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Abstract

In this paper we propose the finite difference method for the forward-backward heat
equation. We use a coarse-mesh second-order central difference scheme at the middle
line mesh points and derive the error estimate. Then we discuss the iterative method
based on the domain decomposition for our scheme and derive the bounds for the rates of
convergence. Finally we present some numerical experiments to support our analysis.
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1. Introduction

In this paper, we consider the following boundary value problem of a forward-backward
parabolic equation:
a(x)ur — ugy = f(x,t), (x,t) € Q= (-1,1)x(0,1),
u(z,0) =0, 0<z<1,
(1.1)
u(z,1) =0, —-1<z<0,
u(l,t) =0, u(—-1,t) =0, 0<t<1,
where a(xz) > 0 for z > 0, a(z) < 0 for x < 0 and a(0) = 0. For example, a(x) = x or a(x) = 2™
with m the odd integer. The problem (1.1) arises in a variety of applications such as randomly
accelerated particle problem and fluid flow near a boundary where separation occurs, see [1, 2]
for the details. So far there are several numerical approach to this problem, for example, the
finite difference method[1], least square method[5] and Galerkin finite element method[3, 4, 7, 8].
The purpose of this paper is to present a finite difference scheme to equation (1.1). Unlike
the standard way in [1], we use a coarse mesh second-order central difference scheme at the mesh
points lie on the middle line x = 0, 0 < t < 1. We prove the error estimates O(7+h?+ H3) with
time mesh size 7 and space mesh size h and coarse mesh size H. Then we discuss the iterative
method based on the domain decomposition method for our scheme and obtain bounds of the
convergent rate with 1 — H, which is better than that 1— h in [1]. In the last section we present
some numerical results to support our analysis.

2. The Difference Scheme

We first specify the grids. Let h = 1/M and x; = i¢h for ¢« = 0,£1,4+2,--- ,+M. Let
T=1/N and t; = jr for j =0,1,--- ,N.
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We use the backward and forward difference scheme on domain « > 0 and x < 0 respectively
and second order central difference scheme on the line x = 0 with coarse mesh H = mgh for

some given positive integer mg. Denote zf (-M+1<i<M-1,1<j < N-1)is the
approximation solution for the exact solution at point (ih,j7). Then

J+1 j j+1 j+1 j+1

T Zily — 2207 + 7 i1 . .

L T L= ;L2 : :fq,J ) 1SZ§M—1,0§]SN-2,

=0, 1<i<M-1, (2.1)

Q;

Z,=0, 1<j<N-1I

JHL 0 90 ] 4
CLZ'Zl Zz_ i—1 h21 itl ij7 —M+1§i§—1,1§j§N—l,
T
N=0, -M+1<i<-1, (2.2)

=0 1<j<N-1
and

Pl -
— o I;)Q Mo — I 1<j<N-1 (2.3)

Here a; = a(ih) and fij = f(ih,j7). For mg = 1, it is the same method proposed in [1].
It is convenient to introduce the set of all mesh points by N,

N={@h,jr)| - M+1<i<M-1,1<j<N-1}
Further we split N' = N,, UN,, U Ny, into three disjoint subsets as follows,
Ny ={(th,jT)[1<i<M—-1,1<j<N-1},
Ny ={(ih,j7)| - M +1<i<-1,1<j<N-1},
Ny ={(0,j7)|1<j<N-1}.
We write the linear system (2.1)-(2.3) in the matrix form PZ = F with

Avv 0 Avw
P=( 0 Apw Auwy (2.4)
Avp  Awy Ayy

The vector Z = (Zy, Zu, Zy)T with
1 2 1 N-I\T
ZU:('Z—M-'rl’z—M—‘,-l’.-.7’2—17.-.7271 )
1,2 1 N—1\T
Zw P (z17z1’- .. 72M_17-. . 72M71)

)

)

and Zy = (24,23, , 21T, And F the vector defined on the mesh points A of the function
flz,t).
Let u be the exact solution of problem (1.1). Denote the error
E! =wu(ih,j7) — 21, (ih,jT) € N.
We use the maximum norm
|Ely = max [E]].

Now we will prove the following error estimates.

Theorem 2.1. Suppose that +|0%u/0t?| and |0*u/0x*| are bounded by constant Cy on €,
the closure of Q. Then

1
1Ellv < 5Co(r + h* + H). (2.5)
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Proof. 1t is easy to see that from Taylor’s series, we have the truncation error in (2.1)-(2.3)

_ _ KJ(t+h?), (ih,j7) € Ny U Ny,
R} = (PE)] = , (2.6)
KJH?, (0,57) € Ny,

where |K7| < Cy and |K]| < Cy. Asin [1], it is not difficult to see that the matrix P has positive
diagonal entries, nonpositive offdiagonal entries, and is irreducibly diagonally dominant. Hence
P is an M matrix[10]. That is all the entries of the inverse of matrix P are nonnegative. It is
equivalent to the maximun principle in the finite difference method and it is useful to derive
the error estimates.
Borrow the trick of [9], we construct

i LA d

O‘z‘zl—ma 6@’:H(1_M) (2.7)
for —-M+1<i<M-1,1<j < N—1. Obviously |af| <1 and |ﬁf| < H. Then we can verify
that

(Pa)] > 2, (2.8)
and 4
(PB), >0, i#0 (2.9)
(ppyy = U= 58) ig Rl Gl v DY (2.10)
Putting
¢ = %CQ(T +h2)al + %Conﬁfa (2.11)

then we can prove

(PE£E))] >0.
Thus by the M matrix property of P, we have
. 1 1
Bl <¢& < 500(7’4—}12)—1—500]{3, ~M+1<i<M-1,1<j<N-1

It completes the proof.

This result is not surprising for the presence of the H® term. In [9], they first derive
the similar result for the numerical approximation of heat equation by domain decomposition
method—an explicit forward difference formula on the coarse mesh at the interface mesh points,
and implicit backward difference formula on the fine mesh in sub-domains. So they weaken the
condition 7 < %h2 toT < %H 2. Here we use the coarse mesh to improve the convergent rate of
the iterative algorithm discussed in next section.

3. Iterative Method

In this section, we discuss the iterative method based on the domain decomposition method
to our scheme (2.1)-(2.3). To express the idea, we use the matrix form (2.4). We first give an

initial guessing value at grid points on the line z = 0 with Z9 = (z5°°, 2, - - - ,zév_l’O)T, then
we solve the problem separately in domain x > 0 and x < 0 by
AwZ) = Fy — Ay Z)), (3.1)
AwwZy = Fy — Awy Zy), (3.2)

and update Zi by
ApyZy = Fy — App Zy — Awy 2. (3.3)
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Repeating above procedure we have the following iterative algorithm. For initial guess value
0 (1<j<N-—1),let k=1,2,---, we solve the two subsystems as follows:
P I zjjll’k — 2z TR 4 zjill’k 1 . )

d - r ZhQ ! =f1", 1<i<M-1,0<j<N-2

A=l 1< <N -1,

a;

2F =0, 1<i<M-1,

=0, 1<j<N-1

(3.4)
Y D P L ;
a; 2 A h12 Hl ) M41<i<-1,1<j< N -1,
T
7,k J,k—1 —
z) & 1<j<N-—1, (3.5)
7P =0, —M+1<i<-1,
A =0, 1<j<N-1
and 1
o =3 (b 4 2T, A HALD), 1SN -1 (36)

The linear system (3.4) is easy to solve. We only need to solve a tridiagonal linear system
for (zik, zé’k, e ,zjl\f_l), then for (sz, zg’k, e ,zﬁ/}k_l) and so on. Thus we need solve N — 1
tridiagonal linear systems for (3.4). Equation (3.5) is the same as (3.4) but from 2V =1k to 2.
Remark 3.1. We can also use the relaxation method [1], replacing (3.3) by

Ay Zly = Fy — Ay Z} — Awy Zy,,
. (3.7)
Zq}):ng—l—(l—w)Zi, 0<w<1L

In [11], they proposed an algorithm which is similar to above algorithm by the non-overlap
domain decomposition method. They derived some convergent rate in some different norm.

We next derive the convergent rate for the iterative algorithm (3.4)-(3.6).
Theorem 3.1. Let ¢7F (1 < j < N—1,k=0,1,2,---) be the solutions of equations (3.4)-(3.6),
2} (1 < j < N —1) be the solution of equations (2.1)-(2.3). Then

J_ ikt < (1 — J_ gk
Lmax (2 = M) < (L H) | max(J=) - 6], (38)

So ¢7* converge to zg with the rate 1 — H as k — oo.

Proof. Let the iteration error

J

M=l -2 M <i<M, i#0,1<j<N-L

6\'L K3

—Z

Then the error ag’k satisfies:

J+1.k

Jj+1.k J.k
e — +&in

e
T h?

ef =z — ¢l 1<j<N-1

J+1,k J+1.k
g 1" — 2g;

i =0, 1<i<M-1,0<j<N-2,

(3.9)
F =0, 1<i<M-1,

ef =0, 1<j<N-1
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Gk gk Gk ogdk 3k
0.6 & &h 2; e g _My1<i<o1,1<i<N-1,
T

TP ,

=2 — ¢l 1<j<N-1 (3.10)

et =0, —M+1<i<-1,

k=0, 1<j<N-1;
and 1

A-¢ =3 (e +eth,), 1<i<N-L (3.11)
Denote
_ i _ Gk
Sk 15%3%71“20 7).

For the error linear system (3.9), we again write (3.9) in the matrix form GY* = R. Here

k_ 1k 2k 1,k N—1,k\T
T _(61 y€1 7"';6]\/[71;"';6]\/[71)
and i N1 i
1 1k—1 - N—1,k—1
R_ ZO_(b ZO _(b 00 OT
_( 2 S, 2 7’7...7)'

Similar to the proof of theorem 2.1, the matrix G also has positive diagonal entries, non-
positive off-diagonal entries, and is irreducibly diagonally dominant. So G is M matrix. We
construct ‘

it =S (- il/M), 1<i<M-1,1<j<N-L

Thus we can obtain

(Gn+e)* >0, 1<i<M-1,1<j<N-1.
So we have the inequality

ek <t 1<i<M-1,1<j<N-1. (3.12)

As the same way we obtain

eF <, M 41<i<-1,1<j<N-1 (3.13)
Finally from the relation (3.11), we get forall 1 <j < N —1

25— 7 < §(Iehk] + 120, )
< (k11 = ol /M) + Sya (1= | = mol/M)) (3.14)
<(1—H)Si_1.

It is the result (3.8) and it completes the proof.

Remark 3.2. From theorem 2.1, we would expect to choose 7 ~ h? ~ H?3. If such choices
are made, H> = h? for example, then we will see the convergent rate of iterative method is
1 — h%/3. 1t is better than 1 — h in [1].

Remark 3.3. We can also use different mesh size in N,, and N,, parts as long as H = mih; =
mahg for some integers my and mg. We refer to the paper of [12] for parabolic problems.

4. Numerical Experiments

In this section we present some numerical results for the convergent rate of the iterative
method (3.4)-(3.6) with a(z) = z. From the equation (3.9)-(3.11), we test the limit of

. J o gk+1
el et1<isn-1(z — @)

K=o mazi<j<n—1(|7) — ¢7F))
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for the random initial error z? — @70, See Table 1 and Table 2. We only report the case for
fixed time mesh size N = 10. The numerical result is the same as the case mo =1 in [1] and is
confirmed by our analysis in our paper r =~ 1 — H.

Table 1: The convergent rate of iterative method for N=10

r mo=1|mo=2 || mo=3 | mo=4| mo=5
M =10 | 0.8940 0.7886 0.6841 0.5810 0.4797
M =20 | 0.9470 | 0.8941 | 0.8413 | 0.7887 | 0.7363
M =30 | 0.9647 | 0.9294 | 0.8941 | 0.8589 | 0.8237
M =40 | 0.9735 0.9470 0.9205 0.8941 0.8677
M =50 | 09788 | 0.9576 | 0.9364 | 0.9153 | 0.8941
M =60 | 0.9823 | 0.9645 | 0.9470 | 0.9294 | 0.9117

Table 2: The convergent rate of iterative method for H=1/10
mo=1,M=10 | mo=5,M =50 | mo=15M =150 | mo =20, M = 200
r 0.8940 0.8941 0.8941 0.8941
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