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Abstract

Symplecticness, stability, and asymptotic properties of Runge-Kutta, partitioned Runge—
Kutta, and Runge-Kutta—Nystrom methods applied to the simple Hamiltonian system
p = —vq,q = kp are studied. Some new results in connection with P—stability are pre-
sented. The main part is focused on backward error analysis. The numerical solution
produced by a symplectic method with an appropriate stepsize is the exact solution of a
perturbed Hamiltonian system at discrete points. This system is studied in detail and new
results are derived. Numerical examples are presented.
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1. Introduction

In the area of symplectic integration of Hamiltonian systems of the form
= —JvH (u),

where
=[] =[],

H e € (M) is the Hamiltonian, M C R®"™ open is the phase space,
OH oH 1"
backward error analysis plays an important role. The idea is to interprete the numerical solution
produced by a symplectic one—step method as the exact solution of a perturbed Hamiltonian
system. In general, this is only formally possible; the perturbed Hamiltonian system is given
as a power series which is usually divergent (Feng [4], Hairer [9], Tang [15], Yoshida [17]; cf.
Hairer, Ngrsett, Wanner [10], Sanz—Serna, Calvo [14]). If the Hamiltonian system is linear, i.e.,
the Hamiltonian is a quadratic form, then the perturbed Hamiltonian system can be expressed
by the logarithm of a matrix. Conditions exists which guarantee the existence of a logarithm
of the relevant matrix (Wang [16]).
Often the Hamiltonian system is linear and separable as follows:

U

where a nonsingular matriz W € R™*"™ exists with

vii=|

, K, N € R"*"™ symmetric,

WLKW-T = diag(k1, ..., k), WINW = diag(vi, ..., vn).

* Received February 23, 2000; Final revised December 31, 2000.
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The Hamiltonian splits into the sum of two quadratic forms, H(p,q) = %pTKp + %qTNq. The
most occuring case is that K is positive definite, then a matrix W exists with WKW 1 = I.
This is evident from the fact that with K also K ' is symmetric and positive definite, and
therefore by theorems about the principal axis transformation there exists a nonsingular matrix
W such that WTK~'W is equal to I and WTNW is a diagonal matrix. The situation K and
N positive definite arise for example in connection with small oscillation approximations for
nonlinear mechanical systems near stable equilibrium points (cf. Abraham, Marsden [1], Arnold
2]).

For the numerical integration of (1) Runge-Kutta (RK) methods, partitioned Runge-Kutta
(PRK) methods, and Runge-Kutta—Nystrom (RKN) methods can be used (cf. Hairer, Ngrsett,
Wanner [10], Sanz—Serna, Calvo [14]; see also [7]), which are summarized as Runge-Kutta
type (RKT) methods. After a symplectic transformation of coordinates (1) decomposes into n
Hamiltonian systems of the form

pl_|0 —v D
MR

with H(p,q) = %ﬁp2 + %qu. Methods that are symplectic for all systems of type (1) are called
ls—symplectic. Stability properties are studied in detail in [6] and [8]. In this paper a backward
error analysis of Is—symplectic RKT methods is presented. First, in section 2 the main results
concerning ls—symplecticness and stability are summarized and some new results are given. In
section 3 the backward error analysis is developed. If kv > 0 in (2), then the solution to
given initial conditions describes an ellipse in the phase plane. The numerical solution of an
Is—symplectic RKT method with an admissible step size is the exact solution of a perturbed
Hamiltonian system and lies also on an ellipse; the perturbed system is formulated, the shape
of the ellipse is studied. Further, the conservation of the Hamiltonian is investigated, a lower
and an upper bound for the error are given. In section 4 numerical examples are presented. All
the results can easily be generalized to the integration of (1).

Note that after a further symplectic transformation of coordinates system (2) reduces in the
case kv > 0 to p = —wq, ¢ = wp with w > 0. For only studying the stability of RKT methods
this symplification reduces the amount of work, but the results are also valid for k # v. For
backward error analysis on the other side there is no real benefit from k = v. So, there is no
need for this further symplification here. Especially, some early investigations are not restricted
to that (Feng, Qin [5]).

2. Basic results

The symplecticness and stability of RKT methods for linear separable Hamiltonian systems
of type (1) are studied in detail in [6] and [8]. In this section a short summary and some
new results are given which are close related to the theory of P-stability (van der Houwen,
Sommeijer [11], [12]).

2.1 Is—symplecticness and stability

A one-step method is called ls—symplectic if it is symplectic for all systems of type (1). The
basis for the investigation of Is—symplecticness of RKT methods is that such a method applied
to (1) with initial condition w(0) = ug reduces to

Umt1 = G(hK,hN)u,,, m=0,1,2,...,
where for square matrices X,Y of the same size

I _

G(X.Y) = { 1 (Y X) YF12(XY)-| ‘
[XF21(YX) F22(XY)J

The I5;,1,j = 1,2, are rational functions of the form %, where ¥11, ... ,Ws, ¥ are polynomials
with real coefficients that are determined by the parameters of the method. For explicit methods



Backward Error Analysis of Symplectic Integrators for Linear Separable Hamiltonian Systems 451

it holds ¥ = 1, for RK methods it holds Iy = I and I = Ib;. The matrix G(hK,hN)
exists if

[Z’;ll]ep::{['Z]e]R{Z:W(xy);é()}forl:l,...,n. (3)

It is assumed that condition (8) is satisfied. This is the case at least for sufficiently small h > 0,
and it is a fact that ¢ RKT method is ls—symplectic if and only if det G(x,y) = 1 for all [gﬂ €D
2.2 Symplectic stability and dispersion
Test equation (2) is stable, but not asymptotically stable, if kv > 0 or k=r =0, it is unstable
in all other cases. If k=v =0, then RKT methods produce of course the exact solution, so of
interest are only the cases k,v > 0 and k,v < 0. The solution of

(2) with kv > 0 and initial conditions p(0) = po,¢(0) = go (4)
is given as
lp(t) _ cos(v/RUt)  F/Zsin(y/rrt) ] [po ] )0 -
a) | | £ /Fsin(vim) costy/mmt) | Lo |00
with

p*(t) ) _
2 v,2 " K2 ; =1 (6)
pt+i% TPt @

Taking the signs of the sine terms in (5) into account (6) leads to the following result.

Theorem 1. The solution of (4) describes in the phase plane the ellipse with semiazis |/ pg + %qg

in p—direction and semiaxis 1/%;{)3 + g2 in g—direction. In the case k,v > 0 the ellipse is passed

through in mathematical positive direction and in the case k,v < 0 in mathematical negative
direction.

An Is-symplectic RKT method applied to (4) reduces to the discrete linear system w1 =
G(hk, hv)um, m = 0,1,2,..., where G(hk, hv) is symplectic, i.e., det G(hk,hv) = 1. The
stability condition is |tr G(hk, hv)| < 2; the stable cases G(hk, hv) = £I are not taken into
account. So, for an ls—symplectic RKT method the set y := {[:Zﬂ €D: |trG(z,y)| < 2} is

called symplectic stability region, and the method is called symplectically stable if {[gﬂ ceR:

:cy>0}§7.

Theorem 2. ([6]) An ls—symplectic RKT method applied to (4) reduces for [Z';} € to

Um = Z(mh)ug, m=1,2,3,...,
where Z(t) = [Z,'j (t)]iVj:LQ with

() = s (F) - 2(1(?::;3) sin (250,
z12(t) = _VZ€;i§LIZ§h2) sin (w(mziﬂ) t))
() = % sin (@(KTM t),

R R

o(kvh®) = arccos (%Fu(m/h2) + %Fzz(lﬂ/hQ)),
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§(kvh?) = Iy(kvh?) — I (kvh?),

o(kvh?) = \/1 - %(Fu(nuhz) + Fzg(nuhZ))2.

A comparison between the numerical solution in Theorem 2 and the exact solution (5) at t = mh,

h > 0, shows that ¢(kvh?) is an approximation to \/kvh. The difference ¢(\/kv h) := \/kvh —

@(kvh?) is called dispersion or phase error of the method (at the point [25]) The method

has order of dispersion d if d is the greatest integer such that ¢(z) = O(2?*!) for z — 0,; the
limit lim 20
z—04 Zd+1
2.3 Asymptotic relations
For every RKT method in I7;(kvh?), I'vs(kvh?) only even powers of h appear, and in
—vhI(kvh?), khIs (kvh?) only odd powers of h appear. Hence, if kv > 0, then for an r-th
order RKT method I (kvh?), I's2(kvh?) are approximations of order 2[%] + 1 to cos(y/kvh)
and —vhI,(kvh?), khIy; (kvh?) are approximations of order 2[ZEL] to sine expressions. With
this and the next lemma it is possible to investigate for an Is—symplectic RKT method the order
of dispersion and the asymptotic behaviour of the fractions in front of the sine expressions in
Theorem 2.

is called error constant.

Lemma 3. For an r—th order ls—symplectic RKT method the following holds:

a) For real z, y with zy positive and sufficiently small

L (Dui(ay) + Doa(ay) ) = cos(v/am) + 9(/am),
where for |z| sufficiently small
g(2) = €222 4 2% 4 e62?P 0 .
with p > [Tzil], and es,eq,€q,... € Rex #0.

b) With the notations in a) for sufficiently small z > 0 let

o) = @ EAE)

\/(1 ~ (cos(2) + A())?)

where 3 is a not necessarily continuous function such that for every z the value 5(z) lies
between 0 and g(z). Then

flz) = O(zZ"*l) for z = 0,.

Proof. a) is proved by some straight forward calculations using power series extensions.

b) It has to be distinguished whether e, is positive or negative, i.e., g(z) > 0 for all sufficiently
small z > 0 or g(z) < 0 for all sufficiently small z > 0. Note that cos(z) > 0, sin(z) > 0, and
|cos(z) + g(2)] < 1if z > 0 sufficiently small.

e ¢ > 0: For z > 0 sufficiently small it holds
cos(z) + g(z)

0 < f(2) < =9(2)
\/ (1= (cos(=) + g(2))?)
< L C 222
= 3
23\/(1 + foz2 + fazt + .. ))
< 20 2%~ ! where C > ey and fy, f4,... € R



Backward Error Analysis of Symplectic Integrators for Linear Separable Hamiltonian Systems 453
e e5 < 0: For z > 0 sufficiently small it holds
F) < W )
(1 - cosz(z))
2

< = C 22012
z3(1—%z2—|—éz4—+...)

< 2Cz* ! where C > |es] a

With the notations and abbreviations in Theorem 2 and Lemma 3 important asymptotic rela-
tions of RKT methods can be formulated now; compare (5).

Theorem 4. An r-th order ls—symplectic RKT method satisfies the following asymptotic rela-
tions:

a) The order of dispersion is 2p and the error constant is es, i.e., the order of dispersion is
at least 2[~$1].

b) Let kv > 0. Then for h — 0, it is

6(K,Vh/2) _ 2[3]+1
o(kvh?) O(h )’

—vhls(kvh?) » o[£\ S
W = :F\/E'FO(h ), Zfl"»‘,ll z 0,
IQhFQl(KJ/hQ) _ K 2[%] . N
W = :t\/;+0(h ), ZfK'/,V<0

Proof. Let z > 0 be sufficiently small, i.e., such that for all Z € (0,z] the inequalities
0 < cos(Z) + g(2) < 1,cos(2) > 0,sin(2) > 0, and g(Z) > 0 respectively g(2) < 0 hold; further
let
1

1 — (cos(z) +t)?

F.(t) = arccos (cos(z) + t), G.(t) =

forteZ, := ( —1—cos(z),1— cos(z)).

a) For every t € 7, the Taylor formula implies the representation
Fo(t) = F:(0) + FLO) + 37 (&)

1
— z t _ COS(Z) + ft t2

- sinG?) 2\/(1 — (cos(z) + ft)2)3

with & between 0 and ¢. With Lemma 3 this leads in the special case t = g(z) to
z — arccos (cos(z) + g(z))
1 cos(z) +&y(z) 5

sin(z) g 59
2\/(1 — (cos(z) + fg(z))z)
= exz?Ptl 4 O(z2p+3) + 0(22"_1) O(z2p+2)

= ex2?t 4 O(z2”+3) for z —» 0,.
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b) For every ¢t € Z, the Taylor formula implies the representation
gz (t) = gz (0) + g,lz (gt)t
1 cos(z) + &

- +
sin(z) \/(1 — (cos(z) + ft)z)s

with & between 0 and ¢. With Lemma 3 this leads in the special case z = \/kvh, t = g(z)
to

1 1
o(kvh?) - sin(y/kvh) *
cos(v/kvh) + €o(v/Foh)

\/(1 — (COS(\/Hh) + fg(mh))2)3

= s o)

= ﬁ ro(wr)

for h = 0,. The statements now result from
Dyo(kvh?) — Iy (kvh?) = O(h2[§]+2)7

g(v/krh)

—vhIs(kvh?) qi[sm VEvh) + (hz[r;l]“),if k,v 2 0,
KhTon (sh?) = [ sin(y/roh) + O (RIF ) it s 2 0,

for h = 0,. O

3. Backward error analysis

The perturbed Hamiltonian system that is solved exactly by an Is—symplectic RKT method

applied to (4) is studied. Note that u = [2],u0 = [Iqjg },a = [g}, and so on. The results can

easily be generalized to the integration of (1).
3.1 Perturbed Hamiltonian system
The following result is obvious when looking at the eigenvalues.

Lemma 5. For every symplectic matriz L = [(;5]; j—1,2 € R**? (i.e., det L = 1) with |tr L| < 2
it is l12031 < 0.

Now the main result can be formulated; the notations of Theorem 2 and [¢;;];, j=1,2 := G(hk, hv)
are used.

Theorem 6. Let

o uo £ 0 in (4),

o for a given ls—symplectic RKT method the stepsize h > 0 chosen in such a way that
[Zﬂ € v and (um)men the numerical solution for (4) produced by the method,

@(kvh?) | &hlbi(kvh?)  $6(kvh?)

S(hk, hv — . . )
(e, hw) = ho(kvh?) 16(kvh?)  vhI(kvh?)



Backward Error Analysis of Symplectic Integrators for Linear Separable Hamiltonian Systems 455

o u(t) the solution with value uy at to = 0 of the Hamiltonian system
= —JS(hk,hv)u (7)
with Hamiltonian H(u) = %ETS(h/@, hv)a.

Then
a(t) = Z(t)uo, i.e., Uy = a(mh), m=1,2,3,...,

and G(t) describes in the phase plane for

o (11 = Ly the ellipse with semiazxis |/p3 — lﬁqo in p—direction and semiazis —@pé +q3
in q—direction,

o (11 # U2 the ellipse with semiaxis

lo1pE + (L2z — l11)pogo — 1263 los — 011 > 0
) < Y
z ((521 — l12) £ /(b1 + €21)% + (b2 — 511)2)
in p—direction and semiazxis
C1D% + (L2z — l11)pogo — L1263 lyy — 01y > 0
’ <z Y
3 ((521 — l12) F/(l1a + €21)% + (lan — 511)2)

in q—direction rotated in mathematical positive direction about

1 lio + 0o
a = s arccot ———
by — U1y

If [;5} € v for all T € (0,h], then in the case k,v > 0 the ellipse is passed trough in mathe-
matical positive direction and in the case k,v < 0 in mathematical negative direction.

Proof. The identity a(t) = Z(t)up is given by differentiation and some simple algebraic
manipulations; u,, = Z(mh)ug,m =1,2,3,...is obvious. The proof of the shape of the ellipse

is rather extensive:
by =1y

o It is
H(u(t)) = 3a"(t)S(hw, hv)a(t) = H(uo),

i.e., lo1p?(t) — l12G*(t) = lo1p] — l12q3. Equivalent to this equation is

RO

=1
i £21 2 2 =
Py — o1 % — P T4
Because of Lemma 5 the fractions 512, 521 are negative, so pg — (ﬁqo and —@pg + ¢ are

positive. This proves the statement about the size of the ellipse.

e With Theorem 4 b) for sufficiently small 7 € Z := (0, h] it is
—vrl2(kvT?)

Bra(TR,TV) = o) s 0for k,v 2 0,

kTl (kvT?)
o1(TK,TV) = ————— 2 O0for k,v 2 0.
/621( ) ) O'(K,I/T2) < ) <
B12(7k, TV) P21 (TR, TV) is a continuous function of 7 on the interval Z and because of
Lemma 5 always negative. Hence, 812(7k, 7v) and f21(7k,7v) cannot change their signs
onZ,i.e.,

Bra(tk,Tv) £ 0, Pa(rk,7v) 20 onZ, k,v 2z 0.

This proves the statement about the direction in which the ellipse is passed through.
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by # Uy
Note that a € (0, §).

e Because of cot(2a) = % there is the relation

(oo — £11) cos(2a) = (€12 + £21) sin(2a). (8)
Let T = [g?gg - gg;g] , then 7 rotates a vector of R? in mathematical positive di-

rection about . With (8) and the addition theorems for sine and cosine some simple
algebraic manipulations give

hk, hv) .
TUS ()T = SR ding(ons, ),
where
Y11 = 2% cos? a + ([22 — 611) cosasina — {1 sin? a,
Y22 = —l12 cos’a — (622 — 511) cosasina + o1 sin? .

This decomposition of S(hk, hv) has the following consequences:

— Because of 77 = T~ the eigenvalues of S(hx, hv) are given as
_ @(hk, hv) p(hk, hv)
~ ho(kvh?) YL ho(kvh?)
is positive; the determinante of S(hk, hv) which is the product
(w(h';;h'/) )2

A Az = Y22.
¢(hk,hv)
ho(kvh?)

of A\; and As is given as

The fraction

, 1.e., is also positive. Therefore:
Either y11,y22 > 0 and S(hk, hv) positive definite,

9)

or y11,y22 < 0 and S(hk, hv) negative definite.
— With @* := 714 it is

H(a(t)) = 5a*(t)S(hw, hv)a(t)
()0 hK,hV _x2 x> — 1
= W(ynp (t) + y22q (t)) = H(up)
hk, hv . .
= 7;(a(muh2)) (521195 + (l22 — l11)pogo — 512(13);
—. B,
ie.,
W, o, w0
Yy Y22

Due to (9) the fractions % and 57‘; are positive. Because of & = 7a* the identity (10)

shows that @(t) describes the ellipse with semiaxis % in p-direction and semiaxis 4/ 57‘;

in g—direction rotated in mathematical positive direction about «.

e Algebraic computations based on the addition theorems of sine and cosine show that

yin = %((521 — b)) £ /(s + €21)? + (bon — 511)2);

Y22 = %((521 —l12) F \/(512 +01)2 + (€a — 511)2)

for ZZZ - le Z 0.
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e For the statement about the direction in which the ellipse is passed through the proof in
the case 17 = {95 is also valid. O

There are some important consequences of this theorem.
Remark 7.

e Taking into account that the solution of (7) to the initial condition u(0) = ug is given as
a(t) = exp(—tJS(hk, hv))ug, there is the relation Z(t) = exp(—tJS(hk, hv)).

o Let E =ley,e_], where eq,e_ are eigenvectors of G(hk, hv) to the eigenvalues %(Fu (k
v h?) +1Is(kvh?)) £io(kvh?), and let

ip(hk, hv) 0 .
log G(hk,hv) == E . E (11)
0 —ip(hk, hv)
a logarithm of G(hk,hv). Then some extensive algebra shows that
—JS(h&, hv) = +log G(hk, hv). (12)
This means the perturbed Hamiltonian system can also be written as
U = 3log G(hs, hw)u (13)

(cf. Sanz—Serna, Calvo [14, p. 132]).

e Because of “O(KT"}LZ) = kv + O(h?) for h — 0, and Theorem 4 it is

S(hk,hv) = { g 2 } + D(h), where
02y o251+ (14)
D(h) = for h = 0,.

r4+1

0(r2[§]+1) O(TZ[ > ])

o If in Z(t),S(hk,hv), (11) instead of o(kvh?) the expression p(kvh?) +2km with k €
Z \ {0} is used, then Theorem 2, Theorem 6, (12), and (13) are also valid. But the

2 5
frequency WL};“’” is not in accordance with the frequency \/kv in the solution of (4),
. . h3)+2k
ie., hl—l)I&_ inh)ﬂ N

An ls-symplectic RK method applied to (4) with a stepsize h > 0 such that mﬂ € 7 is

H-conserving, i.e., H(um) = H(up) for all m € N. A RKN method that is not induced by a RK
method (cf. Sanz—Serna, Calvo [14, p. 36-37]) does not conserve energy. But with the notations
of Theorem 2 and (14) there are the following estimations.

Theorem 8. If an r—th order RKN method that is not induced by a RK method is applied to

(4) with a stepsize h > 0 such that [Zﬁ] € v, then

H(uy,) = H(up) + %ug D(h)up — %ufn D(h)up,
and
uf D(h)jup —3 max  ud ZT(t)D(h)Z(t)uo

<t< 2mwh
0t T

< H(um)— H(up) <

N

ud D(h)uo — % min - ug ZT(t)D(h)Z (t)uo
0<t< W(K:hZ)

[N

for allm e N,
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Proof. The statement results from Theorem 6 by taking into account that
H(uy) = H(up) = H(uo) + uf D(h)ug, H(um) = H(um) + sul, D(h)un,
for all m € N. d
3.2 The Case G(hx,hv) = -1
The stable case G(hk,hv) = —I is not included in the definition of symplectic stability,
because of some problems. For the 2-stage Gauss method (cf. Dekker, Verwer [3, p. 64]) simple
algebraic manipulations yield

1-— ﬁy T+ o (yz) 1-— ﬁyaz
1 1 2 y]. 2
G(;I; y) . + 12y£L“ + —4(y£L“) + 1237’3j + 144 (yél?)
’ - i3 1— Zye+ grye)® |
T+ Lyx + %(yw) 1+ Lyz + 35 (yx)?

2

NH

with
D=R’> and vy= {

—
[—

vl € R? : zy € (0,12) U (12,00)}_
For hkhv =12 it is G (hk, hv) = —I and S(hk, hv) is not defined. Taking into account that
i Fll = F227
1152 1 1-21,
. 12 :—7w(1+%z+iz2)

1+ 12 Z+ 144 22

for z > 0, z # 12,

z+ z
o ar TR ) = 1 for 2 = 12
aCCOS(1+12Z+144Z2 T I0r z s

there are the relations

- [ﬁ‘,s—ﬂi 0 -
lim S(hk,hv) = viz 5
R 2 i 0 —u\/% |
- —[<,:3—7T‘ 0 -
# Viz o = lim S(hk,hv).
L0 vE E

This means, S(hk, hv) can not be defined in a convenient way for kvh? = 12. Hence, backward
error analysis is not possible for this value.

4. Numerical Examples

The harmonic oscillator
p=-¢  4=p (15)

with Hamiltonian H (p, q) = $p® + 1¢* and a solution with a frequency of 1, i.e., a 2r—periodic

solution, is first integrated with the implicit midpoint rule (cf. Dekker, Verwer [3 p. 64]), here

the frequency of the solution of the perturbed Hamiltonian system is investigated, second with

the 1-stage PRK method of Ruth ([13]), here the degeneration of the orbit is investigated.
4.1 Implicit midpoint rule

The implicit midpoint rule also called 1-stage Gauss method is symplectic for every Hamiltonian

system and it is

1——yz
~yi
_ 1+ tyx 1+ Ty _ T 2, _
Gle) = | ), o[ e iay £ -4}

1+3yz 14+4ay
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with v = {[lﬂ e R :ay > 0}, i.e., the method is symplectically stable, it has order of

dispersion of 2 and an error constant of ﬁ

The movement of the circle with center p =1, ¢ = 1 in the p/g-—plane (x in the figure) and

radius % is investigated. “After 12 steps of length i—g the circle should have returned to its

original location”, as Sanz—Serna and Calvo state ([14, p. 71]). But Theorem 2 and Theorem 6
show that the numerical solution produced by the method is the exact solution of a perturbed

Hamiltonian system at discrete points and this solution has a frequency of % arccos 171%24 =

=
144

7‘_2
0.978049..., i.e., has a period of 47r2/ (12 arccos 171?24) = 2m-1.02244.... So, the size of the gap
T
2
between the o and the « in Figure 1 is 27 (27r/ (12 arccos 1_1?24) - 1) = 27 - 0.02244... which

144

means an angle of approximately 8°.

2
1.5+
'l OO

0.5+ () ()

= of () —)

05F () < - )
)

Figure 1
4.2 1-stage Ruth method

The first order method introduced by Ruth ([13]) is a PRK method which is symplectic for
every separable Hamiltonian system and it is

L —y
G(z,y) = , D=F
z 1—uay

with v = {[Z] ER® :ay € (0,4)}, it has order of dispersion of 2 and an error constant of

L
24"

The solution of (15) with initial values pp = 0.5 and go = 0 describes in the p/g—plane the
circle with centre 0 and radius 0.5. According to [5] 2000 steps of the method are performed,
with step size 0.1 and with steps size 1.9. Feng and Qin describe the shape of the ellipse for
h = 0.1 as “the orbit appears as an ellipse close to the circle” and for h = 1.9 as “the orbit
appears as a tilted oblate ellipse”. With the previous theory precise statements are possible:
For h = 0.1 the numerical solution lies on the ellipse with semiaxis 0.5129... in p—direction and
semiaxis 0.4879... in g—direction and in the case h = 1.9 on the ellipse with semiaxis 2.2360...
in p—direction and 0.3580... in gq—direction. In both cases the ellipse is rotated in mathematical
positive direction about 45° and passed through also in mathematical positive direction.
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