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Abstract

In this paper we prove that the solution of explicit difference scheme for a class of
semilinear parabolic equations converges to the solution of difference schemes for the cor-
responding nonlinear elliptic equations in H' norm as ¢ — co. We get the long time
asymptotic behavior of the discrete solutions which is interested in comparing to the case
of continuous solutions.
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1. Introduction

Let © be a bounded domain in R%, © = {0 < z < 1,0 < y < I}, and assume f(z,y) €
L (Q),uo(z,y) € H*(Q) N HF (), p(u) € C(RY) satisfies

0< ¢ (u) < |ul® +ps,

where k, 1 and pe are positive constants.
We consider the following initial-boundary value problem:

O = Au— () + f(y) i QxR
_ (1.1)
u |39— 0

u |t=0: 'LL()(CU,:I,I), (ZL“,y) €.

02 02
where Au = 2% + SALEN Laplace’s Operator.
ox? = Oy?
By the usual approach([1],[2],[3],[4])we can get the global existence of the solution of (1.1).
Furthermore, the solution of (1.1) converges to the solution of the following nonlinear elliptic

equations (1.2) as t — oo.

{Au—¢(u)+f(w,y)=0 in (1.2)

u |QQ: 0.

In [6],[7], the authors discussed the explicit scheme for (1.1) as f(z,y) = 0 and only the estimate
in L? for discrete solution was obtained. In this paper we consider the asymptotic behavior of
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discrete solution of explicit difference scheme for (1.1) which is very interested in comparing to
the case of continuous solution. We also prove that the solution of explicit difference scheme
for (1.1) converges to the solution of difference scheme for (1.2) as t — oo, the estimate in H*
for discrete solution is gotten.

2. Finite Difference Scheme

l
Let h, At,, be the space stepsize and the time stepsize respectively, h = 7 where J is an
integer. We denote the discrete function which take value w}} at (z;,y;,nAt) (z; = ih,y; =
jh,0<i,j < J,n=0,1,2,--:) by wy, define

n n n
Wity Hwity ;2w

1, n __ ij

Ahwij = 72 )

n n _ n

A2y — Vi1 T Wi — 2wy
Wi = 72

We introduce the following notations:

lopll> = > (wiy)*h?,

0<4,5<J
|0wp]|* = [(why, ; —wh)® P —wh)?
rIlT = Z wity ; —wiy)” + (Wi —wi)7],
0<i,j<J—1
lawpiP= S (Abwh + AZwl) R,
1<4,j<J—1

The explicit difference equation associate with (1.1) is:
U?J'Jrl _u?j 1, n 2, n n
AL - Apuiy + Ajuiy — d(uy) + fij (2.1.1)

fori,j=1,---,J—1and n=1,2,---, where f;; = f(2;,y;). The boundary condition of (2.1)
is of the form
uty=ui; =ug;=uy; =0, 0<id,j<J (2.1.2)

and the initial condition is
ug; = uo(wi,y;), 0<i,j<J. (2.1.3)
The difference equation corresponding to (1.2) is:

Apuiy + Djug; — ¢luf;) + fij =0 (2.2.1)

fori,j=1,---,J — 1. The boundary condition of (2.2) is of the form

ujg=u;;=ug;=uy; =0,0<i,j<J (2.2.2)
Let the discrete function uj and uj be the solution of difference equation (2.1) and (2.2)
respectively. For u; we have the same notations to the previous. Forn = 0,1,2,---, the discrete
function vy is defined as vj; = ujy —uj;,4,7 =0,1,---,J. Then vy satisty
'UTL,+1 —
7, 7 1 2 *
= Apvis + Apvis — [o(ugs) — d(ug;)] (2.3)

Aty
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fori,j =1,---,J —1land n =0,1,2,--- Obviously, vy = v’y = vg; = vj; =0,0 <4,j <
Jn =012,
3. Preliminary Results

Lemma 1. For any discrete function w, = {w;j | i,j =0,1,---,J} satisfying the homoge-
neous discrete boundary condition w;o = wyo = woj = wy; = 0,0 <4,5 < J, we have

llwnll < Fullownll,  [[own]] < kaif|Awnl,

8 . 8 ‘
19wnll < sz llwnll® 1wl < 5516wl

where k1 is a constant independent of wy,. The proof is analogous to [5].
Lemma 2. Let the discrete function uj, = {uj; | 0 < 4,5 < J} be the solution of the
difference equation (2.2), there is a constant ks independent of h such that

max | uj; [< ko.
0<4,j<J

1fllz=+ 1 ¢(0) |
4

ui; = Vi +alzi(l — @) + y; (1 = y5)],

Proof. We choose constants a > such that

then

Apij + Djij — olug;) + fij —4a =0, (3.1)
We assume that 1;, j, = maxi<;j<s—1 Vij, 1 <do,50 < J — 1. If 9y, j, > 0, it is obvious that
uf - >0, and we have

20,J0
Allzwiodo + Alzzwiodo <O0. (32)
By (3.1) and (3.2), ¢(uj, j,) —d(0) = Djihig jo + Dhtbig jo — D(0) + figjo —4a < 0, this contradicts
to the fact uj ; > 0, whence,
;i <0.
1y Vi <0
It yields

l2
max S mas falnl - ) £y -yl < S
Similarly, we have
l2
. s s
19’1,5'1%%4 Yij = =5
and this completes the proof.
Lemma 3. Let the discrete function up = {uf; |0 <1i,j < J,n=0,1,2,...} be the solution

o 0
of difference equation (2.1), a = M,
L 1L ——
In =gy M 1T T = A T

for given € € (0,1), if At,,h satisfy

1—e)h? 2
€ €)rp
At,, < S (3.3)
(1—¢€)h . =0

41 +¢)”’
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there exists a positive constant ks independent of h,n, At, such that

max | u; |< ks.

5,j,n

Proof. We define uf; = w}: + ax;(l — z;) + ay;(l — y;), then
wﬂ.“ — wh

? n n n
Since uf; > wj;, we have ¢(uj;) > ¢(wy;), thus from (3.4)

At
n+1 n n n n n
i ST (Wi ; +wisy j +wij twi) + (1 -

el
+ (=) + B(0) Aty + (—$(0) + fij — 4a)Aty,

< %(wﬁm Wiyt Wi twig)

(1 %)wg + (—o(wi;) + ¢(0))At,

- %(wﬁm ity F Wi T wiia)

4AL, : .
+(1- . P (&%) At )wi,

where | & |<[ w}} |< gn. It is obvious that

2e

< @' (EMAL, < rpAt, <
0 < ¢/(€5)Atn < Aty < 77—

which yields that

4At,
e

1 _¢,( Z)AthO;

Therefore by (3.5),

wzanrl < [1—¢' (&) Aty max wis. (3.6)

On the other hand, we define u}; = Wi} — az;(l — x;) — ay; (I

—y;), then
w;'nj+1 B Z 1, n 2 n n
Al = Apwis + Djwis — d(ugy) + fij + 4a, (3.7)
n

Since uf; < wfy, we have ¢(uj;) < ¢p(wfy), thus from (3.7)

ntl Aty 4At,

n n n n n
Wij 273 (Wit twityj twijp twiti) +(1—

i
+ (=9(wij) + ¢(0)) Aty + (=¢(0) + fij + 4a)At,

At
> h—gn(wszrl,j twity Wi Twiiog)

AL, .

+(1- 7)%‘;’ + (—¢(wiy) + ¢(0))At,,

At
= h—gn(wszrl,j twity;twii twijg)
4At,

-5

— ¢'(05;) Aty)w}

ij?
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where | 0 |<| w}; |< gp. It is evident that

n 2e

0< le(eij)Atn <r,At, < Tre

hence 4A
t

therefore by (3.8),

w;‘ﬁl >[1-¢ (07)At,] mlnwm,
By (3.6) and (3.9), we have

max{0, maxw 11 < max{0, maxwl]} < -+ < max{0, max wy;},
0.
min{0, minw;} 11 > min{0, mlnw”} > > min{O,minw?j}.
irj i i\

This completes the proof.

047

Corollary 1. Let the discrete function uy = {uj; | 0 < i,j < J,n = 0,1,2,---} be the

solution of difference equation (2.1),

_ N llz=+14(0) | /
= 1 b= |luol|ze,r = gll?;ibﬁﬁ (1)
For given € € (0,1), if Aty,, h satisfy
1—¢€)h? 2
mm{( 2 < Y, r>0,
A1+e) " (I+er
At, < .
(1—e)h? r—0
41+¢€)’ -
then ‘
an < 22 L =0,1,2
1§2.I’IJI.%}‘(]71 uij = 9 ) n=4u1l,sz

A simple computation shows that
Lemma 4. Let T}, = ZZ;S Aty, and suppose the sequence {an} satisfies

gy < e B 4 cpem TR AL,
where a,, > 0,Yn > 0,¢; > 0,1 = 1,2, 3, then there exist c4 > 0 and o > 0 such that

an < 046_"T".

4. Asymptotic Behavior of Explicit Difference Solutions

In this section, we intend to study the asymptotic behavior of solutions of (2.1).
By Lemma 2 and Lemma 3 (Corollary 1),

| G(uiy) — dufy) P< r(d(ufy) — dlu;))vi,

(3.10)
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If h, At, satisfy (3.10), it follows from (2.3),(4.1) and Lemma 1 that

lop 17 = lopl* + 24t |60 7 + 248, D~ [¢(ufy) = dlufy)]vfsh?

1<i,j<J—1
= [Jop ™t —opl?
n ]' n * p
< AL+ e)l|Avi]? + (1 + 2 > (dufh) — p(us;)*h’]
%,J
. 8 n n * n 7,-
< A8 (1+ C)ﬁ”&’h I” + 2At, Z(¢(Uij) - ¢(Uz‘j))vijh2]-
4,

Hence

lop T P = [lopll® + 248, [6vp(1* + 248, Y [p(ufy) — d(uj;)]ofs
1<i,j<J—1

< 21 = €) At [|00f [P + 248, Y _[d(uf;) — dluf;)]vfh?
i.j

thus we have
lop T I1Z = llop]” + 2eAt,||dvy]]> <0,

from Lemma 1 we deduce that
[op tHIP = llp]” + C At lop|* < 0,

(4.2) implies that

(4.2)

Lemma 5. Let the discrete function uj and uj be the solution of difference equation
(2.1) and (2.2) respectively. If At,,h satisfy (3.10), there exist positive constants ks and «

independent of h, At,,n such that
lup —upll?* < kae™T,

where T,, = Z;S Aty,.
By (2.3),
16017 = [|6vR > + 2A¢, || Avg|?
=2At, > [pul) — dlup) /(Ao + Ajo)?
1<ij<dJ—1
+[[8(op ™ = o)l

From Lemma 1,

8
16 ™ —oI* < 55

< SARIAGIE+ D0 (duh) - olui)’n®

1<ij<J—1
—2 Y (o) — o)Ak + A3
1<ij<J—1
2(1—€ n n *
<M linvgir + Y (o) - o)
1<ij<J—1

—2 > [ufy) = Sui)(Dfof + AjuE)h?]

1<i,j<J—1

(4.3)
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(4.3) and (4.4) yield

10117 = 6w I + 24t || Avg|®
2(1—¢)

< ﬁAtn[”Ava + Y (pufy) = b(ug;)’h’)
1<i,j<J—1
6e — 2 n * n n
+ T5e Aty Z [p(ui;) — ¢(uij)](A}lvij + Aivi]’)h2]
1<i,j<J—1
26 n n *
<(2- T 6)AthAvh”2 + CAt, Z [p(ugy) — ¢(U'ij)]2h2:
1<i,j<J—1
hence 5
n n € n
607 = ISV + 1o At A0
n * \12 7,2 (45)
< CAt, Z [p(uis) — d(uj;)]"h7,
1<i,j<J—1
if follows from Lemma 2 and Lemma 3 that
| p(uiy) — ¢ug;) |< C | v |,
therefore by (4.5),
. . 2 . .
|60 H1* = [ldvp” + 1 Jf(_:AtnIIAU;’le2 < CAL, v 1%, (4.6)

By Lemma 1 and Lemma 4, Lemma 5, the following conclusion is now an immmediate conse-
quence of (4.6):

Theorem 1. Let the discrete function u} and u}, be the solution of difference equation (2.1)
and (2.2) respectively, if At,,, h satisfy (3.10), there exist constants My > 0,3 > 0 independent
of h,n, At,, such that

13ug — )2 < Mye T,

where Ty, = Y7~ Aty

Summing up (4.6) for n from k to k + s and using Theorem 1 and Lemma 5, we can easily
obtain:

Corollary 2. Let the discrete function up and uj be the solution of difference equation
(2.1) and (2.2) respectively, if At,, h satisfy (3.10), then for any positive integer s, there exist
constants My > 0, A > 0 independent of h,n, At such that

£
S IAWET — uf)|PAt, < Mye T,
=0

where Ty, = S0 "0 Aty

The authors are grateful to Prof. Zhou Yulin for his useful suggestions and discussions.The
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