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Abstract

In this paper we analyze the error behavior of general linear methods applied to some
classes of one-parameter multiply stiff singularly perturbed problems. We obtain the global
error estimate of algebraically and diagonally stable general linear methods. The main
result of this paper can be viewed as an extension of that obtained by Xiao [13] for the
case of Runge-Kutta methods.
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1. Introduction
Let (,) be the standard inner product on real Euclidean space and || - || the corresponding
norm. The matrix norm is subordinate to the vector norm || -||. Consider the following singular

perturbation problems(SPPs)

{ﬂf’() f(8),y(t), t<l0,T],
t

e/ () = gx(t),y(t), 0<e<1, (1.1)

with initial values (z(0),y(0)) € G admitting a smooth solution (z(t),y(t)) (i.e. all derivatives
of z(t) and y(t) up to a sufficiently high order are bounded independently of the stiffness of the
problem), where G is an appropriate region on R x RN, and the mappings f : G — RM and
g: G — RN are sufficiently smooth and satisfy the following conditions

(f(1,y) = fl@2,y), 21 — x2) < wllor — 2|, (12a)
(9(a,y1) = g(@,y2), 51 — y2) < —lly1 — v, (1.20)
1 f(z,y1) = flz,y2)ll < Lallys — vl (1.2¢)
lg(z1,y) — g(z2, Y)|l < Laflz1 — 2], (1.2d)

with moderately-sized constants w, Ly and L.
We note that the one-sized Lipschitz condition (1.2a) is weaker than the conventional Lips-
chitz condition

1f(z1,y) = f(z2, )| < Lllzy = 22, (1.3)

since (1.3) implies (1.2a) with w = L for moderately-sized L. If the problem (1.1) satisfies (1.3)
with moderately-sized L, then it is a singly stiff singular perturbation problem(SSPP) because
its stiffness is only caused by the small parameter €. For the problem (1.1) with L > 1, it is
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a multiply stiff singular perturbation problem(MSPP) whose stiffness is caused by the small
parameter € and some other factors.

Although stiff SPPs is considered as a special class of stiff initial value problems of ordinary
differential equations, B-theory (cf. [3, 6, 9]) can’t cover the former because of its very spe-
cial structure. Recently, some developments of quantitative convergence analysis for numerical
methods applied to SSPPs have been made (cf. [4, 5, 6, 11]). The main technique approach is
a transformation of the system (1.1) into a series of semi-explicit differential-algebraic equtions
by e—asymptotic expansions, in the meantime, the numerical solutions are also expanded anal-
ogously. In 1991, Lubich [10] obtained some quantitative convergence results of A(a)—stable
linear multistep methods for SSPPs by the other approach(i.e. direct approach). In 1999,
Xiao [13] discussed convergence of one-leg methods and Runge-Kutta methods for MSPPs by
direct approach. This paper is concerned with the error analysis of general linear methods for
MSPPs by direct approach. We obtain the global error estimate of algebraically stable and
diagonally stable general linear methods. Our main result (Theorem 3.3) can be considered as
an extension of that obtained by Xiao [13].

2. General linear methods for SPPs

A r—step and s—stage general linear method(cf.[3, 9]) applied to (1.1) reads

XMW =0 oy £ Yot =1, s, (2.1a)
j=1 j=1
Y(”)—hZC” (n) +(-:ZC’12 =1, s, (2.10)
M=n 3 CR XYY Y o2 =1, (2.1¢)
j=1 j=1
'™ _hZc21 (xi™y™) +eZcff gV, =1, (2.1d)
j=1
€0 =3 g™, W= Zﬂjy“’% (2.1e)
j=1

here h > 0 is the fixed stepsize, the coefficients Ci” and 3; are real constants, X( " 2™ and f,(f)

y Ly
are approximations to x(t, +u;h), Hl-(x) (tn+v;h) and z(t,+nh), respectively, Yi( ), gn) and f,(f")
are approximations to y(t,, +u;h), Hl-(y) (tn+v;h) and y(t,,+nh), respectively. Hi(x) (tn+v;h) and
H i(y) (tn + vih) denote a piece of information about the true solution z(t) and y(t) respectively,
ie.
H{™ () = agr(t) + hbia'(6), H (1) = aig(t) + Wbiy' (1), i =1,

a;, b, pi, vi and n are real constants. R

For any matrix H,let H = H ® I);, H = H ® Iy, where ® denotes the Kronecker product

of two matrices, I denotes an | x [ unit matrix. Let Cry; = [C /] and 8 = [B1,...,5], the
process (2.1) can be written in more compact form
XM = hC F(X™, Y ™) 4 Cppz(m=1) (2.2a)
CY(n) = héllG( (n) Y ) + 6012]/ n- 1) (22b)

2 — hCo F(X n)7 y(n ) + 02237(”71)7 (2.2¢)
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ey™ = hCo G(X™ Y W) 4 eClpy ™Y, (2.2d)
@) = g W) = gyn), (2.2¢)

where
X0 = (x(M XM e RMe o = @M e )T e M
FXM, vy = (£(x™, v™)T L fxm, v m)T)T e RMs,

and likewise for Y™ y(") and G(X( Y (™). For simplicity, we write
wOZ(ala"'Jar)Ta N:(Hla---;ﬂs)T: V:(Vla"'JVT)T

€ = (17 . '7]-)T € Rl; wk(’/) = (alljf + kbll/f_l,. .. ,aru,’? + kbrljfil)T,

7

Introduce the pre-consistent conditions(cf.[1, 9])
Crawo = €5, Chwo = wo, Pwo =1, (2.3)
and the simplifying conditions

A(g): Pwi(v) =n’, 1<j<gq,

B(g): wj(v) =jCnp/ ™ + Cowj(v —e,), 1<j<q, (2.4)
Clg): W =jCup t+Crwjlv—e), 1<j<g,
where pf = (uf,..., pi)"

Definition 2.1(%l, A general linear method (2.1) is said to have stage order p if it satisfies
the condition (2.3) and the simplifying conditions A(p — 1), B(p) and C(p).
Definition 2.2['1. A general linear method (2.1) is called algebraically stable, if there exist
a symmetric and positive definite r x r matrix G and a non-negative diagonal s x s matrix D,
such that the matrix
= < G — CLGCss CLD - CLGCy )
T\ DCi2 — CLGCy DCyy +CHD — CLGCy

is non-negative definite.
Definition 2.3[°, A general linear method (2.1) is said to be diagonally stable, if there
exists a diagonal s x s matrix E > 0 such that the matrix

ECi1 + ClTlE

is positive definite.

3. Main result and its proof

In order to prove our result, we need the following Lemmas, and suppose that o in the
Lemmas is a given real constant.

Lemma 3.1. Suppose the method (2.1) is diagonally stable. Then there exist positive
constants hy,dy and da which depend only on the method such that for any given h > 0,z € E,;
with ho < hy, I, — hC112 is regular and

|(Iy = hCr1z) | < dv,  ||hCorz(I; — hChy2) | < dy,

where E, = {z : z = blockdiag(z1,...,2s),2; € RM*M (¢ 2:¢) < ol|¢||’,i = 1,...,s,V( €
RM},
The proof is omitted, whose main techniques are similar to those of ( [12], Lemma 2.1).
Lemma 3.2. Suppose the method (2.1) is algebraically stable and diagonally stable. Then
there exist positive constants he and ds which depend only on the method such that for any

given h > 0,z € E, with ho < hy, I, — hC112 is regular and
||022 + héglz(js — h0112)71012||c‘; S ]. + d3h0’(5(0’),
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where §(0) = 1 for ¢ > 0 and §(0) =0 for o <0, the matriz norm || - ||5 is subordinate to the
vector norm || - ||a, the vector norm || - ||s defined by

lull% = (u,Gu), ue RM".

Proof. By Lemma 3.1 there exists hy > 0 such that for ho < hy, I, — hCy, 7 is regular. Let
L(z) = Caz + hCo12(Is — hC112) " C12. In view of algebraic stability, we have

LGl =~ W]+ Gk 2 Crau+ Cun Do
S TGU + 2(012U + Cll’l))TD'U, )
where v = hz(Iy — hC112) " Crou. Let w = (Iy — hC112) " Craou, we can obtain
= = T A T A ho max di||w||27 o> 07
(Crau + C11v)" Dv = hw' Dzw < 0 1<i<s <0 (3.2)
; o <0.

The conclusion follows from (3.1), (3.2), Lemma 3.1 and the equivalence of norms.

Theorem 3.3. Suppose that the general linear method (2.1) is of stage order p > 1,
algebraically stable and diagonally stable, and satisfies p(Caz — 0210;11012) < 1 and that the
eigenvalues of C11 have positive real part. Then when this method is applied to the problem
(1.1), the global error estimates hold for € < Doh® h < hg,nh < T

[l(tn +nh) = €1 < Di(|Ae || + el| Ay || + hP),
ly(tn +nh) = EP1) < Dr(lAe|| + €+ a™)[| Ay + h?),

where p(Caz — Coy 01_11 C12) is the spectral radius of the matriz Cas —02101_11012, « s a constant
and 0 <o <1, and é = e(1+ 7).

Proof. Let
X(t) = (@t +mh)T, ..zt +ph)T)T € RMs,
HO ) = H (¢ + )T, ..., HD(t +v,h)T)T € RM",
F(X(1),Y () = (f(z(t + pah),y(t + pah))" ,...,f( (t + psh), y(t + psh))")" € RM®,

and likewise for Y (t), H¥)(t) and G(X(t),Y (t)). Since the method (2.1) is of stage order p, we
get

X (t,) = hC11 F(X (t,),Y (tn)) + Cra H® (t,, — h) + O(hP+Y), (3.3a)
€Y (tn) = hC11G(X (t,),Y (tn)) + €C1o HW (¢, — h) + O(ehPT1), (3.3b)
H@®(t,) = hCoy F(X (t,),Y (t,)) + Cos H®) (t,, — h) + O(hP1), (3.3¢)

eHW (t,) = hCor1 G(X (t,),Y () + €Cos HW) (t,, — h) + O(ehPT), (3.3d)
z(tn +nh) = BH® (t,) + O(hP), (3.3¢)
Y(tn +nh) = BHY (t,) + O(hP). (3.3)

Let
AX™ = X (t,) — XM, Ag™ = H® (¢,) — 2™
AF™ = F(X(tn), Y (ta)) = F(X™,YM), Awnpy = a(ta +nh) = €7,
and likewise for AY (") Ay(") AG™ and Ay,,4,. It follows from (2.2) and (3.3) that

AX™ = hCHAF™ 4 O Az™™Y + O(hPHY), (3.4a)
eAY " = hC AG™ + eCroAy =Y 4 O(eh?HY), (3.4b)
Az = hCoy AF™ 4 Cop Az™1) 4 O(hPH), (3.4c)
eAy™ = hCoy AG™ + eCon Ay ™V + O(eh? ™), (3.4d)
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Az, = Az + O(RP), (3.4¢)
Aynin = BAY™ + O(RP). (3.4f)

By the assumptions in the theorem, Cy; is nonsingular, we can compute AF(™ and AG™ from
(3.4a) and (3.4b) and insert them into (3.4c) and (3.4d). This gives

Az™ = QAz" Y 4 O CIAX ™ + O(hPHY, (3.5a)

Ay = QAy"Y 4 Gy CPAY ™ O(RPHY), (3.5b)
where

Q= Co — 6'216_'1_116_'12, Q = Cy — 6'2161_116'12-
On the other hand,

AF = FxAX™ 4+ By AY™W . AG™ = GxAX ™Y 4 Gy AY ™Y, (3.6)
where
Fx = blockdiag ([} fo(X™ +0(x(tn + pah) — X)), y(t, + mh))dod, . ..,
ﬁha@+wmm+MM—ﬂ%wm+wwwx

Fy = blockdiag ([ f,(X", Y™ +60(y(tn + pah) — Y™))db, ...,
o Fo(X §">, y;") + 0(y(tn + psh) — Yi™))dB),

and likewise for Gx and Gy. Using (1.2b), diagonal stability of the method and the fact that
the eigenvalues of C7; have positive real parts, by means of the same technique used in the
proof of ( [12], Lemma 2.1), we have for any given h > 0

h, -~ hx
127~ 261Gy) | < Ds. (37)
It follows from (3.6) and (3.4b) that
Ay(n) = ﬁ(fs — ﬁélle)_l(%éley(n_l) + éllGxAX(n) + O(th)) (38)
€ €

Inserting (3.6) and (3.8) into (3.4a) we obtain

(I, — hC1 Fx)AX™ = hCy Fy ( C'uGy) iéuGXAX(”) + CiaAz(n=D 4
hClle(I - —C’nGy) HCr Ay 4 O(hPT1)) + O(hPHL).
(3.9)
It follows from (3.7), (3.8), (3.9), the condition (1.2a) and Lemma 3.1 that for h < hy

|AX ™| < Dy(||Az™ V|| + €| Ay "~V || 4+ Pt 4 APFL), (3.10a)
JAY ()| <D4( “(1Ag D 4 A 4 [|AZTY]] 4 ] Ay Y| 4 e+ hPTY). (3.100)

By (3.4c) and (3. ) we have
A;L'(n) = 022A:L_(n71) + hc_'lexAX(n) + Wp, (311)

where
||lwn|| < Ds(h||AY ™| + hPHY).

Inserting (3.9) into (3.11) we get
A:c(”) = (022 + héglFx(fs — héllFx) Cl
+hc_'21Fx(f — héllFx) 1h011FyE

+hCo Fx (Is — hC11 Fx) 1 (hCi1 Fy (I,
+O(hPTY)) + O(hPtL)).

Az 4w,
I, — ~CN'nGY)_lC:'nGXAX(”)
- ;CnGY)*l(CuAy("*l)

/'\\_/

(3.12)

‘\u
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Let Q = Coy — 05 C Cha, by p(Q) < 1 and the properties of Kronecker products( [7]), we have
p(Q) = p(Q®Iy) < 1. Therefore, there exists a norm ||-||« in R™™ such that the corresponding
matrix norm [|Q|. = sup|..=1[|Qz|l < 1. It follows from (3.7), (3.10), (3.12), the condition
(1.2a), Lemma 3.1-3.2 and the equivalence of norms that for h < hy

1Az g < (1 +OM) 1Azl + Do(el| Ayl + W7+ eh? ™). (3-13a)
By (3.10b) and (3.5b) we obtain
1Ayl < (101« + O@)AY VL + Dr(|Az" Y lg + 1P+ + eh?). (3.130)

Let a = ||Q]|«, we rewrite (3.13) as
Az lg \ o ((1+0(h)  Ofe) 1Az Vlg ) ol "
1Ay ™. ) = o)  a+0(e Ay =1l L)
where 1) = O(h?) + O(eh?). By means of the technique in ( [6], Lemma 2.9, pp.430-431), we
easily obtain for € < Doh?, h < hg and nh < T
142 | < Da(ATO I + el Ay @]l + b7 + eh?), (3.14a)
1Ay ™| < Ds(| A2V + (€ + a™)[| Ayl + h? + eh?). (3.14b)

The conclusion now follows from (3.4e), (3.4f), (3.14) and the equivalence of norms.
Remark 3.4. (2.2a) and (2.2b) constitute a nonlinear system. The Jacobian of the system

is of the form B B
( I—hCuZx Ol )
o) 71s —CuZy
where
Zx = blockdiag(fw(Xl(”), Yl(”)), e fe (X YY),
Zy = blockdiag(g,(X{" , Y{™), -, g,(X{",¥[")).
By Lemma 3.1 and condition (1.2a), we have for h < hg
|(Is = hC11 Zx)~H| < di.
We can show similarly as (3.7) for any given h > 0
”(%is —C1iZy)7 Y| < dy.

Hence, the nonlinear system (2.2a)-(2.2b) possesses a locally unique solution.
Remark 3.5. Specializing Theorem 3.3 to the case of Runge-Kutta methods, we obtain
immediately the related result obtained by Xiao [13].

4. Examples

Example 4.1. Consider s stage Runge-Kutta methods denoted by
c| A
bT
The methods (4.1) can be written as general linear methods with
Cii=A4A, Con=(1,---,1)TeR’ Cou=0b", Cn=(1)eR, p=(1)ecR.

Consequently p(Caa — 02101]1 Ci2) =| 1 —bTA~te|. It is well known that both Radau IA and
Radau ITA methods are algebraically stable, diagonally stable and satisfy 1 — b7 A~le = 0. We
have verified that the eigenvalues of A of the methods have positive real part for s < 5. We note
that s stage Radau IA methods is of stage order p = s — 1 and Radau IIA methods is of stage
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order p = s. Hence, Radau TA and Radau ITA methods all satisfy the assumption conditions in
Theorem 3.3, and p = s — 1, s(s < 5), respectively.

We also can verify that 2 stage Lobatto IIIC method satisfies the assumption conditions in
Theorem 3.3.

Example 4.2. Consider 2 step 1 stage Runge-Kutta methods [9]:

2a —a _ 0 _ 0 1
Cll = (C)a 012 = (1i_a7 1.‘_“)7 021 - < 1+a ) ’ 022 - < a l—a > ) (42)
B = (07 1)7 w= (u)7 V= (172)T7 n=2 wo= (171)Ta wk(y) = (172k)T>

where 0 < a < 1,¢> 21(1+f‘;) and u = ¢ + {72. The methods have been proved in [9] to be of
stage order p = 1, algebraically stable, diagonally stable and satisfy p(Cas — Co1Cy;*C12) < 1.
We note that the eigenvalue ¢ of Cy; is positive. Hence, the methods (4.2) satisfy the assumption
conditions in Theorem 3.3.

Example 4.3. Consider 2 step 2 stage Runge-Kutta methods [9]:

: 0 0 0 1
C = Z_C‘val C‘ — C“:
1 = ([, p°] 12U) , 21 o ) - . ) 7
2(1 fla ) 2 (117a)(2u273) (4.3)
F= O, G ( R R T ) ,
2(1+a)p1—(3+a)  2(14+a)pr—(3+a)

where

@ = (041,042)T: a,1—a)’, p=(p,p I'= (U;(7J§a - 3?“) (HTa _(1+‘1)U))T>
a

Y= (’71772)T = i ((1 +G)N2 - 3—5(1, _(1 + a):ul + 3 )T7 V= (172)T7

_ _ 0 O _ 1 2#1 _ T r
n=r, _<1 1>7 V= 1 2,[,[,2)7 wO_(171) GR,
wy(v) = (1,2M7T € R,

here a and u are parameters and a € (0,1]. For v > 2, Li [9] has proved the methods (4.3) are
of stage order p = 2, algebraically stable, diagonally stable and satisfy p(Caz —Cs1Cy; C1a) < 1.
For 2 < u < 3, we have verified that the eigenvalues of C1; have positive real part by means of
computer search. Hence, for 0 < ¢ <1 and 2 < u < 3, the methods (4.3) satisfy the assumption
conditions in Theorem 3.3.

5. Numerical results

In order to illustrate the result obtained in previous section, we apply 2 stage Radau ITA,
2 stage Lobatto ITIC and the method (4.2) to problem (5.1), respectively. For method (4.2),
we choose @ = 0.5,¢ = 5774y +0.5. Let € = 10°°. We denote by err, and erry the global
errors of z— and y—components at T = 2, respectively. Numerical results (i.e., err, and
erry) are listed in Table 1. The exact solution is z(2) ~ —3.4980578720409565 x 104, y(2) ~
0.1349856126373868, which is obtained by applying 3 stage Radau ITA method with A = 0.0001.

Example 5.1. Consider the nonlinear problem

a'(t) = —1000z(t) + y2(t) —e~3, ¢ >0,
ey'(t) =z(t) —y(t) +e”", t>0, (5.1)
z(0) =1,y(0) = 1.

Table 1. Numerical results for problem (5.1)

2 stage Radau ITA 2 stage Lobatto IIIC method (4.2)

h erry erry erry erry erry erry
0.2 | 54x1071 | 1.2x107° | 1.1x107° | 1.3x10°° | 3.6x10° % | 1.9x107°
0.1 | 1.2x1071° | 2.7x1071° | 7.4x1071° | 6.3x107° | 5.7x10~7 | 4.7x10~*
0.05 | 2.6x107I | 6.5x107 | 4.1x1071° | 3.0x107° | 1.3x107% | 1.2x107?
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It is clear that the results given by Table 1 confirm Theorem 3.3.
Acknowledgement.
The authors are grateful to the anonymous referees for their useful comments.
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