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Abstract

This paper provides a theoretical justification to a overlapping domain decomposition
method applied to the solution of time-dependent convection-diffusion problems. The
method is based on the partial upwind finite element scheme and the discrete strong
maximum principle for steady problem. An error estimate in L*°(0,7’; L*°(2)) is obtained
and the fact that convergence factor p(7,h) — 0 exponentially as 7,h — 0 is also proved
under some usual conditions.
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1. Introduction

Schwarz alternating procedure is the earliest method of domain decomposition approach in
the context of partial differential equations. It has been paid attention by mathematician and
engineer since 1980’s although it was proposed in 1869 by H.A.Schwarz. Via maximum priciple
it is easy to prove that there exists a convergence factor p € (0,1) such that the error reduce
with geometric rate: ||e**!]|o < p¥||€°||oo. It is easy to understand that the convergence factor
p depends on the size of the overlapping domain, but that fact had not been proved untill to the
middle of 1980’s. For Laplace equations in rectangular domain, with Fourier seriers and Schwarz
alternating procedure Evans, Shao, Kang, Chen and Tang[4][11][9] found that the convergence
factor depend exponentially on size of overlapping. For second order elliptic partial defferential
equations in domain  C R4(d > 2), P.-L.Lions proved that®191: Set O has been decomposed
two overlapping subdomain @ = Q; UQs, Q1N = Qia# 0. Let 71 = 001 NQy, 12 = 0NN
and

0= diSt(’Yl,’)/Q) >0

denote the degree of the overlapping. Then there exists a constant g > 0 dependent on the coef-
ficients of equation and subdomain 2; such that the convergence factor of Schwarz alternating
procedure p = exp(—pud?), i.e. the convergence factor depends exponentially on the degree of
overlapping.

Domain decomposition method constitutes an important actively developed approach to
approximate realization of implicit schemes for unsteady problems. However, to the author’s
knowledge, the discussion of convergence factor for discrete approximation of time-dependent
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problems is rare. For one-dimensional diffusion equation with constant coefficients Rui H.-X.
proved (101 ¢the convergence factor p also depends exponentially on the degree of overlapping
and p(1,h) — 0 exponentially as 7,h — 0, but the method of proof depended on analytic
solution of one-dimensional diffusion problem with constant coefficients and it is not easy to
analyse more general equations in the same way.

In this paper, we discuss a domain decomposition method with overlapping applied to
the solution of convection-diffusion problems. For the sake of simplicity, we consider two-
dimensional problem (P) as follows

%—V-(aVu)+b-Vu+cu:f, (x,t) € 2 x(0,T];
U/(LE,O) ZUO(:L')a T Eﬁ;
u(z,t) = g(,1), (z,t) € 8Q x [0,T].

where Q C R? with boundary 0. The coefficents a, b, ¢ and the functions f, ug, g are smooth
enough. Moreover a(z) > ag > 0, ¢(z) > 0. For simplicity we set g(z,t) = 0.

In the next section we shall describe a kind of finite element scheme to approach problem
(P) and in the third section we present two kind of Schwarz alternating procedure to solve the
numerical approximation of problem (P). In the last section we study the rate of convergence
for the above Schwarz alternating procedure and then an error estimate in L>(0,7"; L*°(Q2)) is
obtained, the fact that convergence factor p(r, h) — 0 exponentially as 7, h — 0 is also proved
under some usual conditions.

2. Partial upwind finite element scheme

In this section we shall describe a kind of finite element scheme to approach problem (P).
Special attention is paid particularly to problems with convection dominating over diffusion
(i.e. |b] >> a) because of difficulties with an accurate resolution of the so-call boundary layers.
For discretization of problem (P), efficient finite difference or finite element schemes are usually
based on the use of upwinding or artificial viscosity. But the full upwind scheme, as well as the
artificial viscosity scheme, involve additional viscosity, which may cause excessive dullness of
numerical solutions. We use an efficient scheme so-called partial upwind finite element in order
to recover the shape of the exact solution as sharply as possible.

We denote a scalar product in L*(Q2) by (-, ) and define bilinear forms a(-, ), b(-,-) in space
H'(Q) as follows

a(u,v) = (aVu,Vv), blu,v) = (b: Vu,v).

Then the weak form of problem (P) will be that for ¢ € (0,7] to find u(t) € H} () such that
u(0) = up and

(u'(t),v) + a(u,v) + b(u,v) + (cu,v) = (f,v), Yo € H} () (2.1)

For discretization of above problem (P), we use an efficient scheme called partial upwind
finite element 31127,
triangulation[2] Tn = {e} defined over Qj, where each element e of Ty is a closed triangle. We
denote the internal vertexes by z; with ¢ = 1,---, Np; the boundary vertexes on 9Q by z; with
t =Np+1,---,M, We put h, to be the maximum side length and k. to be the minimum
perpendicular length of triangle e. Set

Let ©, be a polygonal approximation of the domain 2. Consider a regular

h = max{he; e € Tr}, & =min{k.; e € Tp}.

We assume that the regular triangulation 7}, is quasi-uniform, i.e. there exist positive constants
c1, ce such that

he he
01S7S1<—S62, Ve € Tp.

KRe
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Now let us construct the dual decomposition D), = {D;}, where closed polygon D; is the
barycentric domain associated with nodal point x;:

D, = U {D{, e € Tp, such that z; is a vertex of e},

e

where
D¢ = {z, z € eand \;(z) > \j(z) Vzj€e}

and A is the barycentric coordinate with respect to vertex x; of e. Moreover, we associate the
index set
A; = {j #14; z; is adjacent to z; }.

We denote the boundary of D; by I'; and use notation I';; = I'y N I'; for ¢ = 1,---, M, and
j € A and T(i) = {e;z; € e, e € Tp}. With the characteristic function p; of barycentric
domain D;, the mass lumping operator A : w € C(2) — @ € L>®(Q) is defined by @w(z) =
Zi\i"l w(x;)pi(z). Let Vi, C Hy () be a space of linear conforming finite element. By I}, :
C(Q) — Vi, we denote the operator of the Lagrange interpolation. Let 7 = T'/N, be time step
and t,+1 = (n + 1)7, then Galerkin finite element scheme for problem (P) reads:

(i) Set U° = I,up;

(ii) For n = 0,1,---, N, — 1, to find U™"! € V}, such that
1
;(U”Jrl — U™ v) +a(U" ™ v) + U, v) + (U v) = (f"T0), Yo €V, (2.2)

where "1 = f(-,t,11). However, because of the case with convection dominating over diffu-
sion, it is suitable to modify the convection form b(U™*! v) as

Np
bh(UnJrl,U) = Z’U,' Z [(U'ijUin—H + O'j,'U;H_l) — Uin+1]ﬁij, (23)
i=1 JEA;

here Uin+1 = U""!(z;), v; = v(z;) and 045 , 0j; are partial upwind coefficients which are defined
easyly by coefficients of equation a, b and dual decomposition Dj,. Let n denote the unit normal

to I'; and
ﬂij = / b - nds.
r

For details see [6].
We also use mass lumping for each term in (2.2) except for a(U™*!,v), then the partial
upwind finite element scheme (Q) as follows:
(i) Set U° = I,up;
(ii) For n =0,1,---, N, — 1, to find U™*! € V}, such that
1 =~ S JES ~ Padl ~
;(U”+1 —U™0) + a(U™,0) + bp (U™ 0) + (U™, 0) = (f*1,7), Yo € V3 (2.4)
For simplicity of notation we define bilinear form L(u,v) on Vj x V},
L(u,v) = a(u,v) + by (u,v) + (cu,v), VYu,v € V. (2.5)

and linear form F'(v)
F(v) = (rf* + U™, 0), Vo€ V.

Then it is easy to see that in the scheme (Q) (2.4) is equivalent to solve a series of steady
problem (S): to find U™ € V}, such that

(U™1,9) + LU v) = F(v), Yv € Vj. (2.6)
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Let Vi, = span{p1, 2, -+, ¥n, }, here ¢; be basis functions such that ¢;(z;) = d;;. Futher,
we set vectors

u= (UL USH URET, £ = (F(01), Fea), - Flon, )T,
and matrices
M = (mij), A=(ai), B=(bij), C=I(ci),
where
mij = (@), i), aij = alpj, i), bij = bu(wj i), cij = (€@, %i), 4,5 =1,2,---,Np,
With equation (2.6) we obtain the linear algebraic system
[M+71(A+B+C)lu=f. (2.7)

We assume throughout that the triangulation 7y is of weakly acute type, that is, all the
angles of triangle e € Ty, are less than or equal to 7/2. More generally and more practically we
may assume the triangulation 7, is a Delaunay triangulation, i.e. any two angles subtended
by any given edge add to no more than 7. Of course, a weakly acute triangulation is a special
Delaunay triangulation (12, Then it is easy to prove the following lemmas!6,

Lemma 2.1. The elements of matrices M, B,C can be rewritten in the following way:
(1)
Dy, ifj=r1;
i = { Sl (28)
(i)
> (o =B, ifj=1i;

R keA;
bi = (1 —045)B4, if j € Ay (2.9)
0, ifj#1, j ¢ A
(iii)
_ [ e@)|Dil, ifj =1

where |D;| denotes the area of polygon D; in dual decomposition Dp,.

Lemma 2.2. If the triangulation Ty is a Delaunay triangulation, then for the matric K =
A+ B+ C = (kij) following properties hold:
ki >0 Vi, kl‘j <0 V] € Ai; kij =0 V] g A,';
NP
Zkijzc(ﬂf,‘)|D,‘|20, i:1,2,---,Np.
j=1

Moreover, for any two nodes x; and x; in triangulation Ty, there exists a path of nodes
Ti = Tjo), Ti1)s T 5 Tim) = Tj, (J(n) € Ajuor), n=1,2,---,m)
such that kjp_1) jn) < 0.
Lemma 2.3. If the triangulation Ty, is Delaunay and quasi-uniform, then there exists a positive
constant c3 dependent only on a(x),b(x),c(x) and Q such that
mii/kii > csh®,  Vi. (2.11)
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Proof. We havel”]

(aVpi, Vi)

> 1Dg|Bllall L () /£e?)
e€T(i)

< |Di|Bllall Lo 2y /)

8
IA

and it is easy to know! 1]

bi = Y (o —1)Bu
keA;
< D 4D (bl /x.
ecT(i)
< |Dif [bllo/k

here ||bllo,. = max{|[b(z)|,z € e} and ||b|lo = max{||bllo,c, e € Tr}. Because T}, is quasi-uniform
then k/h > c¢1/ca,
kii/mi = (ai + by + ci) /mi
< 3||a||Loo(Q)/"&2c+ Ibllo/x + HCHCLOO(Q)
1n: 1 o1
< 3||a||L°°(Q)/(a)Z + ||b||0h/(g) + llellpes () h? |/ 1?
With boundedness of €2, we take c3 as follows

1 (&1

o = Sllallz=@/( ) + ||b||odiam(ﬂ)/(z—;) +[lel| L~ () (diam(€2))

s
then lemma holds.

The solution U™!(z) in scheme (Q) (or problem (S)) has following strong maximum
principle[G] :

Theorem 2.1. Set the triangulation Ty, is a Delaunay triangulation. If F(v) < 0 (or > 0),
Vu(z) > 0, then U™ (z) cannot achieve a non-negative mazimum (or non-positive minimum)
in the interrior of Q unless it is constant.

Moreovre we have error estimate in L>(Q) BIP

Theorem 2.2. If the solution u of problem (P) is sufficiently smooth and the condition of
theorem 2.1 holds, then the solution U™ obtained by scheme (Q) (or problem (S)) satisfies
the estimate

UMY — Y| iy < ca(h+7), ¥n=0,1,---,N, — 1. (2.12)

Where constant ¢y independent of T and h.

3. Schwarz alternating procedure

We use Schwarz’s alternating methods for solving steady problem (S). For the sake of
simplicity, only two overlapping subdomain are used. Let Q@ = Q3 U Qy, Q3 N Qs = Qo
7é (0 and 7 =0 N Qs, Yo = 0N Q.

We assume that § = dist(v1,72) > 0 and there exists a cut 3 in ;2 such that

01 = diSt(’)/l,’)/3) > 0, 0y = diSt(’)/Q,’)/g) >0, 01 ~ 0y & (5/2
and then 2 is decomposed two subdomain again

Q=0,UQ, O,NQ=ns.
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We assume throughout that 1, 72 and 73 are cuts in family of triangulation 75 and the
step length h < §/2. Set spaces of linear conforming finite element V;' C H*({;) and v = 0 on
N Vv € Vi, Vi, € Hi(Q;) (i = 1,2). We give following two schemes of Schwarz alternating
procedure:

Scheme 3.1. Let V°(z) = U%(z) = Ihup. For n =0,1,---, N, — 1 find V"' € Vj;:

1. Set Wn)+1 74

2. Form =0,1,2,---k find W(Z'T"nl+1) € V;! such that

{ (Wit O+ 7LV, 0) = F(v), Yo e Vg, 5.1)
W(Zjnl+1 (z) = W’%ﬁf)( z), z €0
and then find nglﬂ) € Vh such that

(2m+2)° (2m+2)° (32)

Wistiigy (@) = Wihh | (2), z € 0Q

{ (WntL %)+ LW v) = F(v), Yve Vi,
(2m+2)

(2m+1)
where _ R R
F(’U) = (Tf”+1 + V" o).

Prolong the field of definition of W/t Wt

(2m+1), (2m+2) to whole Q:

Wil (@ )—{ Wi @) . te E_ﬁi (3.3)
Wi (@), ifz € Q\Q
Wiy (@) = { ZEE“) Ex)’ ?f et (3.4)
(om-t1) z), ifzxeQ\Q
3. Let o . _,
T B (3.5)
Wg;jg;) (x), ifzeq,
be approximation of U™ for problem (S).
It is obvious that the calculation of W 2+ +2) must be done after calculation of W% (2m +1) in

scheme 3.1 and following scheme will be parallel

Scheme 3.2. Let VO(z) = U%(z) = Ihup. Forn =0,1,---, N, — 1 find V"*! € V}:

L. Set W) = Wit =vn.

2. Form = 0, 1,2 --k find W”+ mi1) € V,} just the same as (3.1) and find W(ZHH eV?
such that

(2m+2)° (2m+2)° (32),

Wit (z) = Wi (2), z € 00

{(W”ﬂ O) + TL(WEHL L v) = F(v), Yue Vg,
(2m—1)

(2m+2)

where B R R
F(o) = (1] + 77, 0).

Prolong the field of definition of W/;t! = to whole Q just same as (3.3) and prolongation of

(2m+1)
n+1 .
W(2m+2 is

Wn+1

(2m+2)

witt (x), ifz e
(z) = { (a2 ’ (3.4)'

W(Zjnl ), ifze O\,

3. Let V"*1(z) be same as (3.5).
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4. Analysis of rate of convergence

First we define
e'(z) =V™(x)-Uz), z€Q

e(y(@) =Wi(z) —U™(=z), =z€Q

o}
Lemma 4.1. Assume that the condition of theorem 2.2 holds, and ||a_1tll||LOO(07T;LOO(Q)) < cs,

then there exists a positive constant cg independent of T and h such that
letoy llze=(@) < csh+7) + lle" L= (-

Proof. We have

= V() - U™x) + U™(z) — U ().

With
U" — Un+1 =U" — "+ — un+1 + un+1 _ Un+1,

by theorem 2.2 and above assumption it is easy to see that
||Un - Un+1||Loo(Q)) S 264(h + T) + 57,

therefore
||e?0J)rl||L°°(Q) < 2ca(h+7) + 57 + [l L= (o)

Take cg = 2¢4 + ¢5 then estimation (4.1) follows.
First we make analysis for seheme 3.1. By definition of V™! the error

1 —

en+1(w) _ 6?;,;+1)(:U), T e Ql
- —

8?;,;3_2) (x), x €y

For m =0,1,---k, the equations of error can be written as follows:

(é?zﬁﬂ)?ﬁ) + TL(e?z—tan)v“) = (e",0), YWwey,

e?2ﬁ+1) (:U) = e?;;) (:L“), TEM

8?2ﬁ+1) (113) = 0, T € 891\’}/1

(é?fnim)ﬁ) + TL(G?Q—:+2),U) = (e",v) Wve€ V02h
n+1

e(2m+2) (113) = 6?;2+1) (LL'), T € Y2
e?;n;rz) (z) =0, z € 002\y2

n+1

For (4.5) we decompose €(omt1

)(x) as
e?;;;_l)(x) =e1(z) + e2(x)
where e (z) and es(x) satisfy respectively:
{ (e1,0) + TL(e1,v) = (€",0) Yo € Vg,

e1(z) =0, z € 0
and
(€2,0) + 7L(e2,v) =0, Yo € Vg,
) =eh@,  zem
ex(z) =0, x € 0 \m

We estimate e; (x) first. We have:

(4.1)

(4.2)

(4.6)

(4.7)
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Lemma 4.2. Assume that the condition of theorem 2.1 holds, then ei(x) in (4.7) has estima-
tion as follows
max le (2)] < max |e"(z)]. (49)
zE€Q z€Q

Proof. Set E; = max |e™(z)|. By (4.7)
€

(B, — ,(),0) + TL(Ey — e (z),v) = (BEy — €"(z),0) + L(Ey, v).

For any v(z) € Vi, and v(z) >0
(Ey —e"(z),v) 20,

and by lemma 2.2 it is easy to know
L(E,,v) = Ei(c(z),0) > 0.
From two above inequalities and theorem 2.1 we have
Ey—ei(z) >0 VzeQ.

Similarly _
E1+61(:U)ZO Vz € Q.

therefore lemma holds.
We are going to estimate ex(x) of (4.8).

Lemma 4.3. Assume that the triangulation T, is a Delaunay and quasi-uniform, the step
length h < §1/2, then there exists 0 < p(r,h) < 1 such that for ex(x) in (4.8)

max |ez(z)| < p(7, h) max |e?2+ni) ()], (4.10)
zeQ; TEM
specially
<p(r,h oL (@) 4.11
sup le2(@)] < p(7, h) max lefsy (2)] (4.11)

where the convergence factor
h) = 1 v 4.12
p(T’ ) (1+63h2/7') ( ’ )

depends on 0 exponentially.

proof. Let integer N : N < §1/h < N + 1. With 6, =dist(v1,3) it is easy to see that there
exist at least N — 1 non-intersecting node paths ly,l2,---,ly_1 who consist of edges of T, in
domain Qq2. Set lp = 1 and Iy = -3 and [ is nearer 7, than I, (kK =0,1,---,N —1). For
any node z; € Iy, (4.8) leads
miiez(xi) + Tk}iiez(ﬂfi) + 7 Z kijeg(:l?j) =0 (413)
JEA;

With maximum principle we have

lea(z;)| < max |ea(zj)| Vj € A, (4.14)
T€lL_1
By lemma 2.1 and lemma 2.2,
Z kl‘j =ay + by < ki (415)
JEA;

Summarizing(4.13)—(4.15) we find that

Tki;
< —%  ma
le2 ()] < T e R |e2()|
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and then with lemma 2.3

x |ex(z)|

e

For £k =1,2,---, N successive estimate we have

max|es(a)| < (o) males(a)
and by maximum principle also

;ne?)x le2(z)| < (m)]\r ;nea%qez(w”.
Let p(1,h) = (m)%_1 and notice § & 20; then lemma follows.

Lemma 4.4. Let p(1,h) be defined in lemma 4.3, if T = O(h?) then there emists positive
constant M independent of T and h such that

() < << o

Proof. Let )
1 T/T
or equivalent
s 1—p(7i'l,h)_1 T . _p(gh)
f(r,h) = (1 Tz p(T, h)) P o)

By 7 = O(h?) it is easy to see liilm0 p(T,h) = 0 then
T,—

T ,p(TT, h)
lim f(r,h) = lim el~ p(T; h)
7,h—0 7,h—0
and L
im 200 g
7,h—0 T
Therefore
lim f(r,h) =1
7,h—0

Then there exists positive constant M independent on 7, h such that

1 /T
—_ <M
(1 — p(T, h)) -
that implies the desired result.
With lemma 4.2 and lemma 4.3 we have

ma eyt ()] < () mae e ()] + el o) (4.18)
€8y
Specially
ey ) (2)] < ol ) masx el ()] + [l oy (4.19)
Similarly for e?jl )
tma el (2] < plr B masx el (@) + 1] @) (4.20)

w€2
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Specially

max [efh L) @) < p(r ) max|efh L) @) + e =) (4.21)

Theorem 4.1. Assume that the triangulation Ty, is a Delaunay and quasi-uniform, time step
7 = O(h?), then for scheme 3.1 with § =dist(y1,72) > 0 we have error estimate

V" = Uz < er(p(r, h)** (7 + 1)

where constant c7 indepedent of T and h; convergence factor 0 < p(r,h) < 1 depends on d,h, T
exponentially and

p(r,h)
Jm S =0 Yas>o
Proof. With (4.18), (4.20)
max lent(z)| = max |e 2k+1) (z)]
xEQ zEQ ) (4'22)
n n-+
< Tl + plr. Wy ma e o)
max |[e" T (z)] = max |e 2k+2) (z)]
weQ zEQZ (4'23)

IN

e (o) + plr, ) max eyl )
By (4.19), (4.21) and lemma 4.1

max letorny @) < p(, 1) maXlen“( )+ [l L= (o)

< (p(1, h))? maXlenfkl 1)| + (L+p(m W)€l
< (4.24)
< (p(r, 1)* ! max|ey leg T (@) + (L + p(7, h) + - + (p(7, 1) *)e"]| L= (0)
< co(7 + W)(p(r, )+ s lle o)
Similarly for e(;,;)
maxefy, I < es(m+ B)(p(r, ) + 7= p( )ll L@ (4.25)
Now summarizing (4.23) and (4.24) ,(4.22) and (4.25) we see that
1
gfggf e ()] < eo(T + h)(p(r, b)) + m“enHLoo(Q) (4.26)
1
n k n
f:)ﬂe THa)| < co(m+ h)(p(r,h) 2 + m”e llz==(0) (4.27)
y (4.26), (4.27) we obtain
1
le™ Lo (@) € m———=lle"llLo=(@) + c6(T + h)(p(7, h)** ! (4.28)

-1 _p(Tah)

Using successive recurrence we have
1 1 .
e || oo () < (m)nHeOHLw(Q) + Z(m)l(ﬂ(ﬂ h)*eg(t+h),  (4.29)
) i=0 )

where geometric series is bounded by M (p(7,h)) ™ and |[€°]|;«(q) = 0, hence

le" L= (@) < M (p(r, h)* (T + h)
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Let ¢7 = cgM and notice that

_ 1 5/2h—1

and 7 = O(h?), theorem follows.
With «” = V" =u™ — U™+ U™ — V", theorem 2.2 and theorem 4.1, we have error estimate
for solution of scheme 3.1 and weak solution of problem (P):

Theorem 4.2. Assume that the condition of theorem 4.1 holds, then
IV — || poe ) < C(1+ p(r,h)**) (B + 7).

Where constant C' independent of 7 and h, convergence factor 0 < p(7,h) < 1 depends on §, h, T
exponentially and

i A0

7,h—0 Tahﬂ

=0, Va,8>0.

It is similar to get the error estimate for scheme 3.2. In that case the estimates (4.18), (4.19)
still hold but (4.20), (4.21) will be replaced by

max [e5], (@) < p(r, h) max efst_ (@)] + €]l o (4.20)
wEQZ T2
max et o) ()] < p(r, B max ety ()] + "Lz~ o (4.21)

Therefore we have following error estimate for scheme 3.2:

Theorem 4.3. Assume that the condition of theorem 4.1 holds, then
[V — || gy < C(L+ p(r,h)*) (B + 7).

Where constant C' independent of T and h; convergence factor 0 < p(r,h) < 1 depends on d,h, T
exponentially and

o PN
7,h—0 ’I'O‘h/8

=0, Va,8>0.
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