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Abstract

For the first order nonstationary hyperbolic equation taking the piecewise linear dis-
continuous Galerkin solver, we prove that under the uniform rectangular partition, such
a discontinuous solver, after postprossesing, can have two and half approximative order
which is half order higher than the optimal estimate by Lesaint and Raviart under the
rectangular partition.

Key words: Discontinuous Galerkin method, Hyperbolic equation, Nonstationary, Super-
convergence.

1. Introduction

Consider the first order hyperbolic equation in two-dimensional nonstationary case,

Ut + Uy +uy +u = f, in Q
u(z,y,t) =0,  onD_ (1)
U(CU,:I,I,O) :uo(x,y)

where the domain Q = [0,1] x [0,1] for the sake of simplicity , and the boundary I'_ =
{(0,y) x (x,0)} and 'y = {(1,y) x (x,1)}. We assume throughout that the solution u,u; € H*.

Earlier in 1973, Strang[1] has indicated that the continuous Galerkin method(CGM) with
piecewise polynomials has two shortcomings for solving the above equation: first, that they
resulted in an implicit scheme, rather than an explicit scheme; and second, that the convergence
rate would be reduced by an order compared to that of the ordinary polynomial approximation.

However, if the discontinuous Galerkin method(DGM) was employed, the situation would
be improved in two ways: on one hand, the scheme becomes explicit, and on the other, under
the rectangular partition, there is proved to result without loss in the order of convergence rate;
that is, it gains the same order as the ordinary polynomial approximation (Lesiant- Raviart’s
1974 [2]). Even under the general triangulation of domains with no particular geometry, only
half an order was lost in the convergence rate(Johnson et al. 1986 [3]).

Recently, we [4] have found that for piecewise bilinear elements, under uniform rectangular
partition, there is a half order increase in the convergence rate as against Lesiant-Raviart’s
optimal estimate. This again confirms a conclusion previously reached by us [5] that a careful
selection of the partition would effect the convergence rate in a considerable degree, whether
CGM or DGM be employed.

The above results of Lesiant-Raviart[2], Johnson[3], and us[4] were done for stationary
problem only, but this paper will consider the nonstationary case.

* Received March 11, 2000.
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2. Preliminaries

Decompose 2 into the elements

e = [z,

- heaxe +he] X [ye - ke:ye +ke]

where (z.,y.) is the center of e, 2h, and 2k, are the length and height, respectively, of e.

Assume that W}, is a finite element space of discontinuous piecewise bilinear functions. The
bilinear form correspondering to stationary equation(1) has been extended from C! to W}, in

[4] as follows: Yv € W),

B(w,v) =

which returns to B(w, v)

can be rewritten into:

oA wl

V—Ug —Uy) + Yethe [w(ze + he —0,y)

Ye—ke
U(xe + he — an) - w(xe — he — O,y)v(:ve —he + an)]dy
) @)
+ fw:jh (z,ye + ke — 0)v(z,ye + ke — 0)

—w(fﬂ,ye - ke - O)U(xaye - ke + 0)]d:13},

= [, (ws +wy +w)v when w € C*. Notice that the above line integrals

ethe
S LT wiwe + he — 0,y)0(we + he — 0,y)dy
Yetke
= Z Ye—ke UJ(.’I,' he - O,y)U(.’L'e - he - an)dy
+ Jy w Jo(1=0,y)dy — [y w(=0,y)v(~0,y)dy.
Hence we also have
Yetke
Bw,v) = Y {[ ww-v,—v,)+ et W(Te = he = 0,y)
[v(ze — he = 0,y) —v(ze — he +0,y)]dy
. ®
—|—fw Tethe (@, ye — ke — 0)[v(,ye — ke — 0) — 0(2, Yo — ke + 0)]da
+ fr+ wvuds — [, wods}.

Notice that (3) includes a jump, of v, across the boundaries between adjacent elements. B is
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positive definite when v|r_ = 0 and contains a L?-norm and the jumps of element boundaries:

B(v,v)

1 Yetke ) 9
Ze{—g/ ) [v?(@e + he — 0,y) — v*(@e — he + 0,3)]dy
Ye —Re

+ iej_:: [UZ(xe - he - an) - U(we - he - an)v(we - he + an)]dy
— fe 'U2}
1 Yetke ) )
= 2el3 [v* (e —he = 0,y) + v (ze = he +0,y)]
Ye—ke

—2v(ze — he — 0,y)v(xe — he + 0,y)]dy

1
+---+fev2dy}+—/ v* (1 —0,y)dy
2 Jr,

1 ye+ke 2
26{5/ . [o(ee —he =0,y) —v(we —he +0,y)Pdy
Ye —Ke

1 1
+---+fev2dy}+§/ v*(1 - 0,y)dy.
0

Now the DGM is taken to be u” € W" satisfying
B(u",v) = [, fv, Yve Wy,

uh =0, onT_.

Hence
B(u",v) = B(u,v), Yv &€ W

In addition, in accordance with Lesaint-Raviart [2], the interpolation u! of u was defined to
be a bilinear function over e, which assumed the same values as those of u at the four points

he
($e+heaye+k6)7 (xe_gaye'FkE);
he ke ke
e orde T o) e he;e__-
(@e = 30e = 3), (@e+he,ye — )
In particular,
B(u" —u!,v) = B(u —ul,v), VYveW,. (5)

To have an expansion for u® — u!, from the identity (5) we have only to expand
B(u—ul,v), YveW,.
For this purpose we first consider the expansion of the following block of terms in (2).

Fluw) = — [ (w—uo, + [ [(w = uh) (e + he = 0,y)o(ee + he - 0,)

—(u—u!)(xe — he — 0,y)v(xe — he + 0,7)]dy.
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In order to use Bramble-Hilbert lemma, let us consider a bilinear functional over e

e ke
Z(u,v) = F(u,v) — 27 UggaUz + 9 UgyyUy-

We need to transform the definition of Z(u,v) over to a reference element € = [—1,1] x [—1,1].
To this end, let G : ¢ — € be a map defined as

G (,y) = (2,9),

Let
(ﬁ - aI)(i'ag) = (U' - U,I)(;L',y), f}(.’i‘,ﬁ) = v(m,y).

Consider the bilinear functional over é

Z(a,0) = —[' ' @—a")es + [ [(@—a')(1—0,9)8(1—0,9)

1 1 1
~a- @)1= 0. g1+ 0.9 - - [
21 )0 )

1 1
o1 A
U330 + 9 UggyUg-

—-1J-1

By imbedding theorem and inverse inequality, we have
1Z(0,0)] < ¢l|o]]a.ell0]]o,e-

If @ takes the following forms, respectively

22 A2 23 A2~ 4a2 A3
w7y7$7wy7 wy7y7

then @/ will have the respective forms, correspondingly

2,1 2.1 7.2
37Ty 3Ty 9Ty
vl ssaly, 1542
3¢ T3 Tlg¥ T gl gY Ty

Through direct computing, we know that for any bilinear functional v on é
Z(i,0) = 0.
Applying Bramble-Hilbert lemma we obtain
|Z(@,0)| < clila.elolo,e

and consequently,
1Z(u,0)] = ke|2(a,0)]

< ckel|s,e]Dlo,e

IN

ch?|[ulla.elv]]o.c-
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We conclude that
Flu,v) = — [.(u—ul)v, + [*F [ [(w—u!)(ze + he — 0,p)
v(ze +he — 0,y) — (u —ul)(ze — he — 0,y)
v(ze = he +0,y)]dy

he k2 3
= 55 UggzVe — UgyyVy + O(h )||U’||476||U||07€'
27 /. 9

e

The other terms of (2) can be expanded in a similar way,
= [l =ty + 7 = ul) @ e + ke=Yole,ye + e = 0)
_(u - ’U’I)(xaye — ke — O)U(xaye — ke + 0)]d£L“

k3 b3 ;
=55 [ = 5 [+ 00 ullclvloe

e

[ (u—u!)vdedy = ——/umvx — /uyyvy
+O(h?)[[ullae|[v]]o,e-
In the end, we get the following expansion of B:
Bu" —u',v) = B(u-—ul,v)

3 k}3 h3

he ke 5
_guwwvaz - guyyvy) + O(h‘ )||U||4||'U||0

e e (5] e
D fe(ﬁuwww”w - guwyyvy + ﬁ“yyy“y - juwwy“w
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So far we consider only the stationary case, which has been done in [4]. We now turn to the

main part of this paper.

3. Superclose for Nonstationary Problem

Consider the nonstationary problem(1). The associated DGM:
Find
uh e Wy

satisfying
(utv )"’B(u U) (f;“); Yv e Wy

Particularly, we have
(ul,v) + B(u",v) = (us,v) + B(u,v), Yo € Wy,
Hence, Yv € W,

((u" = ul),v) + B(u" —u!,v) = ((ur — u;),v) + B(u—u',v).
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Similar to expansion (8), we have

3 3
1 — he ke
Lug—uf)v = == [ Upeve — 5 [ Ugyyvy
9 9 /.

[
+O(B?)|Jug]|4,el[v]]o,e-
We then obtain
(u" —ul)g,v) + B(u" — ul,v)

= fe{2_7uw””w g tewyly + 57 UyyyVy — g Ueayle
(10)
3 3
_Ke(um + Uty )Vr — je(uyy + Utyy)vy }
+O(h*)(|[uela,e + lullae) v]o,e-
(10) can be further processed with intergration by parts.
Letting he = ke = h(uniform rectangular partition) and v|pr_ = 0, the first sum on the right
of (10) is
et+h
WY, foteante = =0 XA, taweev + [ [Wawa(@e + hyy)o(@e +h = 0,y)

_uwww(xe - h7 y)v(xe - h + 07 y)]dy}
= O(h3)|u|4|v|0 - h3 Ze fyy::r: uzza:(xe - hay)[v(xe —h— 07y)

—vo(ze — h+0,9)|dy + h? [ tzea(1,y)o(1 - 0,y)dy.
Here we have used

eth
Ee fyyej_h szw(l‘e + h,y)v(me +h— O,y)dy

eth 1
=Y fyyejh Upee(Te — D, Y)0(Te —h —0,y)dy + [§ teea(1,y)v(1 = 0,y)dy.
By inverse theorem, we note that

h3 fyy:j: uwww(we - h;y)['U(iL“g —h— O,y) — ’U(:Ue —h+ O,y)]dy

O ulla.e (fy 2y Tolwe = = 0,) = vlwe = b+ 0,y)Pdy)°?,

and that (4) contains a similar jump, of v, across the boundary of adjacent elements. We have
1S [ tnarve = O ulliBe,v)°*.
e €
Upon a similar consideration in other terms of (10), we conclude that

((u" = ul)e,v) + B(u" — !, v) = OR*?)(|[ulla + ||uell4) B(v,v)".

Letting
v=u"—u
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we obtain

DN | =

Thus,

d. .. , 1
Z 0116 + B(v,0) < eh®([[ulla + [lur]4)* + 5 B(v,v).

d, . ‘
20116 + B(v,0) < e ([[ull + [Jurl]4)*.

Intergrating on t over [0, 7], note that v(0) = 0, we have

T T
10113 +/ B(v,v)dt < ChS/ (ella + lluel2)* .
0 0

In particular, we obtain the following superclose result:

In addition, a discrete L,—estimate of the jump, of u"* — u

I

T
[lu" —ullo < Ch“’/ (lella 4 [lwe]a)d.
0
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(11)

, across the boundary can also be

obtained, which reflects a superconvergence for second derivatives. We omitte the details here

to avoid technical trouble.

4. Postprocessing

Formula (11) gives a superclose to u! rather than to u, so we have to use postprocessing for
u” by the technique developed in our previous work [5]. Let each four small elements combine

to be a big element. Take a biquadratic interpolation Iz, on the big element acting on .

Lypu”, which has same value as u” on the nine interpolation points from four small elements

h

inside the big element, then

and hence

Thus

Lpu! = Lyu

Ighuh —u = [2h(uh - U,I) + Iopu — w.

|1onu® —ullo = O(h*®)||ul|s.

Therefore, although u” does not superclose to u, postprocessing of u” does superclose to .

5. Numerical Results

h

Consider the above equation us +u, +uy+u = f, we assume f(z,y,t) = 0, and the accurate
solution is u = e®+¥ =3,
The following is our numerical results. we get the Lo-error and L.,-error of u — u?, the
Ls-error of u? — u!, and its convergence order, where we set ¢t = 0.5.

nxm 10x10 20x20 40x40 80x80 160x160
Loo-error of u — u” | 0.1258E-2 | 0.3284E-3 | 0.8396E-4 | 0.2123E-4 | 0.5337E-5
Loo-order of u — u” 1.94 1.97 1.98 1.99
Lo-error of u — u” | 0.6249E-3 | 0.1547E-3 | 0.3851E-4 | 0.9607E-5 | 0.2386E-5
Ls-order of u — u” 2.01 2.01 2.00 2.01
Lo-error of uP —u’ | 0.4158E-4 | 0.6784E-5 | 0.1133E-5 | 0.1891E-6 | 0.3200E-7
Lo-order of u® — u! 2.62 2.58 2.58 2.56

Figl, Fig2 are the images of numerical results and exact results repectively.
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Figure 1. The numerical results.

Figure 2. The exact results.
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