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ON THE CONVERGENCE OF PROJECTOR-SPLINES FOR THE
NUMERICAL EVALUATION OF CERTAIN TWO-DIMENSIONAL
CPV INTEGRALS*)

Elisabetta Santi M.G. Cimoroni
(Department of Energetica, University of L’Aquila - 67040 Roio Poggio-L’Aquila, Italy)

Abstract
In this paper, product formulas based on projector-splines for the numerical evaluation
of 2-D CPV integrals are proposed. Convergence results are proved, numerical examples
and comparisons are given.
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1. Introduction

We consider the numerical evaluation of Cauchy principal value integrals of the form

J(f;z,09) ][ ][wl x)wy (& @ _fs)v(;)_ ) dz dz (1.1)

where z € (a,b), ¥ € (@,b), the weight functions w1 (), w2 (%) and the function f are such that
J(f;z,0) exists.

The numerical evaluation of the integrals (1.1) are of two types: global and local. The global
methods have generally to be used when f is differentiable with ’small’ derivatives. However,
one of the difficulties wich occur in the use of global methods usually based on orthogonal
polynomials, lies in the fact that a greater accuracy in approximating (1.1) requires to increase
the number of the nodes coinciding with the zeros of above polynomials. Therefore, when the
weight functions w;, we are different from the classical Jacobi weights, the evaluation of the
nodes requires a considerable computational effort.

Besides, global methods are generally not appropriate when f behave "badly’ in some subin-
terval of [a,b] x [@ x D], then for such integrals a local method with no restriction on the choice
of the nodes would have to be preferred.

In this paper we will consider an approximation function of the form:

Qnyf(z, %) = ' (Miihii f) Bk (2, %) (1.2)

in which the operators A;, \iz are such that Q) y 5 1s the tensor product of two one-dimensional
projector-splines and we will examine a cubature rule for (1.1), considering that it can be
written in the form

. (g () L ED = FED)
T(fs2.9) ][][ L(@yws (x_z)(x_ﬁ) dr di +

+ f(z,f/‘)]é w_zd][ (1.3)
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and then, it can be approximated by

Ini(f32,9) ][][w1 T)ws (F QNNf((ffl)(jing)f(z’ﬁ) dzdz +

b b
+ f(z,ﬁ)][ wl—(:”)da;]{ 1;’2(1;& (1.4)

r—z

This paper is organized as follows. In Section 2 we will present some preliminaries and
summarize numerical thecniques to be used; in Section 3 we will prove the convergence of the
integration rules here proposed and we give conditions for their uniform convergence for (¢, )
belonging to any closed interval contained in (a, b) % (&, l~)) Finally, in Section 4, some numerical
results are presented and compared with those obtained by using the method proposed in [2].

2. Preliminaries

_ Given Q :=[a,b] x [a, b, let {Y;,} and {¥3} be two sequences of partitions of I := [a, b] and
I :=[a, b] respectively:

Y, = {a =Yon < Y1in < . < Ynpn = b}, Yfﬁ = {a =90 < 17 < - < Yan = [N)}
If hy = yit1 — yi and h; = i1 — §s, we define
01 = min h; 1, J02 = min hi . (2.1)

1<i<n 1<i<n
Let Ay, A, be the norms of the partitions Y, and Y; respectively, given by

Al = 112?<Xn hz 1, Az = 1%1%}(& hzfl. (22)

We say that the collection of partitions {Y;, X Yz : n = ny,ng..;7 = iy, 7, ...} of Q, is
quasi-uniform (q.u.) if there exists a positive constant A such that

SA 1<4,5<2 (2.3)

S|P

and we assume that
Al —0 as n—o0, Ay—0 as 7 — oco. (2.4)

Let {din}7™, {Jm}i‘_l be two sequences of positive integers with d;, < k — 1, din < k —1,
where k, k are assigned integers greater than 1, and let m be the non-decreasing sequence {z; }5’
obtained from Y,, by repeating ;. exactly d; times (thus N = Y77 Yd; + 1); similarly, let 7
be the non-decreasing sequence {:1:,}0 obtained from Y3 (thus N = E” Yd; +1). We denote
with S, and Smc the polynomial spline spaces of order k and k respectively. We shall call a
sequence of spline spaces {Syj X S’fr,;} g-u. if they are based on a sequence of g.u. partitions.

We can suppose, without loss of generality, k = k.

It is well known that considering the extended partitions n. = {z; fv ﬁkgl and T, =

{ii}é\:;:l, the normalized B-splines { By, (z)}Y [, and {Buy,(& )}l |}, constitue a basis com-

pactly supported for Sy and S respectively. By the above univariate normalized B-splines
we may generate a collection of bivariate B-splines, defined on [z1_, zNntr—1] X [F1—k, 53N+k—1]7

B (z,%) = Bi(z)Bi ().
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Let F be a linear space of real valued functions on Q. Then, for any f € F, we may define
the approximation operator

N—1 N-1
QNNf €, :L' Z Z i1 uf uk(xai)- (25)
i=1—ki=1—k

Considering that )\ﬁj\i'jBi'@'k = (}\i'iBik)(S\ﬁBik), we have:

Proposition 2.1. Suppose that {)\”}1 P {)\”}1 .- are linear functionals that constitue
a dual basis for {By }Y ! and {Btk}kk respectively, then

Ci=Xaha i=1-k . ..N—-1, i=1—k,..,N—1

is a dual base for the B-splines tensor product {Bl;k}fi?_k ];f;ll_k.

If {\i} and {\;z} are dual basis for {B;,} and {By} respectively, the operator defined in
(2.5) is a tensor product of two one-dimensional projector-splines, then

Proposition 2.2. Let fi;:)\ﬁ;\ﬁ be a dual basis for {Bﬁk}ﬁizl_’k];;l_k . Then the operator
Qyx defined in (2.5) is a projector i.e.:

QNNS =s, Vse Srr X Sﬁ—k. (26)
We will choose
k ) k )
Aig = Z Q7 Aizj Aiz = Z Oz Aij (2.7)
i=1 =1
where: az =1, az = ],z I : E (a:,,,_, Ti,) T =2,...,k, (the sum above is taken over all

(=1
choices of distinct v1,...,vp—1 from 1,...,i + k — 1), the az; j = 1,...,k are similarly defined.
Denoting by [7i1, Ti2, ---, Tij] the (j — )th—order divided difference functional, we assume

Xiaj f = [T, Tazs o Tailfs - Aaiif = [Fiar, Fias oo Fitg)f - (2.8)
We give now a sufficient condition to assure that @y 5 f is a projector.

Theorem 2.1. Fori=1—k,..,N—1,i=1—k,...,N —1, let {Tﬁj};?:l, {%ﬁj}‘l;zl belong
to the subinterval [x,,, %y, ] C[Ti, Tipr] and [Zp,, Tp,41] C (T3, Tayr] respectively. Then Q5 f
1S a projector.

Proof. The proof is based on the definition of {\;z} ¥ ', and {\i} N.t. . on the Propo-
sitions 2.1, 2.2 and the results in [4].

The subinterval [z,,, %y, ,][Zs, T +1] considered in Theorem 2.1 can be selected following

We assume that the space sequences {S,j x Sz} are g.u. For fixed (t,7) € Q, let m, m,
0<m<N-1,0<m <N —1besuch that z,,, <t < Tpy1, Fs <t < Fing1-

Let Ui = [Tm—k+1, Tmtk—1] X [Em—k+1, Tmtk—1], we denote
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with Ay, = maxyr1—k<j<mtr—1(Tj+1 —2;), 0<m < N —1 (similar definition for A m), and

we define 8, g = M1 —ppr<j<m (Tjgrr—r —25), 0<m <N —1 (similarly for s 57 ).
For any integer ¢, 1 < ¢ < k, we assume

Tivk —Ti . Tipp — I3
Pm = max — P = max _
m+1—-k<i<m (o271 m+1—-k<i<m Ol
i i ()
where 057 = mini<j<m Owje, Tijy = mmlSuSJ’—V[Tﬁ,quu lw] with { “1 s e “]} the non
decreasing rearrangement of {71, ..., 755 }In the same way we define 3.
D
For any h > 0 and any region @, denoting by DV"P™V¢p = —Uippfv and
0r' 0%
w(y; h;0) = sup [p(x+ 6,2 +0) —P(z, 7)),
(2,2),(z+0,2+0)€O
lel,18]<h

we define: w(DPy; h; @) = maxo<o<p w(DVP Vp; h; O).
Suppose f € CP(Unm), 0 < p <k — 1. From Theorem 9.2 in [4] we have the following

Theorem 2.2. Let 0 < p < k-1, f € Cp(Umm) Denoting Hpym = [$m7$m+1) X
[Zm, Emy1), O0<r+7 <p, then:

max  [D"(f — Qi f)(t, D) < KpnmAL I Tw(DP f5 A Ui (2.10)
(t,t)EHpmm

max  [D"TVQu g f( D] < K AP 0(DP £5 A Umin) (2.11)
(t,t)EHmm

max  [D"HQ g f(t,D)] < K AP O(DP 5 A Unnin) (2.12)
(t,t)EH

where Ky is a constant depending on k, m, m, p, pm, Pm and Api/Om k—r, Amﬁ'b/gm,k_f.

Since the spline spaces are g.u., under suitable choices [3] of the nodes {7;;}%_, and
{%ﬁj}";:l, the quantities pp, P, Amm/Om k—rs Amm/vak_; are uniformly bounded for all
m, 1 and for all N, N.

Let A = A; + A, and the nodes {r;7;}, {Fiz;} such that Theorem 2.2 holds with K,z
dependent only on k, m, m, p.

From the above local estimate (2.10) a global estimate can be deduced [4]:

Theorem 2.3. Let f € CP(Q), 0 <p <k —1, then
If = Qngflloo < CAPW(D? f; A; Q). (2.13)

Theorem 2.4. Let f € CP(Q), 0 < p < k — 1 and consider any sequence of q.u. spline
spaces { Sy X Sﬂk} If any S € Sy x Szp satisfies for 0 <r+7 <p

e SeCr(Q),

© 1D (f = $)(t, D] < Co(D” f i Unin), (1,1) € Ho,
o DS D] < CoALLW(DP f; A; Uni), (5) € Hynga,
o [DMTS(8)] < CoA s w(DPf; A Uni)s - (t8) € Hynms

then, [2]
w(DPS,; A, Q) < Csw(DPf, A, Q) (2.14)

holds.
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We say f € Hp(p, p), if f is a continuous function with all partial derivatives of f of order
j=0,1,...,p, p > 0, continuous and each derivative of order p satisfying a Hoélder condition of
order 0 < p < 1.

Since the spline operator reproducing splines and defined in (2.5) satisfies the hypotheses of
Theorem 2.4, we can prove the following

Theorem 2.5. Suppose f € Hp(p,p) in Q, 0 < p < k —1 then, for any g.u. projector-
spline space {Q 5 f} we have

If — Quniflloe < CAPTHE, (2.15)
Qnif(2,2) — Quyf(x,F0)| < C1|F — &0l (2.16)

and B
Qn7f(2,%) — Qngf(20,T)| = Calzr — 20" (2.17)

where m=p if p=0, 7w =1 if p > 0 and the constants C, Cy, Cs are independent of x,T.

Proof. Formula (2.15) is a consequence of (2.13) and of the hypothesis f € Hp(w,n). If
p =0, by Theorem 2.4 we can deduce (2.16) and (2.17) with 1z = p.
Suppose now p > 0. We can write

Qv f(@,8) — Quufla, @)l = Q%) f(a,n) (@ — &0)| < C|F — &,

7 € (%,%o) and (2.16) holds with @ = 1. The same for proving (2.17).

3. Convergence of Quadrature Rules Using Projector-Splines

In this section we consider the numerical evaluation of (1.1) by

J(f;2,9) = Iy (f32,9) + Exg(f;2,0) (3.1)

where Jy 5 (f;2,7) is defined in (1.4).

We assume

i) f € Hy(pp) in Q,0<p<k—1,

ii) wy € Ly[a,b] N DT (N5(2)), we € Lyla, b N DT (N5(99)), where DT is the set of Dini type
functions i.e., denoting by £(A) the length of interval A,

DT(A) = {g € CO(4): /OZ(Z) w(g;u)u=tdu < +oo},

and N3(A) == [A— 0,A\+6], 6 > 0. In order to study the convergence of cubatures (3.1) we need
some definitions and Lemmas. We define

s (@:8) = (0.8) — Qs f(0,), 32)
b (T, L) — (T

Ssle) = [ ua() DI I g 33)

Tys(@) = [ w0 w0, (3.4

Following [5] and [6], we have:
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Lemma 3.1. Let f € Hy(p,pt), 0 < p < k—1,0 < pp < 1. For any sequence of q.u.
projector-spline space {Q v f} and for any 0 < v < py = min(p + p,1), we have:

|7"N1\7(337|i:) _TJT;V(@“:H?ON < Ly APTHO |7°N1V(337|53) - 7"]\|r;§r($0;j)| < LyAPHR—0
T — X T — o

where T # &g in the first inequality, x # xo in the second, and § = Vp—;lli.

Lemma 3.2. Let f € Hy(u,p), 0 <p<k—1,0<pu <1. For any q.u. projector-spline
space {Q N f} and for any 0 < v < py = min(p + p, 1), then:

Syx (@) < TLAP 0 |5y o) = Sy (e)]

Ty (@) < CoAPTE=0 T o(E) — Tz (9)]
where § = I/m
nr

We state now the following theorem that gives an error bound.

Theorem 3.1. Let A = Ay + Ay and f € Hy(p,p) in Q, 0 < p < k—1. Assume that
{Qnxf} is a qu. sequence of projector-spline spaces. Then

|Eng(fi2:9)] < CAPTRY (3.7)
where v is a real number with 0 < v < p1, as small as we like.

Proof. The approximation Jy 5 (f;z,?) is a tensor product of two formulas of the form

b x = " w(x
Fo@ i = 3 ot + s 2 ar s rip) 39)
a i=1—k a

applied considering firstly the function f for a fixed value of the variable Z and operating
as a function of z, and then considering f for a fixed x and affecting the variable Z. It is
straightforward to notice that the remainder terms Ry (f; %) and R2(f;x) in the above formulas
concide with 7'y 5 (%) and Sy () respectively.

Therefore, following [9], we can write the remainder term of (3.1) in the form

b
Eyg(fi2,0) = ][’;’1_(“”2(}22(1‘, z))de +
B'UJZ xr
+ fwfg(Rl(f, £))dE — Ro(Ru(f;7); ), (3.9)
and then
Eyvi(fiz,0) = /Z}l(x)SNN(x;:jNN(Z)dx_'_
+ Wo()Tyg (@) + Wi(2) Sy (2) (3.10)

where Wy (2) = jfab wy (z) dz, Wy(9) = b wz( )

—Zz a r —
By the properties (3.5), for 0 < e < u; — v, we have:

1Snn (@) = Sng G . Aptu—n (3.11)

|z — 2]

where 61 =0+ (p+p—0)(1 — —) and Ls is a real constant.
From (3.5), (3.6), (3.11) and the hypotheses (i), the thesis follows with v=d;.
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Theorem 3.2. Suppose that w, € Ly [a,b]NC(a,b), wy € Ly[a,bNC(a,b) and f € H,(u, p)
in Q. Assume that {Qy5f} is a qu. sequence of projector-spline spaces. If D, D are any

closed intervals in ID, I respectively, then
Eyi(fi2,9) =0 as N — oo, N — 0o, wuniformly in (z,9) € D x D. (3.12)

Proof. In the above hypotheses, as N — 0o, N — 0o, we have that

Sy () = 0 uniformly ¥ 9 € I, Ty (&) — 0 uniformly ¥ = € 1, (3.13)
b < — < . 2
/w1 (x) Sng(@) = Sy () dz — 0 uniformly V(z,9) € I x I. (3.14)
a T —z

In fact, by (3.2), since |ryz(z,%) — ry5(z,9)| < B|Z —J|** and w; is bounded in N3(49),

we have
/ w2(i,)rNN($7CE)_TNN($719)dJ~:
N3(9)

ge/ |z — 9"~ dE < e
N+(9)

if § < d1(g). Hence |Syx(2)] <e+ 2”T%—N“ f; w2 (Z)dZ and the first limit in (3.13) holds. The

same for the other limits.
If z € D and ¥ € D, Wi(z) and W5(¥) are finite and continuous as function of z and 9
respectively, then (3.12) holds.

4. Numerical Results

We consider now the evaluation of (1.1) by (1.4) for some integrand and weight functions.
In the tables 1-3 below, we denote: EI(\}])\? the absolute error obtained by using the cubature
rules here presented, EJ(\?EV the absolute error obtained by using the cubature rules considered

in [2], n, 7 the knots number of the partitions ¥, and Y. 3
We performed our examples considering uniform partitions on [a,b] := [-1,1], [&,)] :=
[—1,1], using simple knots and choosing

T, +jw fr; 2N -1, j=1,2,..,k

ng,1+jm]€_7_':$]1V_l ifv; =N —1

Titj =

and, in similar way, ;-
Table 1

w@=1 w@=(1-7)*, fled=(5-c>)
J(f;2;09) z 9 |k n n EW_ E®_

NN NN
3 3 891106 2.68 106
0.0001232465 | 0.25 | 0.25 | 4 10 10 9.69 1019 4571078
20 20 8.92 101! 1.80 107°

Table 2
w @) =(1-2)"" w@=01-7)", f@d)=("+102)" 25+7)"
J(f;2;9) z 9 | k| n 7 EW_ E®_
NN NN
30 10 5.46 10~ 9.56 103
0.5061494369 | 0.25 | 0.99 | 4 60 20 3.29 1076 2.27107*
90 30 1.7210°7 3.57107°
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Table 3
wy (x) =1, we(Z) =1, f(x,Z)=sin(z+7)
7 (
10

J(f;z;0) z Jd |k n EY E®_
NN NN
10 1.0110~° 6.49 10~°
—3.717033709 | 0.25 | 0.6 | 5 20 20 5.27 108 7.59 107
30 30 3.1210710 4.8310°8
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