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Abstract

A family of symmetric (hybrid) two step sixth P-stable methods for the accurate nu-
merical integration of second order periodic initial value problems have been considered
in this paper. These methods, which require only three (new) function evaluation per
iteration and per step integration. These methods have minimal local truncation error
(LTE) and smaller phase-lag of sixth order than some sixth orders P-stable methods in
[1-3,10-11]. The theoretical and numerical results show that these methods in this paper
are more accurate and efficient than some methods proposed in [1-3,10].

Key words: Second order periodic initial value problems, P-stable, Phase-lag, Local trun-
cation error.

1. Introduction

We consider a class of direct hybrid methods proposed in [1] for solving the second order
initial value problem

y" = f(t,y), y(0),y'(0)  given (1.1)
The basic method has the form
yn+1 - 2yn + Yn—1
=h® {50 (fn+1 + fn—l) +vfn+ 51 (fn+a1 + fn—m) + B2 (fn—i-az + fn—ozz)}
Ynto, — A:I:yn+1 + B:I:yn + Cﬂ:ynfl + h2 (S:I:fn+1 + Qifn + Uﬂ:fnfl) (12b)

Yntas = Raynt1 + Layn + Tohyn—1
+ h2 (Yﬂ:fnJrl + Vﬂ:fn + W:I:fnfl + Z:I:fn+oz1 + Xﬂ:fnfoq)

(1.2a)

(1.2¢)

and
fn:f(tn:yn)a fnil :f(tn:th:ynztl):

fota, = f(tn +ah, ynzl:oq): fatas = f(tn + agh, ynﬂ:tm)'

Here t,, = nh and we define t,,+,, = ¢, £ a;h,i = 1,2 and n=0,1,2,3,... Several authors (for
example, Cash[l,2], Chawla and Rao[3]) have derived sixth order methods of the form(1.2)
which are P-stable (see Lambert and Watson[8]). The methods proposed by Cash [1] require
five function evaluations per iteration, in general. Cash [2] and Voss and Serbin[12] shown
how the number of function evaluation may be reduced to four per iteration. The method
proposed in [2] is obtained by choosing as = 0 and requiring the points (¢, £ ash, Ynta,)
to be coincident. For the method proposed by Chawla and Rao [3], the number of function
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evaluations per iteration is reduced to three by requiring that y,_,, and y,_,,are independent
of yp+1. This implies thatf(¢, — a1h,Yn—n,) and f(t, — azh, yn—_q,) must be computed once
per step rather than once per iteration. Finally, Thomas [10], Khiyal and Thomas [7], Khiyal
[6] have derived sixth order P-stable, three function evaluation methods of the form (1.2), for
which the iteration matrix is a true perfect cube. Here, in section 2, we have given the order
condition of sixth order accuracy with form (1.2) and their local truncation error.

In section 3, we introduce two classes of sixth order accuracy, sixth order phase lag, P-stable
methods which require only three function evaluation per iteration and per step integration.
By choosing free parameters, so that these methods with minimal local truncation error. By
computing the LTE of Cash [2], Chawla and Rao [3] and Thomas [10], we know that the efficient
sixth order P-stable methods in this paper are smaller of LTE and smaller phase-lag than these
methods of Cash [2], Chawla and Rao [3] and Thomas [10].

In section 4, we discuss the implementation of these methods in this paper and numerical
illustration on one simple problem.

2. Basic Theory

Thomas [9] have shown that for methods of the form (1.2) applied to the scalar test equation
yll + /\zy _ weivt (21)

with\, w and v real, the numerical forced oscillation is in phase (Gladwell and Thomas [5]) with
its analytical counterpart if and only if

C++C_:A++A_,S++S_:U++U_,T++T_:R++R_,

X++X_:Z++Z_,W++W_:Y++Y_ (22)

and they are sixth order accurate if and only if

1
fo= 5~ ol ~ faad, =126~ 21 ~ 26

Brai + Pacis = 2i0+ﬁ10/11+ﬁ20/21;
A +B,+Cy =1, A +B +C_=1,
A -CiL=a1,A_ —C_ = —ay,

Ay +C +2(S4+ + Q4 +Uy) = of,
A_+C_+2(5-+Q_+U_) =aj,
Ry+L 4Ty =1,R_+L_+T_=1,
Ry -T, =ay,R_ —T_ = —a,
Ri+Ty+2(Yy + Wi+ Vi +Zy + Xy) =03,
R +T +2(Y_+W_+V_+Z +X )=a3,

Bron { (A —Cy) + (5 —U)

1

ol Rl

+0B202 { (R —TH)+ (Yo =W+ (Z- — X+)a%] =0,



Efficient Sixth Order P-Stable Methods with Minimal Local Truncation Error for y” = f(z,y) 177

By {ial A 4 - (s++5)]

12
AETE % ~ (4 Y) = (24 200t | =0
s [+ B2 s o)
) B T (2.3)
+,82a2 |:§Oég + % =+ 2(Y, — W,) + 2(Z7 — X)Oél:| = 0

The local truncation error (LTE) is given by

(8) (6) (5) 1" (4) (3)
LTE = { ilcz{ F2+ C frg . -;1,(13( 3) Yn + C4F + 05 n yn } h8 + O(hlo) (24)
6 yn 7
where of dF 2 F BF
=2 p= pr=-=" pG =2_
F ay’F dt’ dt?”’ dt3”’

cr = 1 _ Bo Biaf  Braj
' 720160 360 360 360 ’

_ af (A +4-) (S +S)
02_51{%_ 360 12 }
s [a_g (B4 +R) (Ye+Y) (Z+—|—Z)o/11}
? 1360 360 12 12 ’
5 _ _
Cs = Brog [% + (4- 600_) (5= 3 U_)}
5 (R_—T.) (Y_—-W_) (Z_—-X_)at
+ﬂ2a2 |:% + 60 3 3 1:| )
1 (AL + A
04_/312“1 {%—( *;; )—(s++5)}
a2 [ad (Ry +R_
+ ﬁf? [% = % (Ve +Y) = (Zy + Z)al} ,
Brad [a3  (A_—-C_)
Cs = —& L {?1 3 +2(S- —U_)}
Boa [a3 (R_—T.)
+ 62[?2 3 +2(Y_ —W_)+2(Z X)al],
4 (A + A
Co = P24+ Z-) [% - % - (S++ S)] ,
Cr=Poar (Z4 +Z_) [ag + % +2(5- — U_)}
+ Bace [(Z+ +7-) (a? - % — (5 — U+)> (2.5)

6
(

- (X+_X)<6 +%+(S—U)>}
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By applying the family of sixth order methods (1.2) to test equation
y'+ Ny =0,  A>0,

we derived the characteristic equation of the resulting recurrence relation with the form

€ —2R33(H*)E+1 =0, H = \h (2.6)
and 72 7 6
]. + a1 + a2 =+ as
Rs3(H?) = 2.7
33 (M) 1+ b H2 + by H* + by HS (2.7)
Here

a =~ [+ By (B + B+ o (Ly + L)),

_ L

S8 (@i + Q) + B (Vi + Vo) + B (Zs + 2-) (B + BL)]

ag=—P2(Zy +2-) (Q+ + Q).

a2

3. Efficient Sixth Order P-Stable Methods with Minimal LTE

To reduce the number of function evaluation (1.2) to three (new) evaluations per iteration,
we consider two possibilities.

Case (1)

We suppose that y,—q, and y,—,, are independent of y,+1 and suppose that the value of
fn+a, at one step can be used forf,,_,, at the next. Then, based on order conditions (2.2) and
(2.3), we obtain the following sixth order accurate methods in phase, with sixth order phase-lag
and only require three function evaluations per iteration and per step integration, which is
denoted as EM6-1.

Ynt1l — 2Un + Yn—1

—B2 frr1+ fnaa N 4 (fn+% +fn_%)

3.1
+ ﬁ2 (fn—i—ag + fn—ozz) + <E - 252) fn ) ( 3‘)

60 15 30
1 h?
Ynyl = 3 (yn+1 + yn) - ]._6 (fn+1 + fn) ) (31b)
1 h?
Yn-% =3 (Yn +Yn-1) — 16 (fn—1+ fn) (3.1c)
Yntar = Ry¥ni1 + (1= 2Ry )yn + Ryyn 1
) (3.1d)
+ 82 (Yo fars + Vifu+ Yefaor + 23 (fury + Fucy)) s
Yn—as = Yn-
where 1 R, (2 1 56Ry 367
By =g~y g BVe= o et S (32)

72 6 2

and Ry, Z,, Brare free parameters and f2 # 0.
The local truncation error of the EM6-1 is
(8) (6) 1, (5) 1, (4) (3), (3)
+06Fnyn + C7FnFTIlyn
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where ) 39 B R 5,7
—__ ' o= 2y 224
L= T 120060' 7% T 86400 T 240 | 64
_ 1 _ 1 _ _ 50827+ _
Cs = 52501 = 159 5 = 0.0 = =55+ Gr =0
The phase-lag of EM6-1 is
cos(H) — Raz(H?) = dy H® + O(H'?), (3.4)
where ) ) ) )
- B, 22 21+
di=—5 %51 720 " 10320
3
by = 2 + B Ry,
7 1 1
by = 20 T Eﬁ2R+ - Z/@ZZJm (3.5)
bs = 1 B2 Z
3 — 16 244,
and ) ) )
2 1
=2 - — 4+ —. 3.6
by =7~ 38 T 1m0 (36)
P-stable condition became
1 A
q(H2):1+ (1_5 +ﬁzR+> H2—%H4>0, (37)
and &R 8,7
. 1 . 1 . .
2 _ L ‘ 2 (1 2y P24y 4
p(H)_1+< 10+ﬂzR+>H (144+ et >H > 0. (3.8)

Based on Coleman [4] (Theorem 9 in [4]), the sixth order method EM6-1 (equation (3.1)),
in which bs is given by (3.6), is P-stable if and only if one of the following three conditions holds

1 1 1
5121 and 6221<bl__>7

12

Lpied g s o Ly (LY (3.9)
90 = 1Sy e Ty 173 | :
el and by il Ly (o L)

LS ¢ e gishimgpt (T ) |-

That is

mmz% wi&LS—QL+&m»

1 1
< —
0 S BaRy < 0 and 1

1 BsZ 1/1 2
B2Ry < 10 and 24 + < 1 <— +/32R+> . (3.10)
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Now, based on P-stable conditions (3.10), choosing free parameters 82 R4 and (22, so that
the LTE of the methods EM6-1 (equation (3.1)) is of minimal,that is

SLTE =C; +C3 4+ C; +C; + C2 + C§ + C? = min (3.11)
by calculating, when taking
BoRy = -3 and (274 < —gizand limit to — 545, the (3.11) is of minimal.
That is
BoRy = —0.1 and B2Z+ = —0.00111114 (3.12)
SLTE = C} +C3 +C3 + C; + C2 + C¢ + C7 = 0.376880900 x 10~° (3.13)

and the modular of phase-lag (equation (3.4)) is
|ds| = 0.99211800 x 107, (3.14)

and fs is free parameter and 3 # 0.
For Thomas [10] sixth order P-stable efficient methods with the iterationmatrix is a true
real perfect cube (equation (3) in Thomas [10]), taking

BaRy = Q* — 3 = 1.819181

L20 —
By 7, = _% = —4.52494300

where Q* is the largest root of

oL e 1

27 3 12 360
The SLTE of Thomas methods ((3) in [10]) is

SLTE =C} +C3 +C3 +C; +C2 + Cg + C3 = 0.17816990 x 10+ (3.15)
and the modular of phase-lag is
|ds| = 0.90258120 x 10 *.
We consider the LTE and phase-lag of Cash [2] sixth order P-stable methods (equation
(2.17)-(2.20) in [2]).
LTE = {Ciy® + CoFyl?) + CoFyD ) 1* + 0 (1),

where
C1 = —0.00003196, Cy = —0.00374470, C's = 0.00528971,

and
C? + C2 + C2 = 0.42004840 x 107*. (3.16)

The phase-lag
cos(H) — Rs3(H?) = d,H® + O(H'?)

dy = —0.18208110 x 1072, (3.17)
We consider again the LTE and the phase-lag of Chawla and Rao [3] (method Mg(0) in [3]),

the LTE is
1 1 1 /17 .
LTE =1{ — (8) Fy® - — [ — — 246
{ 1200607 T 57600 "Yn 36 \192 ) Fn¥n

1 /1
T (1—6 - a> Fany;@} h® + O(H'?)
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and a = 0.
Its SLTE is

SLTE = [ — L 2+ L 2+ _ T 2+ _ 1 2—018105790><10*4
U 120960 57600 6912 288 ) ’

and the phase-lag is

cos(H) — Raz(H?) = dy H® + O(H'?), (3.19)

where
ds = —0.12251980 x 102,

From (3.13)-(3.19), it is easy to see that if we take free parameters of (3.1)
BoRy = —0.1, 3 Z, = —0.00111114,

then the efficient sixth order P-stable method EM6-1 with approximate minimal LTE. The
SLET of LTE and the modular of phase-lag in EM6-1 are smaller than the sixth order P-stable
methods of Cash [2], Chawla and Rao [3], Thomas [10].
Case (2)
Suppose that the points (¢, £ ash, Ynta,) are coincident and y,,—, does not depend on y,+1,
then
Qo = O,A_ = O,S_ = 0,R+ = R_,LJ,_ = L_,T+ = T_,

Yo=Y Vo=V Wy =W_, X, =X_,Z, =7Z_ (3.20)

Again it is possible to obtain a family of methods with the required properties. The number
of function evaluations may be reduced further by requiring that the value of f,,,, at one step
can be used for f,_,,at the next, then

1 1 1
] = §,C+ :0,07 :AJr:Bf :B+ :§,S+:Q, =U_ :Q+ :—1—6,U+:0. (321)

Proceeding as in Case (1) above, we obtain a method given by equation (3.1a), (3.1b) and
(3.1c) together with

Yntas = R+yn+1 + (]- - 2R+)yn + R+yn—1

) (3.22)
+ 02 {Ve frs + Vi + Ve furr + Zo (Fapy + Fay) |
where ) BR 5,7
B ks s .
PV = 3s T 1 4
1 S56Ry  3B2Z,
OVe =14 6 2
and Ry, Z,are free parameters andfs is arbitrary,3s # 0.
The sixth order methods is denoted as EM6-2, the LET of EM6-2 is of
_ 1 39 BaRy | BaZy
“ = ~ 1300602 = 86400 T 120 32
1 1 58274
Cs=— =——05=0,C5 = Cyr=0 3.23
3 5767 4 11527 5 » V6 96 s ©T ) ( )

and the phase-lag is
cos(H) — Rs3(H?) = dyH® + O(H'), (3.24)
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where
_ b_3 by b1 1

d==5+51" 70t 10320

3
bl - 2—0 + 2ﬁ2R+,

7

b2 =750

1 1
CBoRy — =Ba7
+652 + 252 4

1
bs = —gﬂgZJr, (3.25)
and b b 1
- 2_2t, -
B SRTRvY)
The sixth order method EM6-2 is P-stable if and only if one of the following three conditions
holds

b3

2Ry > 2—10 and (2724 < —% - 2/62%;
_2_10 < BoRy < 2—10 and P74 < — 7—12 + 2ﬁ23R+ +% <2ﬁ2R+ - %)2] ,
BaRy < L and B Z4+ < 1 <i + 262R+>2. (3.26)
20 2\15
taking 2R = —0.05 and 3,2 < — 15 and limit to — g5, the
C; +C3+C; +Ci+C2+C; +C? =min, (3.27)
so, we take free parameters
B2Ry = —0.05, B2Z = —0.00055557. (3.28)
The sixth order methods EM6-2 is P-stable and have approximate minimal
SLTE =C} +C3 +C3 4+ C3 + C2 + CZ + C? =0.3768809 x 107, (3.29)
and phase-lag is
cos(H) — Rsz(H?) = dyH® + O(H'?), (3.30)
and
|ds| = 0.99211800 x 107>, (3.31)

Therefor, in the sixth order methods EM6-2, taking parameters SoR, 822 is of (3.28),
then this sixth order methods EM6-2 is P-stable with approximate minimal LTE and require
only three (new) function evaluations per iteration and per step integration. The LTE and the
modular of phase-lag of EM6-2 are smaller than the sixth order P-stable of Cash [2], Chawla
and Rao [3] and Thomas [10].

The efficient sixth order methods EM6-1 and EM6-2 require only three function evaluations
per iteration. On any step, it is not necessary to evaluate f(t, — @2h,Yn—q,) Or, assuming
the step size does not vary, f(t, — a1h, Yyn—qa, ). Compared with the methods proposed by [1,2],
Clawla[3]and Thomas[10],these methods have the advantage of a minimal LTE, smaller phase-
lag and require slightly less function evaluations.
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4. Numerical Illustration

We note that for non-linear f(¢,y) all these methods are implicit and shall need an iterative
process for computing the solution at each step. We briefly consider application of modified
Newton’s method for the purpose.

The sixth order methods EM6-1 and EMG6-2 in this paper written in the form

G(Yn+1) = Ynt1 — B(Yn+1) =0 (4.1)

Let yglzldenote an initial approximation for y,1 defined by

y1(321 =2Yn — Yn1 + hzfn; (42)
then, modified Newton’s method for (4.1) is

Glya) + G i) Ay = 0,
Modified Newton’s method will converge for h sufficiently small, because yg)+)1 — Yns1| = O(R*)
and |1 -G’ (y;oll) = O(h?), and G'(y)is a continuous function of y. We also note here that a

still more accurate (O(h®)-approximate) starting value ys)ll for use with (4.3) is provided by
Noumerov made explicit method

Un+1 = 2Yn — Yn—1 + h2fn:

h?
ys)+)1 = 2yn —Yn-1+ ﬁ (.fn+1 + ]-Ofn + fnfl) (44)
In this section, we discuss a numerical test for the methods introduced in this paper and for
three sixth order direct hybrid methods derived in the literature [2],[3] and[10].
Example 4.1. (Lambert &Watson|[8])

Z" + Z = 0.00Lexp(it), Z(0) = 1, Z'(0) = 0.9995i, (i* = —1), (4.5)

with the exact solution Z(t) = exp(it)(1 — 0.0005it). We computed v(t) = +/u(t)? + v(t)?,
where Z(t) = p(t) + iv(t), at t = 407,by the efficient sixth order methods EM6-1 with 8y =
1,6:Ry = —0.1 and 2 Z4+ = —0.00111114, Cash’s sixth order methods (equations (2.17)-(2.20)
of [2]), Chawla and Rao’s sixth order method Mg (0)and Thomas’s sixth order P-stable methods
(3)-(5) in [10] with perfect cube.

In Table 1, we given the absolute errors in (407) using h = 7, £, %, §, 15 together with
the total number of function evaluations required.

As can be seen, the sixth order methods EM6-1 is more efficient than the sixth order formula
of Cash [2], Chawla and Rao[3] and Thomas[10] for this problem.

Table 1. absolute errors and function evaluations for different values
of h in v(407) of the problem (4.5)
Cash’s 6th order | Chawla &Rao’ | Thomas’s 6th order | EM6-1(32 = 1)
method method M;g(0) method (in this paper)
lerror| Fns lerror| Fns lerror| Fns lerror| Fns
1.25 x 10~° 640 1.08 x 103 640 1.21 x 10~ 480 1.22 x 10~* 480
3.39 x 107800 | 2.74x 10 %800 2.71 x 107° 600 1.68 x 107° 600
1.19 x 10~% 960 1.84 x 10> 960 1.10 x 107> 720 7.29 x 107 720
9.79 x 10 % 1440 | 5.27 x 10 © 1440 | 8.91 x 10 7 1080 | 6.28 x 10~® 1080
1.71 x 1078 1920 | 3.82 x 107 1920 6.28 x 1078 1440 4.25 x 1079 1440

=

RIS EIEISEINE




184 K.L. XIANG AND R.M. THOMAS

[1]

[2]
(3]

[4]
[5]
[6]
[7]

References

J.R. Cash, High order P-stable formulae for the numerical integration of periodic initial value
problems, Numer. Math., 37 (1981), 335-370.

J.R. Cash, Efficient P-stable methods for periodic initial value problems, BIT, 24 (1984), 248-252.
M.M. Chawla, P.S. Rao, High accuracy P-stable methods for v’ = f(t,y), IMA J. Numer. Analy.,
5 (1985), 215-220.

John P. Coleman, Numerical Methods for 4" = f(x,y) via Rational Approximations for the Cosine,
IMA J. Numer. Analy., 9 (1989), 145-165.

I. Gladwell, R.M. Thomas, Damping and phase analysis for some methods for solving second order
ordinary differential equations, Int. J. Num. Meth. in Engng., 19 (1983), 495-503.

M.S.H. Khiyal, Efficient algorithms based on direct hybrid methods for second order initial value
problems. Ph.D. Thesis, UMIST, Manchester, 1991.

M.S.H. Khiyal, R.M. Thomas, Efficient P-stable methods for second order systems, in: J.R. Cash
and I. Gladwell, Eds., Proc. IMA Conference on Computation Ordinary Differential Equations,
Oxford Univ. Press, Oxford, 1992, 127-134.

J.D. Lambert, I.LA. Watson, Symmetric multistep methods for periodic initial value problems,
J.Inst.Maths. Appl., 18 (1976), 189-202.

R.M. Thomas, Phase properties of high order, almost P-stable formulae, BIT, 24 (1984), 225-238.
R.M. Thomas, Efficient sixth order methods for nonlinear oscillation problems, BIT, 28 (1988),
898-903.

R.M. Thomas, M.S.H. Khiyal, High order, P-stable methods for nonlinear oscillation problems,
University of Manchester/UMIST Numerical Analysis Report, No.221, 1992.

D.A. Voss, S.M. Serbin, Two-step hybrid methods for poriodic initial value problems, Comput.
Math. Appl., 15 (1988), 203—208.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


