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EXPANSION OF STEP-TRANSITION OPERATOR OF
MULTI-STEP METHOD AND ITS APPLICATIONS (I)*!

Yi-fa Tang
(LSEC, ICMSEC, Academy of Mathematics and System Sciences, Chinese Academy of Sciences,
Beijing 100080, China)

Abstract

We expand the step-transition operator of any linear multi-step method with order
s> 2 up to O(r°™®). And through examples we show how much the perturbation of the
step-transition operator caused by the error of initial value is.
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1. Expansion of Step-Transition Operator

For an ordinarily differential equation

d P
Z2=12), ZeW, (1)

any compatible linear m-step difference scheme

Yo wZi=1> Bf(Z) (Zﬁk # 0> ; (2)
k=0 k=0 k=0

can be characterized by a step-transition operator G (also denoted by G™): R? — RP satisfying

Y kG =7 Bifo G, (3)
k=0 k=0

where G* stands for k-time composition of G: GoG - -oG (refer to [1,2,3,5,6,7]). This operator
G™ can be represented as a power series in 7 with first term equal to identity I.

Thus, this operator completely characterizes the multi-step scheme as: Z; = G(Zy), ---,
Zm = G(Zy—1) = G™(Zy), ---. For the expansion of this operator G, we give the following
theorem:

Theorem 1. If scheme (2) is of order s > 2, then the step-transition operator decided by
equation (8) has the following expansion:

+oo 4 ) ‘
G(Z)=)" ;—'ZM + 5 A(Z) + T PEB(Z) + T T3C(Z) + TAD(Z) + O(r5P),  (4)
i=0

where 219 = 7, zI1 = f(z), zk+1] = BBZ—;]ZU] fork=1,2,---. And

- Yo {%ﬁk - (,;_S,_—T)gak}‘

A=Azl " ;
2k—o Kok

(4.1)
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when s = 2;
when s > 3.
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We use the notation

p
71 (2[11)2Z[s+11: Z azzazjazk[ [11}(0 [zm]m [z[sm}(k)

where z; is the i-th component of p-dim vector Z, and [Z[l]](j) stands for the j-th component
of p-dim vector ZY (refer to [6]).

Remark 1. If s > 3, then )" %ﬁk =Y %ak, ie, p=0,x=0,p=0and e =0,
then (4.3) and (4.4) become into

O —p7ls+3) 1 A g 00 plst] <_i N E) 2 gls+2) | A S1U) 71 s 1)
67 7 127 2)% 37 :

s+2 fst3 913 _an2 2
ZZL:O |:(’;+2)!Bk S+3 ak (Zk 132k +k)\ + k D) klll) ak:l
Do kg

vV =

D :fZ[S+4] + {0_ _ % + K} Z£1]2[8+3]
A A
-z (1] 7111 7ls+2] _ 2 L BU SR o0 plst2
+{a 24+6}Z Zz +{30 24:-I-?)}ZZ2Z Z
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o= A
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respectively.

Especially, if s > 4, then ;" | % ﬁ Br = rep %ak, i.e., 0 =0, then (4.4a) becomes into

D:gz[s+4]+{g 12} Z1 7ls+3]

[N PR P A\ 1,0 s+
+{6 24}2 ZWzls+2 4 3 - 2zl z

LA { ZWM ZM Z0 7411 9 7100 710 70 Zls+1] (4.4b)

+ 3Z[12]Z[1] [ [1]Z[s+1]] + 3z Z2] 7ls+1]

+3z8 (211)° z[s+11}

Remark 2. When system (1) is linear, i.e., f(Z) = M Z, M is a p X p matrix, then expansion
(4) has a simpler form
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A
e <ﬁ + % +v+ 2p> Mst37 (4c)
+ 7ot (1_#2 + g +&—2n—eC+ 30+ 2x) M*T4Z 4+ O(r573).

Example 1. For the trapezoid scheme (with order s = 2)

Zi -7y = 3 [f(2) + 1(Z)], (5)
fromtheoremlwehave)\:%,u:i,l/:g—o,p:ﬁ, :ﬁ,a:ﬁ,x:ﬁ,n:(:
And

A :%ZB],

B =g 2+ 270,

O =g 7%+ 22N 2B + 77 g LMz 70,
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Example 2. For the leap-frog scheme (with order s = 2)

Zy — Zo =21 f(Z1), (7)
from theorem 1 wehave A\= -1, p=—% v=—-d p=L (= o=& x=%,n1=3,
C:%. And
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z

Example 3. For the Simpson scheme (with order s = 4)

r
Z2 = Zo = 3 [f(Z2) +4f(Z1) + f(Z)], (9)
from theorem 1 we have A = o5, b = 555, V = moar5y P = 0, { = —goorsgy O = X =10 =
¢ =0. And
A=t gl
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Proof of Theorem 1. When we set
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then
o o
k 1 11 .
( +i') T Z[z] + TS+1AI¢+1 (Z) + Ts+2Blc+1 (Z)
i=0 :
+ 304 (Z2)+ TS+4Dk+1(Z) + O(TS+5)
= G'““( ) =G*[G(2)] (12)
= kT [z] s+1 542
—Z 2"+ 1AL [G(Z2)] + 7T B [G(Z)]
+ TS+3Ck [G(Z2)] + 54D, [G(Z)] + O(T°T?)
=T+ 11+ IIT+1V +V +0(r°?),
and

IX i [+°° T 71l

r=> il Z'_

!
=0 j=0 J:

s+1A ( ) s—',—2B1 (Z) +Ts+301 (Z) +Ts+4D1 (Z) + O(Ts+5)][i]

> AU e AL(Z) 4 T BU(Z) + T C(Z) + T DUZ) + O )
7j=0

+oo g +oo _j ]
+ ]i_T {Z[l] o [Z %Z[J]] + Z[ lo [Z %Z[J]] % (TsﬂA1 +75P2B, + Ts+301)}

=0 =0

(here s > 2 is requested)
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~ 2 -3
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We obtain from (12), (12.1)~(12.5)

A1 = A1 + Ag;
Biy1 = By + kZM A, + (43), 20 + By;

2
Cri1 =C1 + kZMB, + k2 [ZU]Al] + %zg?]Al + % (Ay), 7P

1 2
+5 (A [2Y] + (B, 2M + O

Dyyy =Dy + kZMCy + k21 [Z[”Bl}

(12.3)

(12.4)

(12.5)

(13.1)
(13.2)

(13.3)
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comparing the coefficients of 7571, 7512 75%3 and 7514 respectively on both sides of (14) we
obtain

m m kS ks+1 (5+1]
Sl =Y e GIO™ Zl+ (15.1)
k=0 k=0 : :
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k2 k2 2
A g+ A () Ak} .

From relations (13.1) and (15.1) we deduce directly

Ap = kA, = kA, (16)
and (4.1).
Substituting (16) into (13.2), we obtain
k? —k .
By = kB + A (270 4 74 (17)

substituting (17) and (16) into (15.2), we obtain

m m ks—i—l ks+2 k2 —k
B, = _ _ [s+2]
(Zka’“> ! Z{(SH)!@“ Gro™ T 2 Aa’“}z

k=0

m 2
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Since s > 2, Y (kAG =D i, %)\ak, we have (4.2), and

k* —k
2

2
By = B2 g (
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Substituting (16) and (18) into (13.3), we have
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Substituting (19), (16) and (18) into (15.3), and utilizing s > 2, we obtain (4.3), and
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k3 3
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Substituting (16), (18) and (20) into (13.4), we obtain

k}3 2
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On the other hand, substituting (16), (18) and (20) into (15.4) we have
m m fst3 f5t4
Dy = - zlst]
kz:%“’“ k Z{(s+3)zﬂ’“ (s+4)!°"“}

2k3—3k2+k k> —k
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[E°A ] (1] 711 71 ls4+1]
+ 7+kp Zz Zz Zz A

- 3
LA ka] ZM 7L 71 Zls+1]

Ok 3k k2 .

+ T?’/\ +Gnt kp] zH z1 71542 (21.b)
)
= ARAS [Zgl Z[s+11]

(k3 — k?

+

+

A+ kzu} ARVARVARE
k-3)\ : K3\ 2
+TZ£12]Z[Z]Z[SH] + TZE%] (Z[l]) Z[erl]} _

Combining (21.a) and (21.b), and utilizing s > 2 we obtain (4.4). By now we have finished the
proof.

Remark 3. Similarly, one can also get the expansions of the step-transition operators of
some kinds of generalized linear multi-step methods (such as in [2], [6]), but the procedures
would be much more complicated and tedious.

Remark 4. For some comments on Feng’s definition of the step-transition operator for
multi-step method, one can refer to McLachlan and Scovel [4].

2. Perturbation of Step-Transition Operator

Now let’s consider how Z,, depends on the initial values of Zy, & = 0,1,--- ;m — 1 in
equation (2) (refer to [4]):
Setting Z, = G*(Z) + e, k =0,1,--- ,m, substituting this into (2) and using (3) we have

S arer =7 B [f (GF+er) - £(GY)]. (22)
k=0 k=0

Providing f is a smooth bounded operator ||f.|| < T, then from (22) we obtain

m m
D lawlllerll <77 18I T lell,
k=0 k=0

so we have
Theorem 2. If Z, = G¥(Z) + ¢, k =0,1,--- ,m, and f satisfies ||f.|| < T, then from (2),
(8) we obtain the following estimate:

ko k| + 718k T} llexll

€ <
T T

(23)

The proof of Theorem 2 is easy.
Example 4. For the leap-frog scheme (7), if f(Z) = M Z where M is a p x p matrix, then

Zz - ZO = 2TMZ1, (24)

or generally
Zk+1 - Zk,1 = 2TMZk. (25)
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According to (24), one can easily get the expression of the step-transition operator G:

G=17M+ I+ 712M2. (26)

On the other hand, from (25), (24) we obtain

- —TM 1 2M?2) Z, VA
2= (VIa7R) " (rar 4 rmn) EMEVIE P Zo v 21 o,

2
— / 2072 —

If Z1 = G(Zy) + 9, then

Zy — G*(Zo) = (\/m)_l {GF = (-a) ")} g

k .
= Y (rM)*t (\/HTZMZ) "5 (28)
0<i<k \?
1 odd
k

(rM)* 72 (1 + 2 M?) 6.

0<2r+1<k \ 2r+1
When we set ||M|| = w, then
-1 k
12 — G (Zo)|| < (\/1 + T2w2) (Tw +V1+ T2w2) 5 (29)
1 k
< <1 +Tw + 57'211}2) 0.
Example 5. For the Simpson scheme (9), if f(Z) = M Z where M is a p X p matrix, then

Zo — Zy = gM (Zs + 421 + Zo) (30)

or generally
T
L1 — Lp—1 = gM (Zk+1 +4Z; + Zkfl) . (31)

According to (30), one can easily get the expression of the step-transition operator G:

G = 1—1M_1 ,/I+12M2+EM (32)
= 37’ 37’ 37’ .

On the other hand, from (31), (30) we obtain
1 1 1
_= Z 202 _ =
Zi =3 (\/I+3TM> <I 3TM>

k

I+12M2+2M I 1M Zy + I-}-le2 2MZ

—T —T - =7 -7 — =T
V'3 3 3 PPV 3 0
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1 “k
1 1 1

S 1+ sz [—Z7M

2 ( + 37 ) < 37 > (33)
g 1 1 2
< TZMZ+3TM> {— <I—§TM> Z1+<HI+§T2M2+§TM> Zo}.

If Z1 Z()) + (S then

. 1 1 T T
i — G (Zo) == [ /T + =72 M2 I— 1M
k—G"(Zo) 5 "‘37' ( 37 )
k k
T+ et 2om) - —\/I+12M2+2M o (34)
Vit3T 3" 3" 3"
—(k—1) k 2 k—i 1 i1
M M I+ sremz| 6
T > Z i (37’ ) ( +3T )

0<i<k
i odd

1 —(k—1) k 9 k—1-2r 1 r
=(I-=tM M I+ =72M?) 6.
< 3" ) 2 <3T ) (*37 )‘5

0<2r+1<k \ 2r+1

I
7N
~
|
L | =

When we set ||M|| = w, then

-1
~(k-1)
1Zi — G*(Zo)|| < (\/ 1+ %721112) <1 — %ﬂu)
k
1, .2
k
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