and oscillating
solutions of the differential equations with piecewise constant delays. More results can also be
found in [8] about differential equations with piecewise continuously variable arguments. In [5],
the stability of §-methods has been studied by Zhang Changhai et al, which is based on the
linear problem

{ y'(t) = ay(t) +by([t]), t=0,
y(0) = wo,

where a, b denote real constants and [-] denotes the greatest integer function. In this paper,
we further investigate the stability of the theoretical solution and numerical solution of a class
of initial value problems in nonlinear differential equations with piecewise delays. In section 2,
we fix our attention on the stability of the theoretical solution of the problems. In section 3,
we analyze the stability and asymptotical stability of a class of linear multistep methods when
applied to the problems. Our results are further verified by the numerical experiment in section
4.
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2. Test Problems

Let (-,-) be an inner product in C¥ and ||- || the corresponding norm. Consider the following
initial value problem in nonlinear differential equations with piecewise delay:
{70=1uOu). 120 o)
y(O) = Yo,

where [] is the largest-integer function, and f : [0,+00) x CN x OV — C¥ is a given
continuous mapping. Assume that there exist continuous bounded functions «(t) and 5(t) on
the interval [0, 400), which satisfies the following conditions:

at) <0, at)+p(t) <0 Vt>0, (2.2)

such that
Re < uy —ug, f(t,u1,v) — f(t,uz,v) >< a(t)||ur — usl|?,Vt > 0,u1,uz,v € CN (2.3a)
{ Il f(t,u,v1) — F(t,u,v0)|| < BE)||vr — val|, VE > 0,u,v1,v0 € CV, (2.3b)

and that the problem (2.1) has a unique true solution y(¢) on the interval [0, +00).
In order to discuss the contractivity and asymptotic stability of (2.1), we introduce the

perturbed problem
2(t) = f(t, 2(t), 2([t]), t=0,
LI 24
and assume that the problem (2.4) has a unique true solution z(t).
Theorem 2.1. If the mapping f satisfies the condition (2.3) with (2.2), then we have
ly(t) = 2] < llyo — 20l ¥ t€[0,+00) (2.5)

Proof. Define Y (t) := ||y(t) — z(t)||> =< y(t) — 2(¢),y(t) — z(t) >. Noting the conditions
(2.2) and (2.3), and Cauchy-Schwartz inequality, we have

Y'(t) = 2Re <y(t) — 2(t),y
=2Re <y(t) — (1), f(t,y(t), y (
+2Re < y(t) — 2(t), f(t, (), y(
< 2a(t)Y(t) +28(8)[ly(t) — 2(t)
< 2a()Y() + BV ()

B#))Y (&) + B#)Y([t]

A(
= a()Y (1) + (at) +
< a(®)Y(t) + B)Y([t])-

Let A(x fo t)dt, for every tg > 0,t > to, we have

~—

/ (e A@Y (@)yde < [ [ Bae 1@y (. (2.6)

to
Hence

t
Y(t) < Y(to)eA(t)*A(to) _ eA(t)/ a(x)efA(x)Y([dem.

to

For the case m < ¢ < m + 1 with integer m > 0. Let to = m, we have
t
Y (t) < Y (m)[eAD-Alm) _ eA(t)/ a(z)e—A®) dg]

<Y (m)[et®=AMm) L1 AG=AM] <y (). (2.7)

By iterating, the (2.5) is true.
Modifying the conditions of theorem 2.1 further, we can obtain the following conclusion.
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Theorem 2.2. Assume the mapping f satisfies the condition (2.3) with
a(t) < 0,0 <~(t) <1, —y(t)a(t) = B(t), vVt >0, (2.8)

where continuous functions a(t),y(t) satisfy

a=supa(t) <0, J=supy(t)<l1. (2.9)
>0 >0
Then we have
Jlim_ (1) — =(0)]| = 0. (2.10)

Proof. According to the proof of Theorem 2.1, and noting (2.6) and (2.8), we have

t
Y (t) < Y (tg)eAD=Alo) 'T/eA(t)/ a(x)e 2@y ([2])dx.

to
For the case m <t < m + 1 with integer m > 0, let {9 = m, we have

Y(t) SY(m)[F + (1= 3)etO AN <y (m)f + (1 - 7)e ™). (2.11)
Put g =7+ (1 —7)e®. Because & < 0,7 < 1, s0 0 < g < 1. Then we have
Y(m) < qY(m—1) < ¢™Y(0).

Therefore we can obtain (2.10) easily.

3. Stability Analysis of Linear Multistep Methods

In this paper, we consider a specific class of linear multistep methods(LMM’s) for solving

k
ODE'’s with the generating polynomials p(&) = - a;&7,0(€) = b€¥, which are assumed to have

=0
real coefficient, no common divisor. We also assume(cf.[3])
p(l) = Oapl(l) = G(l)ﬂak = 17aj < 07.7 = 07 17 e 7k - 17 (31)

consequently b > 0.
Applying the k-step LMM (p, o) to (2.1) and (2.4) respectively, we obtain

k
ajYntj = hOf (tntks Yntks Untk) (3.2)
j=0
and
k
Z CLjZnJrj = hbf(t’n+k}7 Zn+4k ZnJrk)a (33)
j=0

where h > 0 is the fixed stepsize, y, and z, are approximations to the exact solutions y(t) and
2(t), and Gn, Zn to y([ta]), 2([tn]) respectively, with ¢, = nh.

Definition 3.1. A LMM (p, o) for solving (2.1) is said to be stable, if the numerical approz-
imations y, and z, to the solutions of any given problems (2.1) and (2.4) respectively, satisfy
the condition

— 2|l < " > k. :
lym = 2nll < | max ly; — 2l ¥n > (33)

Definition 3.2. A LMM (p,0) for solving (2.1) is said to be asymptotically stable, if the
numerical approzimations y, and z, to the solutions of any given problems (2.1) and (2.4)
respectively, satisfy the condition

lim ||yn — 2zl = 0. (3.4)

n—-+o0o
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So as to reduce the error, we let h = where m is a positive integer. Then we have

1
m’

Yn

Theorem 3.1. Assume the mapping f satisfies the condition (2.3) with (2.2), and the step-size
satisfies h = %, with a positive integer m, the coefficients of the method (p,o) satisfy (3.1).
Then the method (p, o) for solving (2.1) is stable.
P?"OOf, Let wy, = yn — ZnaAfn = f(tnaynagn) - f(tnaznain)aajn =Yn— Zp,n=0,1,---. It
follows from (3.2) — (3.3) that
k
D 4ntj = hbA fup (3:5)
j=0

We take the inner products in (3.5) with wy44 and obtain

k—1
lwnirll® = — ZajRe < Wrply Wntj > FhbRe < wingk, Afpgn >
7=0
k—1
< =" ajllwnjllllwnskll + hbRe < wnp, Afuir > . (3.6)
7=0

It follows from the conditions (2.3) and (2.4) and Cauchy inequality that
Re < wnyr, Afnik >= Re < Ynak — Znik, [ (bnkes Ynaks Unar) — f (bnske, Zntre, Unak) >
+Re < Ynik — Zniks f(tn+kv Zn+ks gn+k) - f(tn+ka En+ks Zn+k) >
< altpi)lwnrrl + BEnrr) llonulllonx]- (3.7)
Substituting (3.7) into (3.6), we get

k—1
(1 = hbatnri))llwntrll < =Y ajlwnssll + hbB(tnsn) lon+kll (3.8)
j=0
where @,, = Ym[n] = Zm[2].
For the case m=1, (3.8) leads to
k—1
(1= hba(tn i) = hbB(tn k) lwn ikl < =D ajllwnsll (3.9)
j=0
By the condition (2.2) and (3.1), and noting (3.9), we have
1
< i< il
||w7’b+k|| =71_ hb(a(tn+k) + 6(tn+k)) OSIJnSa]zil ||wn+.7|| = Ogrjr'lgaliil ||wn+.7||
Therefor,
onax [wpret5 ]| < o max | lwp-tr+ill P=1,2,---. (3.10)

For the case m > 1, we consider two cases:
i) m > k. For any integer p > 0 we have

> ajllwmpill + hbB(Emprk) |wmpl|

=0
[wmp+rll < :

S |l < ,
- 1= hba(tmp-{-k) Ogr?galfq ||wmp+.7|| = ogrjnglz(—l ||wmp+.7||a

1— hba(tmerk)

we also can obtain that

||wmp+i|| < ogr}lngq ||wmp+j||7 i=kk+1,---,m—1
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Moreover
k=1
- ZO aj [|wmp-+m—;]l
j=
Wimnptm || < < ma Wmnp+
el S g + Bt ) — o2 lmrsall
Clearly,

O%ix [wimp ]l < o<m31§ 1 l[wip+5 -

On the other hand

1
- Z aj||wm(p+1)—k+i+j|| + hbﬂ(tm(p+1)+i)”wm(p+l)H

o | <=
D+ill =
m(p+ )+1 1— hba(tm(p-l,-l)-l,-i)
< Ogrjnga’lzal ||wm(p+1)—j|| < Og;ag’n ||w’l’l"Lp+j|| i = 07 ]-7 27 T 7k -1
Consequently, we have
0I<naX [wim@p+1)+5ll < gz‘lx [wimp]l < 0<m<a]3( 1 [[wip-+s]l- (3.11)

ii) 1 <m < k. For any integer n > 0, if [2t£] = 2tk then from (3.8) we obtain

k—1
— > ajllwngll
wnill < =0 < lwnsll,
=T hb(altng ) + Bltask)) 0<jeh 1Hd

while [ZEE] o 2 then we obtain with (3.8)

< .
T (s gl < | ma flons|

Consequently, we have

S iyl < max ol p=0.1.2 (3.12)

Together with (3.10), (3.11) and (3.12), we complete the proof of Theorem 3.1.

Theorem 3.2. Assume the mapping f satisfies the conditions of Theorem 2.2, and the step-size
satisfies h = %, with a positive integer m, the coefficients of the method (p,o) satisfy (3.1).
Then the method (p, o) for solving (2.1) is asymptotically stable.

Proof. By the proof procedure of Theorem 3.1, from (3.8) and (2.8) we have

k—1
(1 = hba(tnsi)lwnrll < =D ajllontsll = hby(tnsr)a(tosn)|lonsxll (3.13)
=0
When m =1, (3.13) leads to
fensell < ; e
Wn > Wn
S T T bt ) (L — 7 (tnar)) 0ok 1t
< ; =
— F()Sl}lgalz(—l |Iw”+J|| n 07 1) )
where I' = #(17"7)' From (2.9), it is obvious that 0 < T' < 1. Hence
onax [Wk(pt1)+51 < Foirjnax lwrp+5l
< re max ||wJ|| p= 07 ) 7' Tt (314)
0<;<

When m > 1, we consider two cases
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i) m > k. From (3.13), for any integer p > 0, we have
k=1

- ZO ajl|wmp+jl| — by (Empti) (Emp+k) [|wmp |
J:

m <
leomp il < T

<Ty max Jlwmpl,

0<j<k—1
where ') = 11__%?;, and 0 < I'; < 1 obviously. Similarly
lmptill < Ty max Nl fori =i+ Lo m = 1.
Moreover
k=1
~ &l
w < = <TI'iy ma w ill-
mr el S bt )@ A grr)) o2 [
Then
| < .
krgn%)% [winp+ill <T1 OSIJr,lg]zil [wimp+;]l
and
Ogagn [wmp+5ll = Ogrgr‘lgalzil lwmp+s]-

On the other hand

k
- Zl ajllwmp—j+1ll = AbY(Emp+1)(tmp+1) |wmpll
J:

m <
Hw P+1|| — 1— thé(th_H)

_ 121;2(]6 lwmpt1—5ll — hby(tmpr1)a(tmpr1)T1 ngjr.lggil lwmp—1)+5]]

- 1-— hboz(tmpﬂ)

<TI't max  ||wmp—1)44lI-

0<j<k—1
Likewise,
o Jnax | [wmp+5]l < T o nax [wimp—1)+51l-
Hence,
oax fwmpsll < Ty max fwmp-n)+] < F’i’ogr;lgg_l [lwsl- (3.15)

ii) 0 < m < k, by similar discussion as above, we obtain that

max |Iw/€(p+1)+j|| < F:lf maX_ |wkp+j|| fO’f' b= 07 17 27 U (316)

0<j<k—1 0<j<k
From (3.14), (3.15) and (3.16), we complete the proof of Theorem 3.2.

|

4. Numerical Experiment
Consider the parabolic problem with piecewise delay term
9u — 9w 4 oxp(—tyu(z, [t]) + F(z,t), 0 1,t>0
o = oo p(—t)u(z,[t]) + F(z,t), 0<z<1t>
u(x,0) =z — 22, 0<z<l, (4.1)
u(0,t) =u(l,t) =0, t>0,

where F(z,t) = (2 — 2(1 — x)(exp([t]) + 1))exp(—t). This problem has a unique true solution
u(x,t) = (x — 22) exp(—t). Therefore, without regard to truncation error we can replace the
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0 o

Figure 1: Numerical solution of problem (4.1) by method (4.4) with N = 500,a = —0.5,h =
01,0 <t <2

second spatial derivatives by finite differences on a grid of points z; = i/N,i = 1(1)N — 1, with
N an arbitrarily given natural number. Write

ui(t) = u(xg, t), Fi(t) = (2 — idx(1 — iAz)(exp([t]) + 1))exp(—t), Az = 1/N,
we thus obtain

{ i = gz (wina () = 2ui(t) + wig (1)) + exp(=tui([t]) + F(t), >0
up(t) = un(t) =0,u;(0) =ilx(l —ilz), i=1,2,--- N —1.

Refer to Section 2, the problem (4.2) can be regarded as a special case of the initial value
problem (2.1) in space RV ™!, we can easily verify conditions (2.2) and (2.3) are satisfied with
a(t) = —AN?sin® 7 ~ —n? for large N, 3(t) = exp(—t) and

f(tvuav) = [fl(tauvv)va(tvuav)a"' afN—l(tvuav)]T

(4.2)

with

1
fit,u,v) = m(ui_l — 2u; + uip1) + exp(—t)v; + Fi(t)

vt > 0,u,v € RV7L (4.3)
Let (t) Gt Tt is easy to see that (2.8) and (2.9) are satisfied.

= INTsin? &
We apply the two-step one-order method
ayn — (L + a)ynt1 + Yny2 = h(a +2) fri2 (4.4)
to problem (4.2) and perturbed problem
2ol = Lo (v (8) — 20i(t) + viga (b)) + exp(—t)vi([t]) + Fi(t), ¢ >0
{ vo(t) = on(t) = 0,v,(0) =ilx(l —iAx)+ 0.5, i=1,2,--- N —1,
where —1 < a < 0 and the step-size satisfies h = L, with a positive integer m, and obtain the nu-

m’

merical approximation solutions y,, and z,, respectively, where y,, ~ [u1(t,), u2(tn), -+, un—1(tn)]"

(4.5)
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Table 1: Maximum global errors E(T') of method (3.2)-(3.21) applied to Problem (4.2).

T=2 T=5 T=10 T=15
h=1 | 3.22850 x 10~ " | 6.58560 x 10~ | 4.31390 x 107 | 9.13491 x 10~ !
a=—0.5 [ h=0.5 | 4.50465 x 10 2 | 2.28225 x 10 ° | 2.33157 x 10" ¥ | 3.11673 x 10" ™
h=0.1 | 2.11418 x 102 | 6.17889 x 10~ * | 8.61215 x 10~ " | 3.30468 x 10~ ¥
h=1 | 9.38517 x 10~ % | 1.71286 x 102 | 6.73092 x 10~° | 1.12901 x 10~ !
a=—-1 [ h=05 | 3.05128 x 10" ' | 1.53902 x 10~> | 2.30905 x 10—’ | 3.25682 x 10~ "
h=0.1 | 5.60568 x 102 | 1.73493 x 10> | 2.53492 x 10~ ° | 3.97812 x 10 °
and 2z, =~ [v1(tn),v2(tn), -+ ,on—1(tn)]T. According to Theorem 3.2, the method (4.4) for

solving (4.2) is asymptotically stable. Now we let N = 500, a = —0.5 and a = —1 re-
spectively, for h = 1,0.5,0.1, let E(T) denote the global error of y, and z, at t = T, i.e.
E(T) = ||yn — zn|| (nh=T). We list the values of E(T') in Table 1 for T'= 2,5, 10, 15 respec-
tively. Moreover in Figure 1, we describe the numerical solutions of problem (4.1) by method
(4.4) when N = 500,a = —0.5,h = 0.1,0 < t < 2. It is clear that the results given by Table 1
and Figure 1 confirm our results in Section 3.
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