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Abstract
It has been observed numerically in [1] that, under certain conditions, all eigenvalues of
the first-order Hermite cubic spline collocation differentiation matrices with unsymmetrical
collocation points lie in one of the half complex planes. In this paper, we provide a
theoretical proof for this spectral result.

Key words: Spline collocation, Differentiation matrices, Spectral analysis.

1. Introduction

Hermite cubic spline collocation method has been extensively applied in the numerical so-
lution of ODEs and PDEs due to its ease of implementation and high-order accuracy!?=!. One
of the main features of this method is that the approximate solution takes the form of Hermite
cubic spline(or bicubic spline in 2D). When Hermite cubic spline is applied for discretizing the
differential operator u*) | the so-called Hermite cubic spline collocation differentiation matrices
arise. Eigenvalue analysis of these matrices plays an important part in the stability or conver-
gence analysis of the corresponding collocation algorithms. It also has served as the theoretical
foundation in developing several fast direct algorithms!®—?].

Spectral analysis of second-order Hermite cubic spline collocation differentiation matrices
with Gauss collocation points (a kind of symmetric collocation points) was given analytically
in [6] and consequently in [7,8] for eigenvectors. However, it has been found that Hermite cu-
bic spline collocation differentiation matrices with unsymmetrical collocation points are more
important in practice for stability and singularity considerations®'! 1%, Based on the conden-
sation techniquel!, [1] studied the spectral properties of the second-order Hermite cubic spline
collocation differentiation matrices with arbitrary collocation points. [1] also studied the spec-
tral properties of the first-order Hermite cubic spline collocation differentiation matrices with
symmetric collocation points. Meanwhile, for unsymmetrical collocation points, [1] observed
numerically that all eigenvalues of the first-order Hermite cubic spline collocation differentiation
matrices with Dirichlet boundary conditions or Neumann boundary conditions lie in one of the
half complex planes. This spectral result is of most importance for stability considerations!!!.

The primary purpose of this paper is to provide a theoretical proof for the aforementioned
spectral result of the first-order Hermite cubic spline collocation differentiation matrices. Our
argumentation is based on the condensation technique and Hurwitz’s theorem. The rest of this
paper is arranged as follows. In the second section, we will briefly introduce the Hermite cubic
spline collocation method and generalize the aforementioned spectral result in two theorems.
In the third section, we will prove these theorems theoretically.
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2. Hermite Cubic Spline Collocation Method

Assume that Iy = {z;}Y 1" is a uniform partition that divides interval [0, 1] into N equal
subintervals of length h = 1/N. The Hermite cubic approximation v(z) is defined by

v(z) = &1(s)u; + héa(s)u; + E3(s)uipr + héa(s)uiy,, s €0, 1], (1)

on each subinterval [x;, z;1], ¢ =1, 2, ---, N, where

Ei(s) = (1+25)(1 = 5)%, &a(s) = s(1 = 5)°, &(s) = s*(3—25), &u(s) =s*(s = 1)  (2)
and s = (x — x;)/h. The above definition implies that u; = v(x;) and u} = v'(z;). Denote

Q={(z, y)|0<z<y<1}C R~ (3)

For any given (01, 02) € Q, let Il = {z¢, 2%}, be the set of collocation points, where

x5 =x; +o1h, x5 =x;+03h,i=1,2,---, N. 4)
Consider a collocation approximation to the kth-order differentiation operator u(*) (k=0, 1,2).
Let Ax(k =0, 1, 2) denote the k-order collocation differentiation matrices, satisfying

(Apo) =v®(zf), j=1,2; i=1,2 ---, N. (5)
Obviously the structure of Ay depends on the orderings of the collocation points and the

unknowns for v(z). Suppose [ = 2(i — 1) + 7, and

— i i ! i T i l T
v =[huy, uz, huy, -+, un, huly, huly ,]" or [ur, us, huy, -+, un, huly, uny1]

e = {xila $i27$517 $527 ) x?\’lv x?\@} (6)
Then Aj, with Dirichlet boundary conditions or Neumann boundary conditions has an almost
block diagonal structurel®3'] and Ay is nonsingular!!!. In this paper we only consider A; with
Dirichlet boundary conditions or Neumann boundary conditions, the corresponding spectral
results for A;, with periodical boundary conditions can be found in [10].

Consider the following typical example[*3:1]

ou 9%u ou
— =e—— —p— +d(z, t). 7

ot 68:172 paa: +d(z, 1) (™)
If we use an Euler scheme for time discretization and the Hermite cubic collocation method in
the x-direction, we shall get the following iterative scheme

{ ut = u" 4 (e Ay — pAy)ul™ + 1 d", )

A()U,(n) =u",

where 7 is the time stepsize. The stability depends on the eigenvalues distribution of the
matrix (g As —pA;)Ay". On the one hand it is known that all eigenvlues of A, A" are real and
nonpositive for any collocation points (see [1, 2, 6, 7, 8]). On the other hand, numerical tests
show that the stability of (8) depends on the choice of collocation points when 0 < & << p (see
[1]). This indicates that A4, Aal plays a dominating part in the case of 0 < ¢ << p. Furthermore,
Ay Ayt is the only factor to determine the stability of (8) when e = 0. Thus it is very interesting
and important to study the spectral properties of matrix A; Ay ! In this respect, [1] presented
a number of concrete formulae for the calculation of all eigenvalues of matrix A; Ay' with
symmetric collocation points. As for 4; A, ! with unsymmetrical collocation points, [1] observed
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numerically some interesting spectral results. Here we generalize these results in the following
two theorems and in the next section we shall prove them theoretically.

Theorem 2.1. Let eig (AlAal) denote the eigenvalue of AlAal, then for AlAal with
Dirichlet boundary conditions, there holds that

<0, ifoy+02>1and2— 30, — 30y + 60109 > 0;

Re [eig (A A7! 9
[ ( 1o )] { >0, ifoy+02<land2—30; — 303 + 60102 > 0. ©)

/

09} unstable Refeig(A A;)] <0 /
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Figure 1. The spectral result for Dirichlet problem.
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Figure 2. The spectral result for Neumann problem.

Theorem 2.2. For Ale_l with Neumann boundary conditions, it has a zero-eigenvalue
and its nonzero eigenvalues satisfy
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<0, 1 + 03 > 1;
Re[ez’g(AlAaln{ Sonron (10

>0, Zf0'1+0'2<]..

The above spectral results are depicted in Figure 1 and Figure 2.

3. The Proofs of the Theorems

We begin our analysis by introducing the following lemma which is obtained in [1] by the
condensation techniquel'6].

Lemma 3.1, Let Ay (k =0, 1, 2) be matrices defined by (5) and (6), then there hold the
following decompositions

det(Agr — AAg) = A~ 2N =1 det(C (X)) - det(tridiag(ar(N), br(N), cr(N))) (11)

det(Ar — Ado) = h™2FN=1) det (CN (N)) - det(tridiag(ar(N), be(N), cx(N))) (12)

for Dirichlet boundary conditions and Neumann boundary conditions, respectively, where tridiag
(ak(A), (M), ck (X)) denotes an (N — 1) x (N — 1) tridiagonal matriz and

() () — NBEE (o) € (o) — AR*Es (o
ar()) = — det £ (01) = A& (1) &5 (01) — AR & (01) 7 13)
e (02) — AnFEL(02) €57 (02) — ARFEy(02)
(k) ~\RFE (o (k) k
bk(A):det< (o) = MRG0 & () ~ Moy ))
5 (02) = AWFE(02) &5 (02) — AWFE(02) 14)
) det( (o1) = M6 (o) sikm)—xhk@(al))
e (02) — ARFE(02) €7 (02) — ARFE4(02)
) — e [ 8O0 MG € (o) =M ) ) )
&8 (02) = Ak &3 (02) € (02) — AREEy(02)
—k (k)o . o 7Ic(k)0 _ o
() = h fzk(l) A2(01) h 4k(1) Ay(o1) 7 (16)
ke (o) = Aa(02)  hFER (03) — Aa(02)
0y - h—ké’;)(ol)—xfl(ol) h—kgé’:wl)—xga(an | )
“HeW (03) = A1 (02)  hFER (02) — As(02)
Lemma 3.2. For any complex numbers o and 3, it holds that
N-1
det (tridiag(1, a+ 3, af)) = Z oN=1=ipi, (18)
j=0

where tridiag(1l, a+ 8, aB) denotes an (N — 1) x (N — 1) tridiagonal matriz.
Lemma 3.2 can be easily proved by mathematical induction.
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Lemma 3.3. Suppose ar(A), bp(N), ck(A)(k =0, 1, 2) are polynomials given by (2), and
(13)—(15). Let tridiag(ar(N), br(N), ck(N)) be an (N — 1) x (N — 1)tridiagonal matriz. Then
{\ € C| det (tridiag(ar(X), br(N),ck ()\))) =0}

c U {reC () —4par(Nex(N) =0} (19)
p€lo, 1)

Proof.  For any root of det (tridiag(ax(X), br(A),ck(X))) = 0, we suppose, without any
harm to our argument, that N > 2 and ag(A)ck(A) # 0. Now let a(\) and 3(\) be defined by

br(A)

oY) + B0 = 215

,» «(N)B(A) = : (20)

Using Lemma 3.2, we have

det (tridiag (ar(A), bk(A), ck(N))) = (ak(A))Nfliefl(tridiag(la a(A) + (), «(X)B(N)))
= (@) T (@)N T (B) =0,

i=0
which implies

a(h) =eFBN),  j=1,2,-, N-1 (21)
where ¢ = y/—1 is the imaginary unit. Eliminating a(\) and $(A) from (20) and (21), we finally
get

bE(N) —dap(Nee(V cos? T2 =0, j=1,2 -, N -1, (22)

which leads to (19) and completes the proof of Lemma 3.3.
Lemma 3.4.(Hurwitz’s theorem['"l) Let

f(>\):Oéo+061)\+a2)\2+...+an>\n (23)

be a polynomial in A with real coefficients and ay, # 0. Denote
a a a1 Qo 0
Di(f) =, Da(f) = det ( o )  Ds(f)=det | a5 a»
3 2 a5 (4 Q3

a1 Qo 0 0
az Q3 Q1 O

Dalfy=det| 0y oz o |77
ar Qg Q5 Q4
(e5] (67 0 -+ 0
D, (f) = det a3 a2 o o 0 ,
Q2p—1 Q2p-2 Q2p-3 Tt Qp

where a; = 0 if § > n. Then all roots of f(A) = 0 with ag > 0 lie on the left side of the
imaginary azis, i.e., Re(\) <0, if and only if D;(f) >0, j=1,2,---,n

Lemma 3.5. If A € C satisfies b3(\) — 4dpar(N)er(\) = 0, p € [0, 1) is a constant and
o1+ 02 > 1, then Re(\) < 0.

Proof. From (2) , (13), (14) and (15), we have
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al()\) = —(]. — 0'1)(]. — 0'2)(0'2 — 0'1)[(]. — 0'1)(]. — 02)h2)\2 + 2(2 — 01 — Ug)h)\'i‘ 6],

bl()\) = (02 - 0'1){[20102(1 - Ul)(]. - 0'2) + 0'1(]. - 0'1) + 0'2(]. - 0'2)]th2

(24)
—2(1 — 01 — 0'2)(]. +o01 +09 — 20’102)hA + 6(1 + 20’10’2 — 01 — 02)},
C1(>\) = —0'10'2(0'2 — 0'1)[0'10'2h2)\2 — 2(0’1 + Ug)h)\ + 6]
For simplicity, we denote
T1:0'10'2+(1—0'1)(1—0'2), T2201+02—1. (25)
Then (24) can be rewritten as
al()\) = —%(0’2 — 0'1)(7'1 — T2)[(T1 — T2)h2>\2 + 4(]. — 7-2)h/>\ + ].2],
bi(N) = %(02 —o)[(7F = 372 + 211)h2A? +475(2 — 1) hA + 127], (26)
ci(N) = =%(o2 — 1) (11 + ) [(11 + 2)R*N? — 4(72 + 1)hA + 12].
Noting that 0 < 07 < 02 < 1 and 07 + 02 > 1, we have
0<m<m <l (27)
For any p € [0, 1), set
b%()‘) —4pay(N)er(A) = (o2 — Ul)zfl(/\)a (28)
where
fi(N) = ap + arhA + azh®A? + azh3\3 + ag b\t . (29)

By using Maple software, we have
ap = 36[(1 — p)7¢ + p73],
ay = 24n[n(2—n) +p(r? - 13)],
as =473(2 — 1)2 + 67 (72 — 372 + 211) — 2p(72 — 73) (273 + 311 — 2),
a3 =2n[(2 — ) (rf — 315 +271) + p(n — 1) (7 — 73)],
o = H(r? = 37+ 2m)? — plr? — )7,

By Hurwitz’s theorem, if we can prove ag > 0, as # 0 and D;(f1) >0 (i=1, 2, 3, 4),
then the proof of Lemma 3.5 will be complete. From (27), it is easy to check that

ap >0, ag >0, D (fl) =arh > 0. (30)
Note D4(f1) = ash*D3(f1). Therefore, what remains is to prove

_ hoq Qp
Dg(fl) = det ( h3a3 h2a2 ) >0 (31)

and
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hOél Qp 0
D (fl) = det h3a3 h2a2 hay > 0.
0 htay hiag

By using Maple software, we get

Ds(f1) = 612h*[Az(11,72)p” + Ba(11,72)p + Ca(11, 7)),

where

Ao(my,m2) =418 —73)2(1 — 31y — 472),

Ba(mi, 72) = (12 = 73)[11(33 — 871) (1 — 311 — 473) + 8(7% — 73) + 71(47 + 9571)],

Co(mi,m) =41 (2 — 1)[473(2 — 7)? + 311 (7% — 373 + 27)].
It is obvious that

Cz(Tl, 7'2) > 0.
Since
Ay (11, 1) + Ba(11, 12) + Ca (71, T2)

=4(3273 + 12772 + 373 — 697272 + 307174 — 479)

=4[257 (11 — 732 + (T2 + 79) (1 — 72) + 315 (1 — 73) + 1273 (1 — 71) + 4 7y],

it follows that

AQ(Tl, T2) +BQ(T1, T2) +02(7—1, Tg) > 0.

Now, on the one hand, if

1-3n —413 <0

holds, then we have A2(71,72) < 0. Consequently, it follows from (33), (35) and (36) that

Dg(fl) > 6T2h3p[A2(T1, Tz) +BQ(T1, Tz) + 02(7—1; Tg)] > 0,
which implies (31). On the other hand, if (37) fails, then (34) yields
A2(T1, T2)>0, Bg(Tl,T2)>0

and (31) follows just as well from (33) and (35). Thus we have proved (31).
Now we begin to prove (32). By using Maple software, we have

Ds(f1) = 4875 h8g(m1, 72, p),

where

g(11, T2, p) = A3(11,72)p”° + B3(11,m2)p” + Cs3(11,72)p + D3(11,72),

As(m,m) = (17 —713)°(1 — 73) (411 — 1),

357

(33)

(34)

(36)

(37)
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Bs(ni,m2) = (17 —13)*[-12n (1] —73) = 3(nn —13)* — 12 (1 — 73)°

‘ ‘ (41)
107272 (1— 1) =23 (1 —71)?’(2—-71n) —4n(l—7m)(1 +n —273)],
D3(mi,m2) = 4n 13 (2 — 1) (12 — 313 + 271), (42)
and C3(71, 72) is a polynomial in 7 and 7. It is not difficult to check that
Bs(mi,m) < =121 (18 — 72)% <0, (43)
g(71, 72, 0) = D3(11,72) > 0. (44)
Note that
3As(1,72) + Bs(11,7) < =3(12 —72)3(1 — 73 +41,73) < 0 (45)
and
g(t1, 2, 1) =7(11 — 72)%[80(1 — 71) + 2173] + 473 (1 — 1) (11 — 73)
x[713 +12(1 — 1) + 8m7s (11 — 73) + (15 + 472) (1 — 73) 75 (46)
+157275 (1 — 21y +72) > 0.
Thus, on the one hand, if As(m,7) <0, from (43), (44) and (46), we have
Dg(fl) > 48T22h6p [A3(T1,T2) + B3(T1,T2) + C3(T1,T2) + D3(T1,T2)]
=4873h%p g(T1, 72, 1) > 0.
On the other hand, if Az(m, ) > 0,then it follows from (45) that
0%g
a_p2 = 6A3(T1, Tz)p + 2Bg(T1, T2) < 6A3(T1, Tg) + 2B3(T1, T2) < 0. (47)

Consequently, (44), (46) and (47) yield

min g(mi, 72, p) = min{g(r, 12, 0), g(71, 2, 1)} >0
p€[0, 1)

which also leads to D3(f1) > 0. The proof of (32) is thus obtained which completes the proof
of Lemma 3.5 .

By an argument similar to that of Lemma 3.5, we have

Lemma 3.6. If A € C satisfies b3(\) — 4dpar(N)cr(X) = 0, p € [0, 1) is a constant and
o1+ o2 < 1, then Re(\) > 0.

Lemma 3.3, 3.5 and 3.6 directly give

Lemma 3.7. For the root of det (tridiag(ai(X), b1(A),c1(X))) = 0 there holds that

Re()\)

<0, if o1 4+02>1;
{ 1 2 (18)

>0, ifor+o0y<1.

1

The proof of Theorem 2.1 By Lemma 3.1, each eigenvalue of A1 Ay~ with Dirichlet boundary

conditions satisfies det (tridiag(ai(X), bi(X),c1(N))) =0 or

det(C1 () = 0. (49)
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By Lemma 3.7, det (tridiag(ai(X), bi(X),c1(N))) = 0 implies (9). If (49) holds, then from (2)
and (16) we have
Yo + ’ylh)\ + ’)/QhZAZ = 0 (50)

where

Yo = 2 — 301 — 30’2 + 60’10’2,

’)/1:(0'1 +0'2—1)[0’1(1—0’2)+0’2(1—0’1)], (51)

Y2 = 0'10'2(]. — 0'1)(]. — 0'2) > 0
Obuviously, equation (50) has a positive root and a negative oot if vo < 0. If v9 > 0, then

e 3 if 77 — 47270 < 0; 2
e =
—ty/72—a L
= 217;2 R if 4 — 4y > 0.

Thus (9) follows from (51) and (52).
The proof of Theorem 2.2 From (17), we get

CN\) = (o1 — 02)h " M[(201 + 02)(1 — 01) + (01 + 202)(1 — 02)]hA + 6(0y + 02 — 1)}.

Thus, it follows from (12) that the eigenvalue of 4; A5 with Neumann boundary conditions

satisfies det (tridiag(ai(A), b1(A),c1(A))) =0or A =0, 0r A = (201+02)(z§17;‘;1):(7;1)i2;2)(1702).
Now, the proof of Theorem 2.2 can be easily obtained by using Lemma 3.7.

We note, from [1], that the spectral radius of A; Ay ! with symmetrical collocation points
is of order O(N). We think that this is also true for A; A" with unsymmetrical collocation
points, and it is not difficult to give a theoretical proof by making use of the results in this
paper.
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