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Abstract

Non-tensor product bivariate fractal interpolation functions defined on gridded rectan-
gular domains are constructed. Linear spaces consisting of these functions are introduced.
The relevant Lagrange interpolation problem is discussed. A negative result about the
existence of affine fractal interpolation functions defined on such domains is obtained.
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1. Introduction

In 1986 Barnsley[2] constructed a sort of continuous functions by using certain Iterated
Function Systems (IFS). Such a function f is defined on a compact interval, which is partitioned
into a number of subintervals, and is said to be self-affine since the restriction of f within one of
the subintervals is just a composition of a scaling and a translation of f plus an affine function.
The graph of f, which interpolates a set of given points, has usually a non-integral fractal
dimension and is then called a Fractal Interpolation Function, abbreviated FIF. FIF serves a
useful tool for constructing, modelling, simulating, and approximating functions which display
some sort of self-similarity under magnification and find its applications in several areas such
as image compression and wavelet analysis (cf. [1, 3, 4, 5, 8]).

There are two natural ways to extend the idea of FIF to the case of two variables. Geromino
et al.[6] and Massopust[7] deal with continuous functions with the property of self-affinity
defined on the triangulated triangular domains, whose graphs are so called fractal surfaces.
Unfortunately, the gridded rectangular domain, i.e., the rectangular domain divided into a
number of quadrangles, especially rectangles which is most used in the applications of Computer
Graphics, is hardly considered. Massopust[8] suggests a construction by trivial taking the tensor
product of two univariate FIFs. The drawback of this tensor product scheme is explicit: the
derived function is uniquely determined by the its evaluation along a pair of adjacent sides of
the rectangular domain, thus it cannot be used to fit in with a set of data more extensively
sampled.

In this paper we shall develop the idea of the space of fractal functions introduced by Qian[9]
to study the bivariate fractal functions defined on rectangular domains. Such functions are
continuous, but not tensor products of univariate FIFs. They can be designated to interpolating
given data distributed over the grid points. Their graphs, as those of univariate FIFs, can be
generated by IFSs of certain simple forms. We shall show that they are distinct in various
aspects from their analogies defined on intervals and triangular domains. For example, it will
be proved that the ”affine” fractal functions defined on a gridded rectangular domain does, in
essence, not exist. For this reason one should be satisfied with the bivariate FIFs generated by
IFSs of other forms as simple as possible.
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This paper is organized as follows. In Section 2 we introduce bivariate FIFs defined on
rectangular domains . In Section 3 we discuss the bivariate FIFs generated by affine IFSs and
prove that they are usually affine functions. In Section 4 we construct a class of spaces of
bivariate FIFs suitable for interpolation and study the structures of such spaces.

2. Linear Spaces of Bivariate Fractal Interpolation Functions

Let m,n > 2 be two integers . Denote M = {1,---,m} and N = {1,---,n}. Let —oco <
Tp < a1 < < Ty <00 and —0o < Yo < Y1 < -+ < Yy, < 0o. Denote by D the rectangular
region [Zo, Tm] X [Yo,Yn] and D; ; = [zi—1,®;] X [yj—1,y;] for all { € M and j € N. Denoted by
A the partition of D given by D = Ui,j D; ;. Moreover, let A denote a fixed matrix (8; j)mxn
with —1 < s;; < 1. For all i € M and j € N, define maps A; : [xg,m] — [Ti—1,2;] and
Bj : [yo,yn] — [yj-1,9;] by

Ti — Ti_
Ai(w) = 2" (@ — o) + wica T € [To,Tm)
Tm — To
and
Yji —Yj—1
Bi(y)=Z2—"=(—vyo) +yi=1, ¥ € [Yo,yn]
Yn — Yo
respectively.

We denote by C(D) the linear space of all real-valued continuous functions defined on D
and by Lip(D) the set of all bivariate Lipschitzian functions defined on D. Obviously Lip(D)
is a linear subspace of C(D). Given a family of functions ¢; ; € Lip(D), i € M, j € N, define
mappings T;; : D x R — D x R by

Ti,j(ﬂ?,y,z) = (Ai(x)aBj(y)asi,j z + ¢i,j(xay))a
for (z,y,2) € DxR, i € M, j € N. We now obtain an IFS
(DxR;T,;: i€ M, je N} (2.1)

The following is easy to be proved.

Lemma 2.1. The IFS (2.1) has a unique invariant set.

Definition 2.1. An IFS of the form (2.1) is said to be generating if its unique invariant
set G is the graph of some f € C(D), in which case we also write

(DxR; Tij: i€ M,jeN—f (2.3)

and say that f is generated by the IFS.

One can easily check the following by Definition 2.1.

Proposition 2.1. The IFS (2.1) is generating if and only if there exists some f € C(D)
such that

f(Ai(x)aBj(y)) = Si,jf(xay) +¢i,j($:y); (:U,y) €D,ie M, jeEN, (23)

in which case the relation (2.2) holds.
Theorem 2.1. IFS (2.1) is generating if and only if there ezist functions po,p1 € Clxo, Z.,]
and qo,q1 € Clyo,yn] such that

{ po(zo) = qo(y0), po(wm) = q1(yo), (2.4)
b1 (3?0) = QO(yn): pl(wm) = fh(yn),
and
bij+1(T,Y0) — Gij (%,Yn) = 8i,jp1(x) — sijrapo(z), €M, 1<j<n—1, (2.5)
Giv1,j(20,y) — Gij(Tm,y) = si ;01 (y) — siv1,50(y), 1<i<m-—1,j€N, (2.6)

po(Ai(2)) = si,ipo(z) + ¢i1(z,90), @ € M, (2.7)
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D1 (Az(x)) = Si,nP1 (:U) + ¢z n(wayn)a i€ M: (28)
90 (B;j(y)) = 51,j90(y) + ¢1,5(z0,v), J € N, (2.9)
1 (Bj(y)) = smja1(y) + dm,j(@m,y), j € N. (2.10)

Proof. Suppose that for some f € C(D) such that (2.2)holds. We set

)
pg(ﬂ?) :f($7y0)7 ( ) (xayn)a To SCUS:Um,
qO(y) :f(w07y)7 ( ) (mmay)a Yo S?JS?Jn
Obviously po, p1 € Clzo,Tm] , 90,q1 € Clyo, yn] and (2.4) is satisfied. Note that
$1,iP1(@) + G5 (T, yn) = i F(,yn) + ¢i,j (2, yn) = f(Ai(2), Bj(yn))

= f(Ai(x), Bj+1(yo)) = sij+1f(w,y0) + i j+1(, Y0)
—817]+1p0( )+¢l7]+1($7y0)7 iEM, j:]-;"'an_]-a

so that (2.5) holds. Similarly we can deduce (2.6) .
Note that

po(Ai(z)) = f(Ai(7),y0) = f(Ai(x), B1(y0))
= s5i1f(2,90) + ¢i,1(7,90) = siapo(x) + di1(x,90), i€ M.

Thus (2.7) holds. Analogously, we have (2.8), (2.9) and (2.10).
On the other hand, suppose that there exist pg,p1 € Clzo, zm] and go, 1 € Clyo, yn] satis-
fying (2.4) — (2.10). We take

i _ | 9€CD): g(z,y0) =po(x), 9(x,yn) = p1(2),
o0 = { 9(z0,y) = 0(Y); 9(zm,y) = a1 (y) }
)

Clearly C*(D) is closed in the complete metric space C(D).
see this, we set

e = (2222, 2220 (30 cinrmin ( $5 )

() (3 2 ) (8 )wweo

Yn—Yo

Moreover, C*(D) is nonempty. To

It is easy to check that h € C*(D).
We now define the Read-Bajraktarevic operator ® : C*(D) — C(D), by

(®9)(z,y) = si,59(A; (2), B () + bij (A7 (2), B ' (),
(x,y) € Dy, i € M, j € N. (2.11)
If ¢ #a;, i € M andy # yj;, j € N, then the value of h(z,y) is uniquely determined
by (2.11). Otherwise (z,y) is at the common boundaries of two or more subrectangles, say,
D;; and D; jy1, that is, ;-1 < ¢ < z; and y = y;. Noting that g € C*(D)), we have two
representations of (®g)(z,y),

(®g)(z,y;) = si;9(4; (2),B; (y ))+¢m(A Y(x), B (y)))
= si9(A7 (fﬂ),yn)+¢z,y( "(@), yn) (2.12)
= sipi(A; (@) + ¢ij (4] (w),yn)
(®g)(z,y;) = sijr19(4; " (x), ]+1(y1))+¢z71+1(14fl() B} (y5))
sij+19(A; (fC) y0)+¢m+1( L Y(2),90) (2.14)
sij+100(A; (7)) + dijr1 (4 (@), m0).-

From (2.5) we can see that the ending sides of (2.12) and (2.13) are equal. Thus the two values
of (®g)(x,y;), given by (2.12) and (2.13) respectively, match up. Analogously, the condition
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(2.6) ensures the equivalence of the values of of (®g)(z,y) along net segments {(z;,y) : yj—1 <
y <wyj, j=1,---,n} Therefore ®g is well defined on whole D.

®g is continuous because all the functions g, ¢; ;, A;l and B;l are continuous, and then
@ is well defined.

Now we come to prove that the range of ® is contained in C*(D). In fact, for each g € C*(D),
from condition (2.7) we have

(®9)(z,y0) = sin9(A » H(), B{ H (y ))+¢,1(Af1( ), B (10))
= Szlg( z_ (w)ay0)+¢zl(Al_ (w);yo)
= siapo(A; " (2)) + ¢i1 (A7 (@), 0)
= po(Ai(4;(2) = ()

Similarly we can prove

(®g)(z,yn) = p1(2), (P9)(20,y) =0 (y), (29)(Tm,¥y)=q1(y)

by using (2.8), (2.9), and (2.10), respectively. Hence &g € C*(D).
® is contractive: for g, § € C*(D), we have

@9 — @4l| = sup(, ) en{l (29)(2,y) — (29)(z,y) [}
= max; ; Sup(, y)ep, ; | (29)(7, y) (®g)(z,y) |
= max;,; SUp(y yyep, ; | $i5(9(A7" (), By (y)) — §(A7 ' (2), B;* (v))) |
=max;j | si; | SUD(g,y)eD; ; | g(z,y) — g(fﬂay) |=s"[lg — 4ll
where 0 < s* =max;; | s;; [<1, |||l is the norm for C(D).

To summarize, ® is a contraction mapping defined on the complete metric space C*(D)
(viewed as a subspace of C(D) ). Thus there exists a unique f € C*(D) such that ®f = f.
Hence {D xR; T;;: i € M, j € N} = f by definition.

The following lemma is a simple consequence of Proposition 2.1.

Lemma 2.2. Let o, 3 € R. Set

Uij(z,y,2) = (Ai(2), Bj(y), si,j2 + ui;(2,9)),
Vii(x,y,2) = (Ai(z), Bj(y), si,jz + vi,j(2,9)),
Wi:j(;U:y;Z) ( (;U):B (y) SZ:JZ_'_au%](;U y) +6'Ui,j($;y));

where (x,y,2) € D xR, wu;j,v;; € Lip(D), i € M, j € N. Suppose that there exist f,g €
C(D) such that
{DXR; Uiﬂ': 1€ M, j e N}—)f,
{(DxR; Vi;: i€ M, je N>y
Then
{D xR; Wi;;j:i1e€M,je N} = af + fg.

In the remainder of this section, H will denote a fixed linear subspace of Lip(D).
Proposition 2.2. Let F(Ay, n, Amn, H) denote the set

feC(D): there exist functions ¢;; € H, i € M, j € Nsuch
that {DxR; T;;: i € M, j € N} = f, where
T;j(@,y,2) = (Ai(z), Bj(y), s5i,jz + ¢i,j(x,y)).

Then F(Apmn, Amn, H) is a linear subspace of C(D).
Proof. Tt immediately follows from Lemma, 2.2.
Definition 2.2. We call F(Apn, Amn, H) defined as above the space of bivariate FIFs
with respect to the partition A, ,, the contraction matriz A, , and the bottom space H.
Obviously Theorem 2.1 can be rewritten as the following form.
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Theorem 2.1a. Let f € C(D). Then f € F(Apn, Amn, H) if and only if there exist
¢ij €H, i € M, j € N such that

Gij+1(T,y0) — Gij (@, yn) = sijf(@,yn) — sijr1f(@,90), €M, 1<j<n-—1,
¢Z+1y,](w07 ) ¢z7]($m;y) = sl+17]f($m7y) - 5i7jf($0;y); 1<i<m-1, je N;
f(Ai(z),y0) = sinf(z,90) + dii(z,90), i€ M,
f(Ai(z), n)—sznf(xyn)+¢zn($ Yn), 1€ M,
f(@o, Bj(y)) = s1,;f (@0, y) + ¢1,5(x0,y), jEN,
(xm: (y)) = Sm,jf(xm: ) + ¢m7j($may): JEN,

in which case (2.2) holds.

3. Bivariate FIFs Generated by Affine IFSs

In the theory of univariate FIFs so called affine fractal functions, i.e., FIFs generated by
affine IFSs, occupy the most important place. However, we shall show that ”affine” fractal
functions defined on a gridded rectangular domain are practically useless for interpolation.

Throughout this section we denote L = {¢ € C(D) : ¢(z,y) = ax + by + ¢, a,b,c € R}.
Without any loss of generality, we may assume that D = [0, 1] x [0, 1]. Moreover, we denote by
Fj the set

{fe F(Am,n:Am,n:L) : £(0,0) = £(1,0) = £(0,1) = 0}.
Lemma 3.1. Fy is linearly isomorphic to the quotient space
F(Amn, Amn, L)/L.

Proof. It is easy to see L C F(Ap n, Amon, L). For each f € Fy, set Tf =< f >, the
equivalent class of f in F(Ap, 5, Am,n, L) modulo L. Then T is a desired isomorphism.

The following is a simple consequence of Theorem 2.1a.

Lemma 3.2. Let f € Fy. Let IFS{D xR :T;;:i € M, j € N} have the form

T;j(w,y,2) = (Ai(z), Bj(y), sijz+aijz+biy+cij), (3.1)

where a;j,b;5,¢i; € R. Then {D xR;T;; :i € M, j € N} — f if and only if the real
coefficients a; j, b j,cij satisfy the following equations:

(@i j+1 — aij)r = s f(x,1) — 85541 f(2,0), ieM, j=1,---,n—1, (3.2)
Cijy1 =bij+cyjy, ite€M, j=1,---,n—1, (3.3)

(biv1j = bij)y = si;f(L,y) —sit1,;f(0,y), i=1,---,m—1,j€EN, (3.4)
Cit1,j = Gij+¢ij, i=1,---,m—1, j€N, (3.5)

f(Ai(x),0) = si1f(2,0) + a1z +¢ci1, 7€M, (3.6)
f(Ai(x),1) = s nf(x,1) + ain® + bip + Cim, €M, (3.7)
f(0,Bj(y)) = s1,;f(0,y) + b1y +cry, JEN, (3.8)
F(,B(Y) = smif(L,y) + by + amj + cm;j, JEN. (3.9)

In the following Lemma 3.4 — Lemma 3.6, we always assume that f € Fy,{D x R;T;; :
i € M, j € N} = f,where T} ; are defined by (3.1), and denote

0= £(1,1)
& = f(z,0), i=0,1,---,m (3.10)
nj:f(oayj)a j:():]-:"'an

A simple computation shows the following by applying Lemma 3.3.
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Lemma 3.3. The coefficients a; j, b j, ci; satisfy
a1 =& —&-1, 1€M, (3.11)
aij = (sig+- - +sij_1)0+& =& €M, j=2,---,n (3.12)
bij=mnj—mnj-1, JEN (3.13)
(3.14)
(3.15)
(3.16)

biﬂ':(817j+"'+8i,17j)9+7]j—77]'71, 1=2,---,m, jEN, 3.14
cip = &-1, 1€M, 3.15
c,j = mj-1, JEN, 3.16
i—1 j—1
Cij= DD Sapb | +&ir+misy, i=2,m, j=2,--,n. (3.17)
a=18=1

By this and applying Lemma 3.2 again we have
Lemma 3.4. If 3270, 370 | sij # 1, then 8 = £(0,0) = 0.
Definition 3.1 The contraction matric Apm n = (Si,j)mxn s called row trivial if

Sij  Sitl,j
Sk,h Sk+1,h

=0

forany 1 <i,k<m—1and j,h € N. Ay, is called row nontrivial if it is not row trivial.
Respectively, Ay, , is called column trivial if

Si,j Si,5+1

Sk,h Sk,h+1

=0

for any 7,k € M and 1 < j,h < n —1. Ay, is called column nontrivial if it is not column
trivial.

A is called nontrivial if it is neither row trivial nor column trivial.

The following is deduced from Lemma 3.2 and Lemma 3.3.

Lemma 3.5.

(a) Suppose that Ay, n is row nontrivial. Then

f0,y)=0, f(Ly) =0y, 0<y<1 (3.18)
Furthermore, if 8 # 0, then
Yj —Yj—1 =81+ -+ 8mj, JEN. (3.19)
(b) Suppose that Ay, is row nontrivial. Then
f(x,00=0, f(z,1)=60z, 0<az<l (3.20)
Furthermore, if 8 # 0, then
Ti—Ti—1 =81+ +Sipn, €M (3.21)

Definition 3.2. A, ,, and A, ,, are said to be synchronous if they satisfy
Si1 4+ FSin =2 —Ti—1, €M,
$1jF  +8mj=Yj—Yj-1, JEN.

Theorem 3.1.
(a) If Ay is nontrivial, then

1, if Ay and Ay, are synchronous,

dimFy = {0, otherwise.
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(b) If Ay, is row nontrivial but column trivial and s;j = s;1,1 € M, j € N, then

m, if Apy o and Ay, , are synchronous,

dimFy = {m —1, otherwise.

(€) If Apyn is row nontrivial but column trivial and there exist real numbers ¢ # 0,1, such
that s;j = ¢ ~'s;1,1 € M, j € N, then

1, if Ay and Ay, are synchronous,
0, otherwise.

(d) If Apm,n s row nontrivial but column trivial and s; ; = 0 for all i € M and j > 2, then

(e) If Ap,n is Tow nontrivial but column trivial and s;; =0 for alli € M and j <n—1,
then dimFy = 0.

(£) If Apn is row trivial but column nontrivial and s; j = s1,j,1 € M, j € N, then

dimFy =4 " if A and Ay, 5, are synchronous,
n—1, otherwise.

(&) If Ap,n is row trivial but column nontrivial and there exist real numbers p # 0,1, such
that s;; =p'~'s1j,i € M, j € N, then

1, if Ay and Ay, are synchronous,
0, otherwise.

() If Apn is row trivial but column nontrivial and s; j = 0 for all i > 2 and j € N, then

(i) If Ap,n is row nontrivial but column trivial and s; ; = 0 for alli < m —1 and j € N,
then dimFy = 0.

(G) Ifalls;; =0, i € M, j € N, then dimFy =m +n — 2.

(k) If one and only one element in {s1.1,51,n, Sm,1,Sm.n} 4 nonzero and all other elements
si,j Of Am,n vanish, then dimFp = 0.

(1) If either all the elements on the 1st row of Ay, n, or all those on the mth row are nonzero,
and the elements in other rows are all zeros, then

m —1, if all nonzero elements of A, ,, are equal,

dimFo = {0, otherwise.

(m) If either all the elements on the 1st column of Ay, n or all those on the nth column are
nonzero, and the elements in other columns are all zeros, then

dimFn =3 "~ 1, if all nonzero elements of Ay, are equal,
R otherwise.
(n) If Ap,n satisfies none of the above cases (a) — (m), then there exist real numbers

s,p,q #0, such that s; j = p'q’s, i € M, j € N and

(m+n—2, ifp=q=1,
m—1, fp#1l,q=1,
’I'L—]_, pr:]_,q#]_’
L, fp#Lg#Lp" " #1,¢"" #1, and

: _ A and Ay, are synchronous,
dlmFO B 0’ lfp 7é 17 q 7& l,pm—l 7é ]-, q”_l 7& ]., and
A and Ay, ,, are not synchronous,

n—1, ifp=—-1,m odd, ¢" ' #1,
m—1, ifg=—1,n odd, p™ ! £ 1,

\ 0, ifp=q=-1,m and n odd.
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Proof. Let f € Fy. Let {DxR;T;;: i € M, j € N} = f, where T;; are defined as
(31)7 and we denote fz = f($270)7 i = 07 ]-7' My 1= f(an])a .7 = 07]-7 N, 0= f(]-J]-)
(a) By Lemma 3.5, in this case we have
f(z,0) =0, f(z,1) =0z, f(0,y) =0, f(1,y) = 0y.

From Lemma 3.4,

a1 =c¢,1=bj=c,;=0 ¢t €M, j€eN, (3.22)
aij=(siy+---+sij1)0, i€M, j=2,---,n, (3.23)
bij =(s1;+ - +si—1;)0, i=2,---,m, j€EN, (3.24)
i—1 j—1
Ci7j:ZZSa7B6, 7::2,---,7”, ]:2,,71 (325)
a=1p=1
If A, and A, , are not synchronous, then by Lemma 3.5, § = 0, in which case all

a; j,bij,ci; are equal to zero. Thus f =0, i.e., Fy = {0}. Clearly dimF = 0.

If Ay, and Ay, ,, are synchronous, then it is easy to check that for any given § € R, the
coefficients a; ;, b; j, ¢; ; determined by (3.22) — (3.25) must satisfy (3.2) — (3.9), which means
that f can be arbitrarily evaluated at the point (1,1) and then f itself is uniquely determined.
Hence dimFy = 1.

(b) The row triviality implies that there exists some i, € M such that s;, 1 # 0. By (3.2),
si1(f(x,1) — f(x,0)) = (i, 2 — ajy 1)z Thus f(z,1) — f(z,0) is a linear function. By setting
x = 0 and z = 1 respectively, we can see that f(z,0) — f(x,1) = 6x. Subtracting (3.6) from
(3.7), we have

0Ai(x) = f(Ai(z),1) — f(Ai(2),0)
=si1(f(z,1) = f(2,0)) + (@in — ai1)x + bin + cin —cin
= Si719$ + (aim — a,'71)$ + bi,n + Cin — Ci1, 1€ M.
From (3.11) and (3.12),
in — ;1 = (Si1+ -+ 8i0-1)0, i€ M.
Combine these results and compare the coefficients,
(:Ui — :L“z',l)e = Si719 + (5i71 + -+ si,n,l)e = (5i71 + -+ Si,n)e, 1€ M.

Applying Lemma 3.5, we know that if A,, ,, and A, ,, are not synchronous, then § = 0. In this
case, noting that & = &, =n; =0, for any (&, +,&m—1) € R™™!, the coefficients
aij=8& —&-1, bij =0, ¢;j=&-1, 1 € M,j €N
determined by Lemma 3.3 satisfy (3.2) — (3.9). Therefore f can be arbitrarily evaluated at
the points (z;,0), i = 1,---,m — 1 and then f is uniquely determined by these values. Hence
dimFy =m — 1.
If Ay, and Ay, , are synchronous, then for any (&, --,&m—_1,0) € R™, the coefficients

a; j, bij, ¢;j determined by Lemma 3.3 satisfy (3.2) — (3.9). Therefore dimF, = m.
(c) Set s;,,1 # 0. Then from (3.2) we have

si 1 (f(x,1) —qf(2,0) = sy 1 f(,1) = 54, 2f(,0) = (@i, 2 — @i, 1)
Thus f(x,1) — ¢f(x,0) is linear. In this case f(z,1) — ¢f(x,0) = 8z. From (3.7) and (3.6),
0Ai1 (ZE) = f(Ah (;L'), 1) - Qf(Ah (ZU),O) = Si1,nf($7 1) - qsil,lf(xao))
+(aiy 0 — qaiy 1)T + biy p + Ciyon — qCi 15

or
qnilsihlf(w: ]-) - QSi171f(SU,0) = 0A11 (;U) + (qailyl - ailyn)w
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+qci; 1 — bil,n — Ciy,n» i€ M. (326)

The right side above is a linear function of . Combining this with f(z,1) —¢f(z,0) = 6z, note
that
" tsi1 —gsi
1 —q
Thus if ¢! # 1, then both f(z,0) and f(x,1) are linear, in which case f(z,0) =0, f(z,1) =
fz. Applying this in (3.26) and comparing the coefficients, we have

=gsi, 1 (1—¢"7").

(x; —wi—1)0 = (81'71 + -+ Si,n)e, 1 € M.

From Lemma 3.5 we know that if A, , and A, , are not synchronous, then § = 0. Thus
f=0and Fy =0. If A, , and A,, ,, are synchronous, then we can again verify that for any
0 € R, the coefficients a; j, b; j, ¢;; determined by Lemma 3.3 satisfy (3.2) — (3.9). Therefore
dimFy = 1.

If "' =1, theng = —1land nis odd for ¢ # 1. In this case Y~ s;; = — > i) Sij+1, 1<
j < n —1. Obviously for some j, y; —yj—1 # Y1~ 8i,j- By Lemma 3.6, it means § = 0. Thus
f(z,1) + f(z,0) = 0. Note that in this case s;,, = s;1. Add (3.6) to (3.7),

(@in +ain)r+cig+bin+cin,=0, i€ M. (3.27)

But from Lemma 3.3, i1 = Gipn = & — &, bi,j =0, Cij = -1, © € M, j € N.
Combining these results and setting + = 1, we have & = 0, ¢ € M, which yields all a;; =
b;; = ¢;j = 0. Thus f =0 and then Fy = {0}.

(d) In this case s1,5, + -+ Smn = 0 # Yn — Yn—1. By Lemma 3.5,

f(0,y) = f(1,y) =0.
Set s;,.1 # 0. From (3.2),
si 1 f(z,1) = (aiy 2 — ai, 1)z

Thus f(z,1) is linear and f(z,1) = fz = 0. Combining this result with (3.7), we have a;,, =
0,7 € M. By (312), & =& =ai =00r & =81, 1€ M. Thus § =6 =0, ¢ € M.
According to Lemma 3.3, all a; ;, b; j, ¢;; vanish. Hence f = 0 and Fy = {0}.

(e) Analogous to (d).

(f) — (i) Symmetric to (b) — (e) respectively.

(j) By Lemma 3.4 we have § = 0. For any (£1,-+,&mn_1,M1, " »n_1) € R™ "2 the
coefficients a; j, b; j, ¢;,; determined by Lemma 3.3 satisfy (3.2) — (3.9).

(k) In this case again we have § = 0. By symmetry we may assume s; ; # 0 and all other
Si,j = 0. From (32) and (34), 8171f(213,].) = (a172 — 0,171)213, 8171f(].,y) = (6271 — 6171)y. Thus
flz,1) = f(1,y) = 0. By Lemma 3.3 and from (3.7) and (3.9) we can conclude that

fizfozo, 77]':7]0:0, 1 € M,je N.

Again we obtain all a; ; = b; j = ¢; ; = 0 and then f = 0, which implies Fy = {0}.

(1) At first we assume that all s; j, j € N, do not vanish. From the column triviality we
have s1 ; = ¢/ "'s11, j € N, where ¢ # 0. By (3.2), s11(f(z,1) — ¢f(2,0)) = (a12 — a11)z,
from which it follows that f(z,1) —qf(z,0) = 6z. Combining this with (3.8) and (3.9), we have

0Ai(z) = sinf(z,1) — gsin f(2,0) + (ain — qai 1)@ + bipn + cin — qein, @ € M.
Comparing the coefficients and applying Lemma 3.4, we have
(=& = (s10+ - +s10—7:)0, i€M. (3.28)

From (3.4), s11f(1,y) = (b2,1 — b1,1)y. Thus f(l,y) = fy. Combining with (3.9), we have
0B;(y) = bm,jy + amj + Cm, j, j € N. By comparing the coefficients,
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If ¢ = 1, then we have § = 0 by (3.28). Thus n; =0, j € N, by (3.29). In this case it is
easy to verify that for any (£1,---,&,_1) € R™ 1, the coefficients

a;j =& —&-1, bij =0, ¢;j=&-1, 1 €M, jeEN

determined by Lemma 3.4 satisfy (3.2) — (3.9). Then f is uniquely determined by these values.
Hence dimFy =m — 1.

If ¢ # 1, then all &, n; are determined by 6 from (3.28) and (3.29). If we have further
si,i+ - +s1n #1,then § =0 by Lemma 3.4. Thus all § = n; = 0 and then f = 0, which
means that Fp = {0}. If s11 + - + s1,, = 1, we consider ¢"~!. If ¢"! £ 1, then from
f(wa ]-) - qf(ZU,O) = 0z and

q" *f(x,1) = f(2,0) = (gs1,1)-1(0A1(z) + (ga1,1 — a1,n)® + g1y — bin — 1,
we have f(z,0) = 0. Thus & = 0, i € M. From (3.28) we know § = 0. Hence all
nj = 0, j € N and then we must have f = 0. Thus F = {0}. If ¢" ' =1, but ¢ £ 1,
then ¢ = —1 and n is odd, in which case
Si1 S, = Z(_l)j_lsl,j =s11 <1
j=1

According to Lemma 3.4, we still have § = 0. Then all &, n; vanish. It yields f = 0. Thus
Fy, = {0}.

If all s,,,5, j € N, do not vanish, then from (3.4) we have s, 1f(0,y) = (b1 —bm—-1,1)y .
Thus f(0,y) is linear and then must vanish. Hence n; = 0, j € N. Applying the column
triviality as above, we can obtain similar results as desired.

(m) Symmetric to (1).

(n) In this case we can easily deduce that f(x,1) — ¢f(x,0) = 6x ( cf. the proof of (1)) and
f(,y) — pf(0,y) = By. Then from (3.6) — (3.9) we obtain

0A;(x) = p'q"sf(x, 1) — p'¢® f(x,0) + (@i — qain)x +bip +cin—qein, (€M, (3.30)
0B;(y) =p™d’sf(L,y) — p°¢’ £(0,y) + (bm,j — Pb1,j)Y + Qmj + Cmyj — qcrj, jE€N. (3.31)

Comparing the coefficients, we have

i n
Q-q&=[zi=> Y sap|b icM, (3.32)
a=1p=1
mJ
L=pmj={v—Y.> sap|b, jeN. (3.33)
a=1 (=1

If p=¢q=1, then # = 0. In this case we can easily check that for any
(517 o 761’717177717 e 7,’71’7,71) € R’I’?’L7Tl727

the coefficients
aij =& —&-1, bij=0, ¢;j =& 1, i € M,j €N

determined by Lemma 3.4 satisfy (3.2) — (3.9), where f(z,0) = f(x, 1) is uniquely determined
by f(iL“z,O) = fi; i = 07]-7 T, m, and f(oay) = f(]-ay) is determined by f(anJ) = Ny .7 =
0,1,---,n. Hence dimFy =m —n — 2.

Ifp=1, g#1,then =0, & =0, i € M. For any (n,,---,n,_1) € R"7, it is easy to
verify that the coefficients

aij =0, bij=mn; —nj-1, Cij="mnj-1, 1 € M, j €N
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satisfy (3.2) — (3.9), where f(z,0) = f(z,1) = 0, and f(0,y) = f(1,y) is determined by
f0,y;) =nj, j=0,1,---,n. Thus dimFy =n — 1.

If p#1, ¢=1, then we have dimFy = n — 1 similarly.

If p#1, ¢ # 1, then from (3.32) and (3.33) we can see that all &, n;, i € M, j € N,
are determined by the value of #. If (p™~! — 1)(¢"~! — 1) # 0, then, combining (3.30) with
f(z,1) — qf(x,0) = Oz, we have f(x,0) =0. Thus all § = 0. According to the same reason we
have n; = 0. If A,,,, and A, , are synchronous, then we can verify that

%

¢ —q p—p .
i = ’q_189, bij = p_lq]89,
i N —
(P -pg q)e ie M jeN,

T =D
satisfy (3.2) — (3.9), where f(x,0) = f(0,y) =0, f(x,1) =0z, f(1,y) =0y and 6 is an arbi-
trary real number. Obviously that means dimFy = 1. If A, ,, and A, ,, are not synchronous,
then by (3.32) and (3.33) we have § = 0, which implies a; ; = b;; =¢;,; =0, ¢ € M, j € N.
Hence f =0, Fy = {0}. If p™ ! =1 but ¢" ! # 1, then we must have f(z,0) =0, f(z,1)=
Oz, p=—-1,and m odd. By (3.7),

0A4;(x) = f(Ai(x),1) = s;nbx + ajnx +bip +cip, @€ M.

In this case a;,, = (sj1 + -+ + Si;pn—1)8, @ € M. Combining this with the preceding equation
and comparing the coefficients, we have

(i —2i1)0 = (550 + - -+ 5i0)0 = (_1)i(qn+1 —q)s8/(q—1), i € M,

which yields # = 0. In this case, we can easily check that for any (11,---,7m,-1) € R"™!, the
coefficients

ajj = 0, bi,j =1 —Nj-1, Cij ="Tj-1, 1€ M,j €N
satisfy (3.2) — (3.9), where f(z,0) = f(z,1) =0, f(0,y) = f(1,y) is uniquely determined by
f(0,y;) =nj, 7=0,1,---,n. Thus dimFy = n — 1. Symmetrically, if p™~! # 1 but ¢"~* =1,
then dimFy = m —1. If p™~! = ¢! =1, then we must have p = ¢ = —1, m and n odd. This
yields 3, 3% sij = s1,1 < 1. Thus according to Lemma 3.3 we can obtain

aij =& —& 1, bij=nj—mj1, cij=&+mn; i € M, j € N.
Note that in this case f(z,1) + f(z,0) = 6z = 0. Adding (3.6) to (3.7), we have
0= f(A;i(x),1) + f(4i(2),0)
= Sl,nf(wa ]-) + 5i71f($7 0) + (ai,n + ai,l)slj + bi,n + Ci,n + Ci,1

sit(f(2,1) + f(2,0) +2(& — &)z + &1
=2(& - &)z +&m1, 1€ M.

This yields §; = 0, ¢ € M. Symmetrically n; =0, j € N. Thus we again obtain f = 0 and
then FO = {0}

4. Space F (A, A\ K)

Throughout this section, we suppose that A,,,, has the following special form: s; ; = A, i €
M, 5 € N, where —1 < A < 1. We denote K by

{¢p € C(D): ¢(z,y) = avy + bz + cy +d, (a,b,c,d) € R*}.

Obviously K is a linear subspace of C(D) , dimK = 4. We abbreviate F'(Ay; 5, A n, K) to
F(Ann, A, K). Without any loss of generality we still suppose that

o=y =0, T =yn = 1.
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Lemma 4.1. Let a;;,b;j,cij,dij € R, i € M, j € N. Let IFS {D x R; W;; : i €
M, j € N} be defined by
Wij(z,y,2) = (Ai(z), Bj(y), Az + a; jzy + bijo + ¢ jy + di ) (4.1)
for (z,y,z) e DxR, i € M, j € N. ThenIFS{DxR; W, ;:i € M, j € N} is generating
if and only if the coefficients a; j,b; ;,c; 5, d; ; satisfy the following 3mn — 3 linearly independent
equations:

aij+Cij—Cit1j=011+c1—¢c1, t=1,---,m—1, j€N, (4.2)
m,j +bmj—bmj+1=0a11+bi1—bi2, j=1,---,n—-1, (4.3)
Ampn +bmn —bm1 = (a1 +bi1 —b12)(A—1+xp_1)/A, (4.4)

bij+dij —dix1; =0b11+di1 —dan, i=1,---,m—1, j€N, (4.5)
brn,j + dmyj —dij = (big+dig —do)(1—A71) (4.6)

—(a11+c11 — 0271)341'71)\71; JjEN,
cijtdij—dijr1=cip+dii—dip, 1€M,j=1,---n-1, (4.7)

Cim tdipn—din = (c11+di1—dip)(1—A"1)
—(0,171 + b171 — 6172213,'_1)\_1, 1€ M.

Proof. Suppose that {D x R; W;;: ¢ € M, j € N} = f. One can verify that Theorem
2.1a implies (4.2) — (4.8).

To show that the 3mn — 3 equations in (4.2) — (4.8) are independent, we set a1 = b11 =
cig =di;j =0, i € M, 5 € N.Thus we obtain a system of homogeneous linear equations
in 3mn — 3 unknowns a;j, b;j, ¢, (4,j) # (1,1), ¢ € M, j € N. But from equations
(4.5) and (4.6), in this case all b; ; = 0. Similarly from equations (4.7) and (4.8) all ,¢;; = 0.
From these results and equations (4.2) and (4.4) we have a;; = 0 forall i € M, j € N.
Therefore the system mentioned above has only zero solutions. This completes the proof.

Theorem 4.1. dimF (A, ,, A\, K) = mn + 3.

Proof. Let H be the solution space of the system of homogeneous linear equations (4.2) —
(4.8) in 4mn unknowns a;j, b;j, ¢ij, dij,© € M, j € N. By Lemma 4.1 we know that H
is a mn + 3-dimensional subspace of R*™" . From Proposition 2.2 we can see that there exists
a natural isomorphism II : H — F(Ap, 5, A, K),

(4.8)

1,1 0 Qin b171 bl,n i1 " Cn d171 dLn
m| S R o =1
am,1  *°° Omn bm,l cee bm,n Cm,1 " Cmn dm,l cee dm,n
where f is generated by the IFS {D xR;W;;:i € M, j € N} having the form as in Lemma
4.1.
The following is a corollary of Lemma 4.1.
Lemma 4.2. Let S = {z;,; € R: i=0,1,---,m; j=0,1,---,n} be a set of (m+1)(n+
1) real numbers. Then there exists a unique f € F(Ay n, A\, K) such that
f(xiayj)zzi,ja izoala"'am;jzoala'”:n (49)
if and only if S satisfies the following m +n — 2 equations:
(I —x3)z00 — (1 — )20, — Zi0 + Zin + TiZmo — TiZmpn =0, 1 =1,---,m—1, (4.10)
(1 — yj)2070 — (1 — yj)zm70 —20,j + Zm,j T YjZo.n — YjZmn =0, j=1,---,n—1 (4.11)
Definition 4.1. Given A, ,, we denote
I(Amyn) = {(ZJJ) i:]-a"'am_]-aj:]-a"'an_]-}a
B(Amyn) = {(ZJJ) izoama j:0717"'7n}
U{(Zaj) D= 0717"'7m7 .7 = O,T’L}
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We call the elements of I(Ay,.n) the inner indices and those of B(Ay, ) the boundary indices.

Theorem 4.2. Let J C {(i,j): i =0,1,---,m, j=0,1,---,n}. LetJy = J(I(Amn), J5 =
JNB(Apmn)- Let {zi;: (i,5) € J} be a set of given real numbers.
(a) There exists some f € F(Apn, A, K) such that

fxi,y;) = zi5, (1,5) € J (4.12)

if and only if the following system of linear equations in unknowns z;j, (i,j) € B(An,n)\JB
is solvable:

(]. — ;L'i)Z(),O — (]. — :U,')Zom —Zi,0 + Zin T TiZm,0 — TiZmn = 0, :=1,---,m—1, (413)
(1- yj)Zmo -(1- yj)2m7o —20,j + Zm,j T ¥YjZo,n — YjZmmn =0, j=1,---,n—1. (4.14)

where z; j, (i,5) € Jp are known.

(b) There exists a unique f € F(Ap n, A, K) satisfying (4.45) if and only if Jr = I(Ap )
and the linear equations (4.18) and (4.14) in unknowns z; j, (i,j) € B(Amn)\JB are uniquely
solvable.

Proof. (a) This follows directly from Lemma 4.2.

(b) From Lemma 4.2 it is easy to see that the sufficient part of the conclusion is obvi-
ously valid. In order to establish the necessary part, we first suppose that Z; ;, Z; ;, (4,j) €
B(Ap,,»)\JB are different solutions of equations (4.13) and (4.14). Then by Lemma 4.2 we
have f, g € F(Ap n, A, K) with

f(wzayj) = g(xlay]) = Zi,j, (17.7) € J;
f(wlayj) = Ziﬂ'; g(xlay]) = Zi,j: (27]) € B(Amﬂl)\JBJ
f(@iy;) = 9(@i,y5) =0, (4,5) € I(Apma)\J.

Since Z; ; and Z; 5, (4,j) € B(Ay,n)\Jp are different, f # g. this contradicts the assumption of
uniqueness of f.

Secondly, if J;r # I(Ay, ), then we can choose an inner index (i, jo) € I(Apn)\Jr- By
Lemma 4.2 there exist f,g9 € F(Ap. n, A, K) such that

f(wuyj) = g(xlay]) = Zi,j, (ZJJ) € JJ
(@i, y;) = 9(zi,y5) = Zij, (i,7) € B(Amn)\JB,
f(xiayj) =0, g(xiayj) =1, (%J) € I(Am,n)\‘L
where Z; ;, (1,j) € B(Am,n)\J are the solutions of the system of linear equations (4.13) and
(4.14) in unknowns z; ;, (i,5) € B(An n)\JB. Obviously f # g. This contradicts the assump-
tion of uniqueness again. Thus Jr = I(A,, ).
Corollary 1. Let

Jo=A{(i,j): i=0,1,--,m—1, j =0,1,---,n— 1} J{(0,n), (m,0), (m,n)}.

Then for any given set of real numbers {z;; : (i,j) € Jo} there is a unique f € F(Ay,n, A, K)
satisfying f(xlay]) = Zij,» (ZJJ) € Jo.

Corollary 2. Let Jy be defined as above. For each (p,q) € Jy, define gpq € F(Amn, A, K)
by

L oif (4,5) = (p ),
TiY;) = I
Ipa(Ti-43) {0 if (,5) € Jo\{(p, ).

Then {gi,; : (i,5) € J} is a basis of the linear space F(Ap, n, A\, K).

Example 4.1. Figure 4.1 sketches out the graphs of g;:, where m = n = 2, under
different parameters A.
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