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Abstract

In this paper, we will present some recent results on developing numerical methods
for solving Maxwell’s equations in inhomogeneous media with material interfaces. First,
we will present a second order upwinding embedded boundary method - a Cartesian grid
based finite difference method with special upwinding treatment near the material inter-
faces. Second, we will present a high order discontinuous spectral element with Dubinar
orthogonal polynomials on triangles. Numerical results on electromagnetic scattering and
photonic waveguide will be included.
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1. Introduction

Time domain solutions of Maxwell’s equations have found applications in engineering prob-
lems such as designs of VLSI chips and photonic devices [1]. In contrast to frequency domain
approaches where time harmonic Maxwell’s equations are solved for given frequencies [2], the
solutions from time domain simulation can produce a wide range of frequency information as
well as transient phenomena required in many applications.

The most used time domain algorithm for Maxwell’s equations is the simple Yee’s finite
difference scheme [3], which yields a second order approximation to the fields provided the
underlying grids are rectangles and the conductor or dielectric boundaries are aligning with the
mesh coordinates. Thus, the major disadvantage of the Yee’s scheme is the limitation of the
boundary or material interface geometry. To have second order accuracy, the scheme demands
a locally conforming mesh to the boundary, as a result, tiny finite difference cells may limit the
time step of the overall scheme.

Meanwhile, discontinuous Galerkin methods have attracted much research to handle the
material interfaces in the media. Being higher order versions of traditional finite volume method
[4], discontinuous Galerkin methods have been developed initially in 1970’s for the study of
neutron transport equations [5], and have now been applied to the area of computational fluid
dynamics and the solution of Maxwell’s equations [6] [7]. Discontinuous Galerkin methods
inherit the flexibility of the finite element method in allowing unstructured meshes, and at the
same time, employ high order polynomials for better accuracy and phase error in modelling
wave propagations.

In this paper, we will first present a new upwinding embedded boundary method which
employs a simple Cartesian grid to solve time dependent Maxwell’s equations. The proposed
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embedded boundary method, like the immersed interface method (IIM) proposed to solve elliptic
PDEs with discontinuous coefficients [8], uses a central difference scheme for mesh points away
from the interfaces while modifications are made for grid points near the interfaces. Second, we
will study a high order discontinuous spectral element with Dubinar orthogonal polynomials on
triangles and Legendre orthogonal polynomials on quadrilaterals.

Numerical Results on electromagnetic scattering will be given for the upwinding embedded
boundary methods while photonic waveguide with whispering gallery modes in microcylinders
will be simulated with the discontinuous spectral element methods.

2. Upwinding Embedded Boundary Method

2.1. One Dimensional Scalar Model Equation

We will consider the following simple linear wave equation to demonstrate the basic idea of
the upwinding embedded boundary method,
ou Ju
o o
where the wave speed a is assumed to be positive and discontinuous at z4 € (0,1), and the
solution u(z,t) satisfies a jump condition at xg,

=0, 0<z<1, (2.1)

rtu(xl,) —r u(zy,.) =g. (2.2)
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Figure 1: 1-D mesh with discontinuity at x4

For a uniform grid {z; = iAz, 0 <i < N, Az = %}, we have the numerical solutions u}" at
grid points (x;, t"),i =0,1,---, N, and also the solutions at both sides of the jump location
x4 denoted as u™,u’} (see Figure 1). Let us assume that x4 € [2;,2;11],and 24 = ; + aAw,
ZTjr1 — xq = BAx, where a+ = 1.

We will construct a uniformly second order finite difference method to solve (2.1) based on
the Lax-Wendroff approach

(At)?
2
where At = CF L‘ATT, and the spatial derivatives can be approximated by appropriate finite
differences Let us assume that the solutions uj’,0 <4 < N, u” and u} have been obtained for
the time step ¢ = t”. We will show how to obtain the solutions at the time step ¢t = ¢"**.

(@AD? (2.3)

u" Tt = " 4 Atul + uy, = u" — alAtul + 5 A

e Solutions at the jump x4
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As the solution of (2.1) represents a wave propagating from left to right, we can thus use
the PDE (2.1) to obtain ™™ at the left side of 4, namely

a”At)?
"t =" —aT At + %u;ﬁ%_, (2.4)
where the derivatives u? _ and ul, _ can be approximated by one-sided difference formulas.

To obtain the solution at the other side of the jump, we can simply use the jump condition
(2.2) and have

1 _
u'ttt = r_+(g +rmu™th). (2.5)

+ n+1

: n+1
e Solutions w7 and u}};

*1 can also be obtained by an upwinding finite difference. In order to obtain

u;’jrrll, we will use the solution ufrl just obtained in (2.5), u’}, and uy 4y k > 1. By examining

the domain of influence of the hyperbolic equation, we can see that the characteristic originating
from the time-space location (z4,t") will pass the location (x4 1,t" + CFLZ2%). Without the

lal

Solution u;’

knowledge of uT‘l, we may only be able to time-march the solution at z;1; with a time step
CF Lﬁ‘TA‘”, which could be very small if § approaches to zero.

2.2. One Dimensional Systems

Let us consider the linear system of equations

oJu OJu

—+A— =0 2.6

o o T (26)
where u(z,t) = (u1(x,t),- - -, un(x,t))TThe matrix A has different formulas across the dis-

A, r<uxzyq

continuity x4 representing a material interface A = { At ws The matrix A can be
) d

diagonalized as follows

A= PAP7!,
where A = diag(A1,..., Aps -y An), A, Ap 2> 0, A4, -+, A < 0, and p is assumed to
be the same on both sides of the interface throughout the paper. Solution u(zx,t) may be
discontinuous across the interface x4 and its values on both sides of the interface are related by

the following jump condition,
Rtu; —R u_=g, (2.7)

which can be rewritten in terms of the characteristic variable w = P~'u as
Qwi-Q w_=—g (2.8)
where QT = RYPT and Q- = R~ P~.
The characteristic variables satisfy decoupled scalar wave equations
O + )\i%
ot Ox

where the Als may have a jump discontinuity at zg4.

=0, 0<i<n, (2.9)

e Solutions at the jump z4

We will apply the same strategy as in Section 2.1 to the system of equations on the char-
W
2

acteristic variable w. Let wi = ( be the partition of wi according to the signs of the
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eigenvalues. Similar to the case of single scalar equation, we know that w = (wy _,- -+ ,wp
)T can be solved by an upwinding scheme for the differential equation (2.9) as in (2.4). And,
w2 = (Wpt1,4,°* ,Wn,+ )T can also be obtained by an upwinding scheme from (2.9).

Next, we will apply the jump conditions in characteristic variables to obtain the rest com-
ponents of the characteristic variables on both sides of z4. We first partition the matrices Q
and Q~ as

+ +
Qn Qi
Q* = . (2.10)
Q5 Q@
1
Then, from the jump condition (2.8), we can obtain ( Wé“ ) from the following system of
W
equations
Qf Qn wi
, | =8 (2.11)
Q3 Qs w_
Qn QTQ wl
where g = g — . The coefficient matrix above is invertible for well-
Qy Q3 wi

posed hyperbolic systems.
Finally, we have the solution at x4, us = P¥w.

+ n+1

: n+1
e Solutions u; and u;’y
We can obtain the solutions at x; and x;4; in the same way as in the case of one scalar
equation by working with the decoupled scalar wave equations (2.9) for the characteristic vari-

ables.
2.3. Numerical Results - Scattering of a dielectric cylinder

We will consider a typical electromagnetic scattering problem, i.e. scattering by a dielectric
cylinder in free space with a TM wave excitation. The cylinder is assumed to have a radius of
ro = 0.6. If we assume that the cylinder is illuminated by a time-harmonic incident plane unit
wavelength wave of the form

E? _efz(lclzfu)t)7 HY __efz(klszt)’

mc

mc

where the propagation constant for homogeneous, isotropic free-space medium is k1 = w./p1€1,
w = 27, then the problem has an exact solution given in [1]

We consider a situation in which p; = €; = 1, i.e., the material exterior to the cylinder is
assumed to be vacuum. We set €2 = 2.25,us = 2. In this case, E* is continuous across the
interface, but H*, HY and derivatives of H*, HY and E~* are all discontinuous. Figure 2 shows
the contours and slices of the three computed field components at the time ¢ = 1.0.

3. Discontinuous Spectral Element Method (DSEM) for Maxwell’s
Equations

The Maxwell’s equations in a two dimensional domain (z,y) €  can be written in a
conservation form as
0Q

= TV F(Q=S, (3.1)

where the flux

F(Q) = (F1(Q), F2(Q)) =AQ, (3-2)
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Figure 2: Scattering of a 2-D dielectric cylinder with material parameters p; = €3 = 1, ug = 2
and e = 2.25. On the left are contours of the computed solutions, and on the right are slices
of the computed and the exact solutions. (a) H*(z,y,t = 1.0); (b) H*(x,0.2,t = 1.0); (c)
HY(z,y,t =1.0); (d) HY(z,0.2,t =1.0); (e) E*(z,y,t = 1.0); and (f) E*(x,0.2,t = 1.0).
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and A = (A(er, pr), B(er, 1)) will be given in (3.34) below.

To solve (3.1) in general geometries, the physical domain  under consideration is divided
into non-overlapping quadrilateral and/or triangular elements, denoted by K. Each physical
element K is mapped onto a reference element I, either a reference square or a reference triangle,
by an isoparametric transformation.

We will name the coordinates in the physical element K as x = (x,y), while the coordinates
in the reference element I as & = (£, 7). The transformation mapping between K and I can be
generally described by x = x(§) = (z(&,7n),y(&,n)), under which the equations (3.1) on each
element become

%2 Ve F@=5. (3.3)
The new variables in (3.3) are
Q=JQ, S=JS, F(Q)=(Fi(Q) F(Q)), (34)
where
S O = (1 ). _ Wy =) e
F2(Q) = (~e,20) F(Q) = 7 4 (3.6

and J is the Jacobian of the transformation.

Let 75, be a triangularization with quadrilateral and/or triangular elements of the solution
domain 2. On each element K € 7j, €, and u, are assumed constant. We denote a finite
dimensional space of smooth functions defined on the element K by P(K), which will be used
to approximate the variable Q. For each element K € 7;,, we set a finite element space Vj, of
test functions

Vii={ve L), |v|lxeP(K), VKEeT,} (3.7)

In the discontinuous spectral element method, the solution Q € V}? is approximated by a
linear combination of the basis functions (orthogonal polynomials if possible) on each element
K, and the approximation is not required to be continuous across 0K . First, we approximate
the solution Q element-by-element in terms of the basis functions v¥;(&,n),i =1,2,--- , N.

N
Q. t) ~ Qu(&m,t) =D Qi(t)w;(&,m), (3.8)
j=1
where Qz(t) € RS are the time dependent coefficients. For each i = 1,2,--- , N, we require that
0Qn & . - OF _
Top Vi S = Fx Vo e+ | hi(Qy, QRvids =0, (3.9)
I oK

where Q;\, is the approximate field value local to the element K, and Q} is the approximate
value from the neighbor element, and h K(Q;\,, Q;) is the numerical normal flux. The numerical
normal fluxes h K(Q;,, QE) can be obtained by solving a local Riemann problem. The Riemann
problem for Maxwell’s equations is discussed in detail in [13]. In the three space dimensions,

the numerical normal fluxes for a dielectric interface or continuous medium can be written as
n % (YE—nxH) +(YE4+nxH)"
Y—+Yy T
hy = . (3.10)
(ZH4nxE)” +(ZH-—nxE)"
Z-+ZF

—n X

where Z = \/g,Y = %
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3.1. Orthogonal Nodal Basis on Rectangles

We denote the space of polynomials of degree L or less by Pr. Let 7;,w;,i =0,1,---, L, be
the Gauss points and weights in the interval [-1, 1]. Then a orthogonal basis for this space is
the set of Lagrange interpolating polynomials, ¢;(£), with¢=0,1,---,L

)

¢:6)= 1 E-m) (3.11)

s (0T

)

On the standard reference square
QO = [_17 1] X [_17 1]7
we define Py, ;, = Pr, x Pr,. The approximation basis functions of the scheme are

Ymn(&1) = Om(§)dn(n), 0<m,n <L, (&,n) € Qo, (3.12)
and the grid points are

(&nsnn) = (Tm, Tn) € Qo, 0 <m,n < L. (3.13)

3.2. Dubiner Orthogonal Polynomial Basis on Triangles

The Dubiner basis [14] on triangles is obtained by transforming Jacobian polynomials defined
on intervals to form polynomials on triangles. The n-th order Jacobian polynomials P24 (z)
on [—1,1] are orthogonal polynomials under Jacobian weight w (z) = (1 — z)* (1 + z)” .

To construct an orthogonal polynomial basis on the standard reference triangle

To={&n)| 0<&n<1,0<E+n<1}, (3.14)
we consider the mapping between the reference square Q¢ and the reference triangle Tp,
- 2
¢ = Wl { a = -1,
or n (3.15)
{ n = b = 2— 1.

The mappings in (3.15) basically collapse the top edge b =1 of Qg into the top vertex (0,1) of
To.
The Dubiner polynomial basis on T} is then defined as

gmn (&m) = Py (a) (1 =)™ P +10 (b) (3.16)
2
=2mP)° (Tgn - 1) (L —n)" PI R0 (2n — 1),
0<m,n,m+n< M.

Py ={9gmn (&;n), 0<m,n,m+n <M} forms an orthogonal polynomial set, i.e.

1
(gmnvgpq)TO = gémpén(p (317)

and is complete in the polynomial space Py;.
The finite element spaces over the reference triangle T, and the element K will be denoted
as

P(To) = span{gmn(§,m), 0 <m,n,m+n < M}, (3.18)

and
P(K) = span{gmn(z,y) = gmn(&,n), 0 <m,n,m+n < M}, (3.19)

respectively, and dim(P(Tp)) = dim(P(K)) = (M + 1)(M + 2)/2 and x = (z,y) = (z(&,n),
y(&m))-
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3.3. Numerical Result - Coupled Resonator Optical Waveguide (CROW)

As a numerical application, we will study CROW devices of coupled microcylinders where
the optical energy transport is provided by the weak coupling of evanescent whispering gallery
modes in the individual microcylinders [10].The whispering gallery modes (WGM) are elec-
tromagnetic resonances travelling in a dielectric medium of circular symmetric structures such
as circular rods, microdisks and microspheres [11][12]. CROW devices have been considered
for application of optical buffering, i.e. slowing down speed of lights for buffering purpose.
In this type of application, propagation speed, arrival time and phase of the signals are crit-
ical parameters to have. A high order and phase-preserving numerical technique such as the
DSEM is crucial. We will apply the proposed discontinuous spectral element method (DSEM)
for Maxwell’s equations to simulate the light propagation in photonic waveguides of coupled
microcylinders.

3.3.1. Basics of Whispering Gallery Modes

Consider a circular dielectric cylinder of radius a and infinite length with dielectric constant
€1 and magnetic permeability p1, which is embedded in an infinite homogeneous medium of
material parameters €5 and ps. The fields may be derived entirely from the axial components of
the electric and magnetic fields. With respect to a cylindrical coordinate system (r, 6, z), for a
time factor e~*?, these axial components are solutions of Helmholtz equations (V2 + k%)y = 0
for r < a, and (V2 + k2)y) = 0 for r > a, where 1 is either E, or H,. And k; = w,/e1ji; and
ko = w,/ea2 are the propagation constants inside and outside the cylinder, respectively. The
fields must be finite at the center and, consequently, the wave functions within the cylinder will
be represented by Bessel functions of the first kind .J,,. Outside the cylinder Hankel functions
of the first kind H,(ll) ensure the Sommerfeld outgoing conditions at the infinity. Therefore,
solutions are of the type

In (A7), r<a,

3.20
H,(ll)()\gr), r>a, (3:20)

w — ein9+ihziwt{

where h is the axial propagation constant, and
2 2 2 2 2 2

A =ki—h%, A;=k5—h".

Representing the field components E, and H, in terms of solutions in (3.20), and then applying
Maxwell’s equations, we can have the fields at all interior points [15], r < a,

‘ [_nki ik A
H’L — 1 n )\ 7 R 7 )\ b" Fn
r n;m _Mﬂd)\%l“{] ( 17") a, + N Jn( 1r) n]
i [ih o, . pwn i
E; = n;oo ~ J, (A7) ay, o In (A7) bn] F, (3.21)
N~ [ k3 o |
H'L e 1 ! )\ i MY . )\ b’b Fn .22
' n;oo [ 1wy Inlhar) an /\%r‘] (Air) n] (3.22)
; o~ [nh ;o w o, .
e o 1 i | F, 2
' nzz—:oo [)‘%TJ ur) an + A J(Ar) bn} (3.23)
H; = Z [Jn (A7) BL] Fy,
Ei= Y [Ju(\ir) )] Fo. o)

n=-—oo
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And at all exterior points, r > a, we have

HE = i ks H®Y (Agr) o + g (Xar) b }F
I et ‘LLQW)\gT' n )\2 n n
. [ih / wn
Be= >0 [ HY Oor) af - EEEEHD o) 0| By (3.25)
e oo _/\2 /\27“
> [ ZkQ ’ nh
Hf = —2_HW (A1) a8 — ——HYP (N1 be} E, 3.26
0 nzz_:oo/J/QWAQn(2)n )\%Tn(Q)n ( )
> nh 1w
Ef = — Z L\% H®Y (\or) af + /;\22 HY (A7) bi] Fy (3.27)
He= Y [HD o) b B,
n=—oo
oo
Bi= 3" [HO ) ag . (3.28)

239

Here, the superscripts ”i” and ”e” represent "interior” and ”exterior”, respectively, and the
prime denotes differentiation with respect to the argument \;7 or Asr, and
Fn _ ein0+ihz7iwt.

The coefficients of the expansions af), bl ,a¢, b%, and the axial propagation constant h are
determined by boundary conditions. At the cylindrical boundary r = a, the tangential compo-
nents of the fields are continuous, yielding a 4 x 4 linear system for the coefficients for each n. In
order to have nontrivial coefficients a?,, b, a®, and b¢. the determinant of the 4 x 4 coefficient
matrix should vanish, resulting in an algebraic equation for the axial propagation constant h
12]

w Ju(w) v gD () | [ Ta(w)  pav gD () vt u?

whose roots are the allowed values of the propagation constant h and determine the character-
istics or natural modes of propagation. These roots are discrete and form a twofold infinity,
and for each n the denumerable infinity of roots are designated by hy, .

i Jh(w) o Hé“'w)] lk% Jo(w) k3 L'@)] — n2p2 (i—i>2, (3.29)

3.3.2. Maxwell’s Equations for Coupled Microcylinders

For a WGM with the axial propagation constant h, the magnetic field H = (H,, H,, H)
and the electric filed E = (E,, E,, E.) in a rectangular coordinate system (z,y,z) may be
expressed as

H(z,y,2,t) = H(z,y.t) ™, (3.30)
E(z,y,zt) = E(z,y,t) . (3.31)
Substituting (3.30)(3.31) into Maxwell’s equations
oH
0 E 3.32
T vV xE, (3:32)
OE
we obtain the following scalar equations (in the MKS system of units), Q = (uH, eE)T
oQ oQ oQ
T2 Al )L+ Ble, )l = S
8t + (67 M) 8x + (67 M) 8y )
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E(xy.2) EY.6)

Figure 3: Optical energy transport by WGMSs between two identical microcylinders in contact.
The four sequential snapshots at ¢t = 2,6, 8,10 (a)-(d) illustrate generation of a clockwise WGM
in the right cylinder due to resonant optical coupling.

where
0 0 0 0 0 O
o 0 000 -1
0 0 0 041 o0
Alem)=19 o0 000 o |
o 0o L 00 o
1
0o =L 0 0 0 o
1
o0 0o o0 o1 ihE,
00 0 0 00 —ihE,
00 0 -1 o000 0
Ble, p) = 1 € , S = . . 3.34
©m=19 0 -2 0 00 _ihH, (3.34)
00 0 0 00 ihH,
% 0 0 0 0 0 0

3.3.3. Optical Coupling between Two Identical Cylinders in Contact

Two identical circular dielectric cylinders of infinite length in contact will be considered.
The radiuses of the cylinders are r; = ro = 0.5775and material index n = 3.2, i.e. ¢ = 10.24
and p1 = 1 inside both cylinders while the external medium is vacuum.

It can be shown that WGMs exist in such a cylinder. In fact, by setting the angular
frequency w = 27, and the azimuthal number n = 8, we find that the transcendental equation
(3.29) has a solution h = 6.80842739 between k1 = 6.4 and k2 = 2w. The WGM is denoted
by WGM&O,().

We will investigate the optical energy transport by WGMs from one cylinder to the other.
To this end, we assume that initially there exists a WGM in the left cylinder and no fields exist
inside the right cylinder. As initial conditions, the exact values of WGMsg ¢ ¢ in the left cylinder
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are taken in the entire computational domain except for the inside of the right cylinder, where
a zero field is initialized.

To demonstrate the dynamics of the optical energy transport by WGMs from the left cylinder
to the right cylinder, in Fig. 3 we show the snapshots of the F, component at four different
times. The initial state of the system is represented by a counterclockwise circulating wave, i.e.
the fundamental mode WGMg g o, in the left cylinder. The four sequential snapshots Fig. 3(a)-
(d) then illustrate the generation of a clockwise WGM in the right cylinder due to the optical
coupling, and thus confirm the optical energy transport from the left cylinder to the right
cylinder. The effect of the separation and size variation of the microcylinders on the optical
transfer is studied in [16].

4. Conclusion

In this paper, we have presented two different methods in treating material interfaces for
electromagnetic scattering in inhomogeneous media. The upwinding method is a Cartesian
grid based method with second order accuracy, which avoids the accuracy degeneracy of the
traditional Yee scheme near material interface. Further work is needed to extend the idea to
3-D problems and to higher order methods. The discontinuous spectral element method can
give higher order accuracy for the solutions as long as the material interface is approximated
by the underlying mesh accurately. In summary, the discontinuous spectral method has better
accuracy than the upwinding embedded method for treating material interfaces at the expense
of mesh generations.
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