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Abstract
The focus of this paper is on the relationship between accuracy of multivariate refinable
vector and vector cascade algorithm. We show that, if the vector cascade algorithm (1.5)
with isotropic dilation converges to a vector-valued function with regularity, then the initial
function must satisfy the Strang-Fix conditions.
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1. Introduction and Main Result

Fox a fixed integer d no less than 1, let A be a d x d matrix with integer entries and all
eigenvalues of modulus > 1.
In wavelet theory, we are often concerned with functional equation of the form

o(x)= > o®(Az—k), (1.1)

kezd

where ® is the unknown vector of functions defined on the d-dimensional Euclidean space R?
and ¢ = {cg}reza is a finitely supported r x r matrix sequence on Z¢. We call the equation
(1.1) refinement equation. Any vector-valued function satisfying a refinement equation is called
a refinable vector. In Fourier domain, (1.1) is equivalent to

b () =m((47) "¢)d ((a) '¢), (1.2)

where m (§) = |detA| ! Z cpe *E,
kezd

The matrix A is called a dilation matrix, the sequence c is called a refinement mask and
m(&) is called a symbol.

The equation (1.1) is the starting point for construction of wavelets (in scalar case) and
multiwavelets (in multiple case) in one dimensional or higher-dimensional case (see [5], [2],
[8], [14] et al). The usual choice of A is 2 or 2I4x4 (the d x d identity matrix). Recently,
the isotropic matrix dilations have already been considered in [2] and [14] to construct non-

separable bidimensional wavelet bases. For example, in [2] A is chosen to be < } _11 ) and
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< (1) (2) > . Here we say A is isotropic if A is similar to a diagonal matrix diag(oy,---,04) with

loy| = - = |og| = |detA|7. In this case, there exists an invertible matrix A such that
AAAN! = diag(0y,- -+, 04) . (1.3)

Obviously, the dilation matrices studied in [2] are isotropic.

The existence of the solution of the equation (1.1) has been studied by many mathematicians
([6], [9], [1])- It is well-known that there is no closed-form analytic formula even for scalar
univariate orthogonal refinable functions in the case with 2 dilation. The cascade algorithms are
often used to study the solutions of the refinement equation (1.1). Associated with refinement
equation (1.1), we define refinement operator

Qcf() == > crf(A-—k), (1.4)

keZz?

for each component of the vector-valued function f belongs to L,(R?), the familiar space — the
set of all g-absolutely integrable functions in R<.

Let ®; be an initial vector-valued function with compact support in L,(RY). For n =
1,2, -+, define

Qn:::Qcénfl- (L5)
Clearly ®,, = Q"®p, n = 0,1,--- ( here we let Q%®y = ®;). The algorithm (1.5) is called
cascade algorithm with mask ¢ and dilation A.

Convergence of cascade algorithms has been studied by many mathematicians ([3], [11],
[15]). In this paper, we are interested in vector cascade algorithms with isotropic dilation.
We shall prove that, in order to get a refinable vector of functions with higher accuracy and
smoothness, the initial vector-valued function ®; must satisfy the Strang-Fix conditions.

We say that the vector-valued function ® has accuracy p if all multivariable polynomials
with total degree less than p can be reproduced from linear combinations of multi-integer
translates of the functions ¢1, -+, ¢,, or equivalently, II,_y C S(®), where II,_; denotes the
linear space of all polynomials in d variable of total degree at most p — 1 and S(®) ={f: f =

r
Z Z apdr (- — 1)} with any sequence {ay; }. We say S(®) is principal shift-invariant (PSI) if
lez k=1
r =1 and finite shift-invariant (FSI) if r > 1.

In wavelet theory, accuracy is a desirable property of scaling function. The accuracy p
of orthonormal refinable function leads to the p vanishing moments of wavelets which is very
important for image compression.

A single compactly supported function f € L;(R?) is said to satisfy the Strang-Fix condi-
tions of order p if

f(0)=1 and D*f(2rk) =0, for 0< p,|ul <p ke Z%/{0}. (1.6)

A vector-valued function ® = (¢1, -+, (¢,)? is said to satisfy the Strang-Fix conditions of order
p if there exists a scalar function ¢ € S(®) satisfying the usual Strang-Fix conditions (1.6).

It is stated in [12] that any vector-valued function (refinable or not refinable) has accuracy
p if and only if the vector of functions satisfies the Strang-Fix conditions of order p under the
assumption of linear independence. For refinable functions, it is crucial to explore the conditions
of the mask ¢ and the symbol m(£) when refinable vector ® has accuracy p.

In the case of a single, one-dimensional refinable function, A = 2, the requirement for ® to
have accuracy p is the following set of sum rules:

N N
ch:Q and Z(—l)kkjck:(l, for j=0,---,p—1.
k=0 k=0
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The above sum rules can be stated in an equivalent form based on symbol function m(¢), namely
m(0) =1 and mW (r)=0 for j=0,---,p—1.

—q p
These sum rules imply that the symbol function factorizes as m(§) = (#) R(&), here R(§)

is a trigonometric polynomials.

The same results for FSI in one dimensional casei.e. (d = 1,r > 1) with A = 2 were obtained
independently by Heil, Strang and Strela [10] and by Plonka [16]. In 1998, Cabrelli, Heil and
Molter obtained the accuracy conditions in time domain in higher-dimensional, multi-function
case with an arbitary dilation matrix (see [1],Theorem 3.11 and Theorem 3.6). Based on the
work in [1], the accuracy conditions in frequency domain is raised in [4] in the case of dydaic
dilation. Furthermore, in [4], two kinds of equivalent characterization like the scalar univariate
case was established via symbol and masks in FSI case with arbitrary matrix dilation. To
faciliate our discussion, we need to restate a result in [4].

Proposition 1. Assume that ® : RY — C %1 satisfies the refinement equation (1.1), ®
is integrable and compactly supported, and the integer translates of ® are linearly independent.
Then ® has accuracy p if and only if the following equivalent conditions hold.

(a) (Conditions in frequency domain) there exists a collection of row vectors {v, € C1¥T :
0 < a, |a| < p} such that vy # 0 and the following equations hold o € Z¢ and 0 < a, |a| < p:

> (9 > 2)P1=1 5 DB (0) = 27101y, (1.7)
0<B<a

3 ( g > (2)\1=121 55 Do By, (27r (AT)_lw) =0, weA?)/{o}. (1.8)
0<B<a

(b) (Conditions in time domain) there exists a collection of row vectors {v, € C1** : 0 <
a, |a| < p} such that vy # 0 and the following equations hold

> (5 )0 M0 X Akt 0 e =2 M, (1.9)
0<f<a kezd

fora € Z9 and 0 < a,|a| < p and Y € Q(A).
We need to explain the notations appearing in the above proposition.

Througout the paper, We use the standard multi-index notation z® = " ---z3¢, where
r = (x1,-,2q)7 € R and @ = (ay,---,q)7 with each a; a nonnegative integer. The
length of « is defined to be |a| = a1 + - + ag. The number of multi-indices « of degree s is
s+d—-1
&=\ a-1

We write 8 < aif 8; < a; fori =1,---,d. Denote

<g>: <gi>”'<gj>a if B; <a; foreveryi,

0, if B; >a; forsomei.

For j =1,---,d, D; denotes the partial differential operator with respect to the jth coor-
dinate. Let D = (Dy,---,Dq)T. For multi-integer p = (u1,---,pq)”, D" is the differential
operator D" --- DY

Let C™*1 (C**") be the space of r X 1 column ( 1 X r row) vectors with complex entries.

For a d x d dilation matrix A, let (A) be a complete set of representatives of the distinct
cosets of Z4/AZ? and let Q(AT) be a complete set of representatives of the distinct cosets
of Z4/ATZ? where AT denotes the transpose of A. Evidently, #Q(A4) = #Q(AT) = |detA.
Without loss of any generality, we may assume that 0 € Q(A) and 0 € Q(AT).
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For each integer s > 0, define the vector-valued function X, : R¢ = C%>1 by
X (2) = (%) 4=y ¢ €RY, (1.10)

where (%))4)=s is a ds x 1 vector with each entry being monomial with exact degree s and
coefficient 1. Of course, we alway write the entries of the vector by a fixed order.

The matrix A, arises when considering the dilation of the vector of monomials X[,. It
satisfies the fundamental equations

In fact, Ap, is given by
Ay = (88,0) |0 51

where a, ; are the coefficients of the polynomial (Az)* = Z agﬁayg, for |a| = s.
|8]=s
Let {vo € CY*" : 0 < a,]al < p— 1} be a collection of 1 x r row vectors. We define the
ds x 1 column vectors v[g with block entries that are the 1 x r row vectors v, by

Vi) = (Va)jajzs» 0 s <p (1.12)

Thus, v is a ds X r matrix.
We define some vectors #;s] for 0 < s < p from A[;) and a collection of row vectors {v, €
CH*r:0< a,l|a| < p}. Let

’7[5] = 27SA[S]I/[S], for 0<s<p. (1.13)

Then 7, (0 < s < p) are ds x 1 column vectors with block entries that are 1 x r vectors. So
we can define 1 x r vector v, by

(ﬁa)\a|:s = 17[5], (].].4)
for 0 < a,|a] < p.
Finally, we define the following differential operator for dilation matrix A = (ax1), <1 ;<4
(AD)H = (aLlDl + -+ aLdDd)ul .- (adlel + -+ ad7dDd)“d . (].].5)
Correspondingly, we can define the vector with each entry being a differential operator:

X1 (D) := (D*) (1.16)

|a]=s "
Then, we have
X5 (AD) = A X1 (D). (1.17)

In this paper we shall establish a connection between accuracy condition (1.7) and cascade
algorithms. The following theorem is the main result of this paper.

Theorem 1.2. Suppose that A is a d X d isotropic dilation matriz and m(§) is the matriz
symbol function of refinement equation (1.1). Assume that there exists a collection of vectors
{va € CY*" 0 < a,|a| < p—1,1 # 0} such that (1.7) holds. Suppose that ® € WP™'(R?) is a
compactly supported solution of the refinement equation (1.1) with symbol m(§) and ® satisfies
Vo‘i)(O) # 0. Let Q. be the linear operator defined in (1.4). If ®¢ is a compactly supported
vector of functions in WP~ (R%) such that

Tim [|Q7®0 — @l (gay =0, (1.18)
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then ®q satisfies the Strang-Fiz conditions of order p.
Note 1. Throughout the paper L; (R?) denotes the space of absolutely integrable functions.
The Sobolev space W' (R?) is defined by the set of functions

WITHRY) == {f € Lu(RY); > IID*fll,(ne) < o0}

0<a,|al<p-1

,

A vector-valued function ® = (¢, -,¢,)T € Li(R?) means that Z l|px]|z, < oo. For
k=1

simplicity, we also denote by ||®||L, the norm of vector-valued function ® in L;(R?). Similarily,

the norm of a vector-valued function ® € W?~*(R?) is defined by

r
[ D D [

k=10<a,|a|<p

2. Lemmas

Lemma 2.1. Suppose that A is an isotropic matriz, i.e. there exists an invertible matriz A

such that ANAA™Y = diag(oy, - -+, 04) with |o1| = - - - |og| = |detA|5. Let 0 = (o4, --,04) and
p be any non-negative integer. Then for p-differentiable function f, the following equation
(AD)" f ((AT)” ) (z) = o™ (AD)" f ((AT)” a:) (2.1)

holds for any non-negative integer n and 0 < p, |u| < p.
Proof. For any d x d matrix with integer entries, the following identity is true for 0 < p, |u| <

p
D*f (M) (z) = (MD)" f (M*z).
Noting that the operator (AD)* is the linear combination of all D? with |8| = |/, i.e. (AD)* =
Z b,gDﬁ, where b are determined by A and p, we have
181=]ul
(DY £ ((4T)" ) @) = 3 4aD7f ((4)") (@)
181=lnl
= Y b (A" D) £ ((47)"x) = (AA"D)" £ ((4T)"<).
181=lnl
Since A is isotropic, we have
AA™ = diag (o7, --,00) A.
Furthermore, we get

(AA"D)Y* = (diag (o7, -+, 0™) AD)* = g™ (AD)" .

This completes the proof of lemma 2.1.
Lemma 2.2. Let {v, € C**" : 0 < a,]a] < p — 1} be a collection of 1 X r vec-
tors. Then, above collection of vectors can uniquely determine a 1 X 1 vector function 7(§) =

(11(8),---,71-(§)) of the form T(&) = Z h(§)e® such that 7(€) satisfies the following linear
0<4,1il<p
equations
D7 (0) = iy, for 0<a, la] <p-1, (2.2)
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where h(j) is 1 x r vectors.
Proof. The equations (2.2) can be written as

Z Joh(j) =vy for 0<a,]o|<p-1
0<4,lil<p

Since {e€¥¢ : 0 < j,|j| < p — 1} is linearly independent, the matrix (39 ; is nonsingular for
0<a,0<jand |j| <p—1,|a] < p—1. Then the above equations have a unique solution and
7(£) can be uniquely determined by linear system (2.2). This completes the proof of Lemma,
2.2.

Lemma 2.3. Let {v, € CY*" : 0 < a,|a] < p— 1} be a collection of 1 x r vectors and 7(§)
be a trigonometric polynomials vector defined in Lemma 2.2. Then

bo = (20)) N (AD)* 7 (0), for 0<a,la|<p-1, (2.3)

where Uy, is defined in (1.14).
Proof. By (2.2), we have

v =1 " X[g(D)r(0) for 0<s<p-1
Multiplying A[;; on the both sides of the above identity, we obtain
Ay =i *Arg (X(D)7) (0) for 0<s<p-—1.
From the definition of #;) and (1.13), we conclude
7s) = (20)"° Ay (X5 (D) 7(0)) = (20)° (X5 (AD) 7) (0),
or equivalently
(7a)jaizs = (207 (AD)* 7(0))

This completes the proof of Lemma 2.3.

Lemma 2.4. Let m(§) be the matriz symbol function of the refinement equation (1.1).
Suppose that there exists a collection of 1 x r vector {v, € C**" : 0 < a,]a| < p— 1} such
that the symbol m(§) satisfies (1.7). Let 7(§) be a vector trigonometric polynomials defined in
Lemma 2.2. Then for 0 < a,|a| < p— 1, any positive integer n and Yk € Z%, we have

la|=s )

D° T((AT)”-)Hm((AT)j’l-) (2rk) = D°r (0). (2.4)

Proof. For simplicity, define a sequence of vector-valued function {¢,(£)}22, by

n

tn(g);:T( ) H (AT” ' ) (2.5)

Applying Leibnitz’s formula, noticing 7(-) and m(-) are of period 27, we have

k)

(

A1 (AT") (2nk) D* Pm (27k)

t1 (2m
<Z< )P

% ) (aD)’ 7 (0) D*m (0),
Z.(5)u
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using (2.3), (1.7) and (2.2), it follows
Dt (2nk) = 0; ( g ) (2i)? 55 D%Fm (0) = D7 (0).
<BLa

This establishes (2.4) for n=1.
Suppose that (2.4) is valid for n — 1, i.e. D%, _1(27k) = D*7(0). Noting that

tn (€) = ta1 (ATE) m (€) (2.6)
and using Leibnitz’s formula again, we obtain
D°t, (2rk) = > ( g >Dﬁtn1 (AT") (27k) D* P m (2nk) . (2.7)
0<fB<a

By the induction hypothesis D%t,,_1(27k) = D*7(0) for 0 < o, |a| < p — 1, we claim that

DPt, 1 (AT) 2rk) = (20)1° 5. (2.8)
In fact, this can be derived as follows
(Dt 1 (A7) 27R) 51, = ((AD) 11 (0))
= X5 (AD) tn—1 (0) = A5 X[5) (D) tn—1 (0)
= Apy (D71 (0)) 5,2, = Apsy (D77 (0)) 5.,
= Apgityg = (20)° 7
— ((Qi)\ﬁl ’75)
By (2.7), (2.8) and (1.7), we obtain

|Bl=s

18]=s

Dt (2nk) = Y < e ) (20)?! 55D Pm (2rk) = i1y, = D1 (0).
0<B8<a

This completes the proof of Lemma 2.4.

3. Proof of Theorem 1.2

Proof. In order to prove the initial vector of functions ®y = (¢o1,---,do,)’ satisfies the
Strang-Fix conditions of order p, it suffices to find a function 1y which is finitely linear combi-
nation of the integer translates of ¢gj,j = 1,---,r such that

Yo=1 and D% (2rk) =0 (3.1)
hold for 0 < a, Ja| < p—1and k € Z?/{0}.

Let 7(§) = Z h(j)e® be the 1 x r vector-valued trignometric polynomial defined

0<4,141<p—1

in Lemma 2.2. Define ¢y (x) by
o (§) =7 (§) B0 (£) - (3-2)
In what following, we shall prove that 1, (z) satisfies (3.1).
By (1.5), we get

b, (&) =m (A7) ") & ((47) T¢), € R (3:3)
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A repeated application of (3.3) yields that, for all positive integer n
n . j—1 2
@, ((4)"¢) =TI m ((4")"¢) - 20 (9), ¢enr (3.4)
j=1

Define a sequence of scalar functions {t,,}52, by

~

Pn(€) = 7(&)Pn(€). (3.5)

From (3.4) and (3.5), we have
DY, ((AT)” ) (2rk)

= Z ( g >D°‘f3 (T ((AT)n) . ﬁm ((AT)j—l )) (2rk) D%, (21k) . (3.6)

0<p<a

Furthermore, applying Lemma 2.4 to (3.6), using (3.2), we conclude that
D%y (21k) = D%, ((AT)” ) @2rk), for 0<a<p—1,Vke 29, (3.7)

Define a scalar function 1 (z) by X )
P(§) = T(§)2(8). (3.8)

By the definitions of v, ¥y and v,, we know that 1, 1)y and ,, are a finitely linear combina-
tion of the multi-integer translates of ¢;, ¢o; and ¢, ; for j = 1,---,r respectively. Preciesely,
by (3.2),(3.5),(3.8) and Lemma 2.2, we obtain

)= Y, h(@)T@+7).

0<7,il<p-1

do(@)= > h(j)Po(x+3).
0<j,jI<p—1

Yo (@)= Y. h()Pn(z+y).
0<7,il<p-1

Since ®, &y, &, € WP ' (R?), we can conclude that 1, ¥y, 1, € WP~ (R?).
Let @« =0 1in (3.7), we get

bo(27k) = Py, (20(AT)"E) = 7(0)D,, (27(AT)"k) .

Since [ — | < ||thn —¥||1, < C||®n — ®||yyp+ — 0 when n — oo, s0 ) — ¥ for any € € R
when n — co. By Riemann-Lebesgue Lemma, we get that
Po(21k) = lim 7(0)®, (2r(AT)"k) = lim 7(0)® (27(AT)"k) =0 (3.9)
n—oo n—oo

for k € Z4\{0}. For k = 0, we have o (0) = lim 7(0)®,,(0) = 7(0)®(0) # 0. We can normalize

Yo such that ¢o(0) = 1. This establishes (3.1) for « = 0 and k € Z¢.
Let ¢, (z) = (—iAz)" ¢ (z) and v, ,(z) = (—iAz)" ¢, (z), then the Fourier transforms of
D#+p, and D*py, , are

(i)" (AD)" ¥ (€) and (i€)" (AD)" ¢y, (€).
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Since ¥, 1 are also compactly supported functions and the sequence of the vector-valued func-
tions {®,,}°, converges to ® in the Sobolev space W' (R%), we have

| GE)" (AD)" i (€) — (1€)" (ADY" $ ()|
S|P, = DPul| L, (ra)
< C||D"p, — DM |, ey

=l > h()(D®u(- = j) = DY@(- = ) ||, (re)
0<54,151<p-1

<C |h(j) (D*®,(z — j) — D*®(x — 7)) |dx
/Rdosm;p—l ! ! !

<cf % S (0 durlz - ) - Dronle - i) ldo

Rlo<j |il<p-1k=1
<C[ 3D bk~ D el
R1 k=1
AS Cl|®, — <I>||W1p_1(1:id) - 0.
So (i&)* (AD) b, (&) — (i&)*(AD)*9(€) when n tends to oo. Correspondingly

tim (i (A7) €)" (ADy da(©) = (1 (A7) ¢)" (AD)* ¥ (¢) (3.10)

n—o0

for any ¢ € RY. .
Since D*¢,, € L1(R?) and the Fourier transform of D, is £*(AD)*1(£), by Riemann-
Lebesgue lemma, we have £*(AD)*4(£) — 0 when £ — oo for any 0 < «, p and |a, pu| < p—1.

Of course we also have Elim (z (A’l)Tf)“ (AD)*4(€) = 0. Combining this and (3.10), we
—00
obtain

lim (z (A" (AT)”27T,3)“ (AD)* 9, (27r (AT)"ﬁ) =0 for BezN\{0}.  (3.11)

n—oo

Noting that |6;] = - - - |64] = |detA|7, we see that there exists a positive constant C' independent
of n such that

()" (an)" )"
= | (diag (67, -, (A1) 8)"
= Jop ot (A7) )"
> Cldetd) | (A1) 6)" ).
Combining this and (3.11) together, we get

lim 6™ (AD)" )y, (271' (AT)" 5) =0 for Bez4\{0}, (3.12)

n—oo

where § = (1,--+,84)%. Using (3.7) again, we have

(AD)" o (27k) = (AD)" §n ((AT)" ") (27k).
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Furtheremore, by Lemma 2.1, we obtain
(AD)" o (27k) = 6™ (AD)" by, (271' (AT)" k:) . (3.13)

by (3.12) and (3.13), we conclude that (AD)* g (2rk) = 0 for 0 < p, || < p—1and k € Z4\{0}.
Since A is nonsingular, it is natural to conclude that D ¢y (27k) = 0 for 0 < p, |#] < p—1and
k € Z4\{0}. This establishes (3.1) for 0 < a, |a| < p—1 and k € Z%\{0}. This completes the
proof of Theorem 1.2.
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