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Abstract

This paper first presents the stability analysis of theoretical solutions for a class of
nonlinear neutral delay-differential equations (NDDEs). Then the numerical analogous
results, of the natural Runge-Kutta (NRK) methods for the same class of nonlinear NDDEsS,
are given. In particular, it is shown that the (k,[)-algebraic stability of an RK method
for ODEs implies the generalized asymptotic stability and global stability of the induced
NRK method.
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1. Introduction

In the last several decades, there has been a growing interest in the numerical stability for
DDEs(cf. [1-14]). In 1988, A.Bellen, Z. Jackiewicz and M.Zennaro[7] first extend the researches
to the scalar linear NDDEs. Latterly, a lot of works for the systems of linear NDDEs were
presented(cf.[8-12]). However, there are much difficulties to assess the numerical stability of
nonlinear NDDEs. In view of this, T.Koto [13] adapted NRK methods (cf.[14]) to a class
of nonlinear NDDEs in real space R%, and studied their asymptotic stability with a discrete
analogue of the Liapunov functional.

In this paper, by an alternative approach, we futher deal with the stability of theoretical
and numerical solutions for a class of nonlinear NDDEs in complex space C%. Particularly, it
is shown that a NRK method induced by a (k,1)—algebraically stable RK methods for ODEs,
under suitable conditions,preserves the analogous stability of the original equations.

2. Test Problem and Its Stability

For giving subsequent analysis, we first set some notational conventions. Let (e, o), || @ ||
denote the inner product and the induced norm in space C?, respectively. Correspondingly, the
inner product and the induced norm in space (C?)! are defined as follows:

l
<U7V> = Z(Uz’;vi>, ||U||Z = <U7 U>7

i=1

where U = (u1,us,...,u),U = (v1,vs,...,v) € (CH)! and us,v; € CUi = 1,2,...,1). More-
over, it is always assumed that each matrix norms, arising in the following, is subject to the
corresponding vector norm.
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Consider the following systems of nonlinear NDDEs

Lly(t) — Ny(t — )] = f(t,y(t),y(t — 7)), t>0, @.1)
y(t) = o(t), —7<t<0, '
and ]
al2() = Nz(t —1)] = f(t,2(t),2(t — 7)), > 0,
{ 20 = (1), ~r <t <0, 22)

where 7 > 0 is constant delay, N € C?*¢ stand for a constant matrix with [|N|| < 1,
#,1:[-71,0] — C? are continuous functions, and f:[0,+o0) x C? x C? — C? is a assigned
mapping subject to

Re((z1 — x2) — N(y1 — v2), f(t,m1,91) — f(t,22,92))

2.3
< aller — ol + Bllys —glP £30, @1,w051,p0 € CY, (2:3)

in which «, 8 are real constants.
The problems of the form (2.1) can be found in the systems with lossless transmission lines
(cf.[16]). In the following,all the problems (2.1) with (2.3) will be referred as the class Ry 3.

For instance, a complex d-dimensional linear system

Lly(t) — Ny(t —7)] = Ly(t) + My(t — 1), t>0,
y(t) = o(t), —7 <t <0,

belongs to the class R, 3 whenever the matrix

ol (L+L—2al M~ L*N
“2\ M*-N*L —N*M-M*N 28I

is negative definite, where I denote a d-dimensional identity matrix and * is the conjugate
transpose symbol of the matrices, since

Re((z1 — 22) — N(y1 — y2), L(z1 — ®2) + M (y1 — y2))
—alley — z2l]* — Bllyr — yal?

= <<$1 _$2> 7G<x1 _:62)): Vg, @2, y1,Y2 € cd.

Y1 — Y2 Y1 — Y2

For the problems of the class R, g, we obtain the following stability results.
Theorem 2.1. Suppose problems (2,1),(2.2) belong to the class Ry g with

a<0, B<allN|P. (2.4)

Then we have

() lly(t) - ()| < r=hxy _max [6(6) — w(O)], >0,

7<6<0
(b) for a <0, lm lly(t) — (1) ~ N(y(t —7) — 2(t ~ )]l = 0.
Proof. Let
u(t) =y(t) —z(t), o(t) = Ju(t) — Nu(t - 7)|]%,

F(t) = fty(8),y(t — 7)) = f(£,2(2),2(t = 7).
Then by (2.3)

v'(t) =2Re(u(t) — Nu(t — 1), F(t))
< 2fellu@®)* + Bllut = DIP], t>0,
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which gives

[exp(—a€)v(§)]' < exp(—af)[~av(€) + 2allu(@)I” + 26]lu(€ - 7)IP], €>0.  (2.5)

On the other hand, condition (2.4) leads to

exp(—ag)[—av(§) + 2al[u(©)[* + 28]lu( — 7)|I*]
= exp(—ad)[—a(llu(&)I* — 2Re(u(§), Nu(§ — 7)) + [[Nu(& — 7)I]*)
+2allu(@)II* + 28|u(€ — 7)I°] (2.6)
< exp(—ad)[—a([Ju(@ll + INu(§ = T))* + 2el|u(@)II* + 2B[|u(§ - 7)I°] '
< exp(—a§)[—2a([u(OI” + [INIPllu(€ — TII?) + 2allu(@]I* + 28]lu(€ — )]
= 2exp(—af)(B - a|[N[*)[lu(¢ —)I? <0, £=0.
Combining (2.5) with (2.6) yields
[exp(—ag)v(§)] <0, £>0. (2.7)
Thus .
/0 exp(—a€u(©)]de <0, 120,
which implies
Vou(t) < exp \/ t>0, (2.8)
With (2.8), we conclude immdiately that (b) holds and
lu@®I < IN[[[u(t = 7)I] + Vv(0), = 0. (2.9)

In view of the fact that there exists a positive integer ¢ for each ¢t > 0 such that (¢—1)7 <t < ¢r,
we can get by an induction to (2.9)

la(ll < IN1u(t = gr)ll + (L + D IN])v/2(0), ¢ > 0. (2.10)

i=1

Therefore, (a) is true in accordance with both (2.10) and ||N|| < 1.

Terms (a), (b) characterize the global stability and the generalized asymptotic stability of
the problems (2.1) of the class R, g, respectively. In particular, when set N = 0 in (2.1) and
(2.2), with a slight modification to the proof of Theorem 2.1, we obtain at once

Theorem 2.2. Suppose problems (2,1),(2.2), when N = 0, belong to the class R, g with

a<0, B<0. (2.11)

Then we have

(@) [ly(®) = 2]l < _max [1¢(6) = v(@), t=0,
(b) for a <0, A ly(@) = =@l = 0.

3. Stability of The Methods

Before proceeding with the numerical stability analysis for NDDEs, we first make a brief
review of the related concepts and results on RK methods. A s-stage RK method for ODEs
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can be expressed as
c| A

: (3.1)
bT

where A = (a;;) € R**®, b= (b1, ba,...,bs)T and ¢ = (c1,¢2,...,¢,)1 € R® with ¢; € [0,1](i =
1,2,...,5).

Method (3.1) is called (k,l) — algebrically stable, if there exist real constants k,l and a
nonnegative diagonal matrix D = diag(dy,ds, .. .,ds) such that matrix

Gk, 1) = k—1-2leTDe e'D - b —21eTDA
’ De —b—20ATDe DA+ ATD — bt —21ATDA
is nonnegtive definite, where e = (1,1,...,1)T" (cf.[15]). In particular,the (1,0)-algebraically
stable RK method is called algebraically stable.

M.Zennaro [14] pointed out that every RK methods (3.1) has a natural continuous exten-
sion(NCE). Adapting this NCE to the problems (2.1), T.Koto [13] gotten the following NRK
methods

- (n) (n) y-(n—m) . - (n—m)
V= f@p ) 4 N Y b)Y, i =12,
j=1

(3

s .
Yi(n) :yn+h];aijyj(n)7 1=1,2,...,s, (3:2)

Y1 = Yo +h Y 0¥,
j=1

\

where h = .-, m is certain positive integer, t,, = nh, Tl-(n) =tn+cih; Yi, Yi(n) Yn are approxima-
tions to y (Tl-(n)), y(T.(n)) and y(t,),respectively;particularly, when a mesh point ¢, or off-point

(2

Ti(n) is in the initial interval [—7, 0],we always set

yn = $(ta), Y = 9(T"),Yi = ¢/ (1",

Moreover, in (3.2), the coefficients a;j,b; and the polynomials b;(¢{) are assumed to conform
with
bl(O) = 0, bz(].) = bi, 1 S [} S S,
S biQd T =5, 1<i<s, 1<1< max {deg(bi(0))}, (33)
i=1 1<i<s
ai; = bj(c;), 1<1i,j<s.

By (3.3),together with a direct computation, we can get
b'B=0b", AB=A, where B = (b(c;)) € R**". (3.4)

For distinction, the corresponding approximations, produced by applying method (3.2) to

(2.2), will be written as Zi, Zi(n) and z,, respectively. Furthermore, we also introduced the
following notational conventions:

i = g — 2y U = YV _ 20 ) o) _ )

i i i i

QE”) — f(T(n), Y;(”), Y;(”*m)) _ f(Tz(n)a Zz(n)7 Zl(”*m))

(3
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o o o
(n) (n) (n)
v — | | poaZ | | g = | @7 |

With (3.2) and the above notational conventions, we have

U = Q) + (B g N)U—™),
U™ =e®u, +h(Ae UM,
Upi1 = Uy + BT @ UM,

where ® denotes the Kronecker product between the two matrices.

o987

(3.5)

Theorem 3.1. Suppose an RK method (3.1) for ODEs is (k,1) -algebraically stable. Then,

the corresponding NRK method (3.2), for the problems of the class R, g with
a <0, B<allN|* and ha <21,

satisfies

(II) for 0<k<1, lim ||yn — Zn — N(yn,m zn,m)” =0.
n—o0

Proof. By (3.4),(3.5) we have

Up+1 — Nun+17m

= U, — Nty + (T @ U™ — b7 @ N)UP—™)
= U, — Ny 4+ b7 @ U™ — h(TB @ N)U—™)
= U, — Ny + b7 @ DU — (B o N)U"—™)]
= Uy — Ntp_pm + (0T @ 1)Q™,
and
U — (I N)Ur-™
= e® (tup — Ntn_m) + H(A U™ — h(A o N)U—™)
e® (up — Ntp_pm) + h(A® U™ — h(AB @ N)U»—m)
= e® (up — Ntup_m) + WA DHUMW — (B N)U"—™)]
= e® (Un — Ntn_m) +h(A® QM.
It follows from (3.7),(3.8) and the (k,[)—algebraic stability that

||un+1 Nupii—ml|? = kllup — Nup—nl®
-2 E d;Re(U™ — NU™™™ mQ\™ — (U™ — NU"T™))
= ||U'n+1 Nupy1— m” - k”“n Nuy— m” )
—2Re(U™ — (I ® N)UM=™) (D @ I)[hQ™ — (U™ — (I & N)U™"—m)])
= |lup — Nup—pm +h(0F @ 1)Q (”)||2 E|lup, — Nup_m|]? — 2Re(e @ (up — Ntp_pm)
+h(A® D™, (D ® DhQ™ ~ (e @ (un — Nug—m) + h(A® Q™))

= ( o zg(i‘)’“m) (G, 1) 2 1) (“” zg(i‘)”‘m ) ) <

(3.6)

(3.9)
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A combination of (3.9),(2.3) and (3.6) yields

lunt1 — Nun+1—m||2

< Elfun = Nugeml|> +2 3 dike(U™ — NU™™ pQ™ — y(u™ —
=1
< Blltn = Nug l? + 2ha Y dil U™ + 208 32 ;| UM ™)|2
=1 i=1
_2l . d, U(”) _NU(”) 2
X iU Al
1=
< Hllun = Nug-n|[* + 2ha 3 &(JU™ 12 + [N ]PIU™12)
1=
- (n) (n—m)
—20 Y dil|[U{Y — NUT™
=1
< Hllun = Ntno|* + (her = 20) ¥ d AU — NU™| P2
S k”un_NunmeZ;

i.e.
||Ufn - NUn—m” < \/E“U'n—l - NUn—l—m”-

Hence, it follows by an induction to (3.10) that

llun = Nun—mll < (VE)*[|6(0) = No(=7)ll,
which implies (IT).Further, when 0 < k < 1, by (3.11)

[lunll < [INIllun—mll + 1¢(0) = No(=7)|I.
Therefore, induction of (3.12) results in

qg—1

lunll <IN lan—gmll + (L + D INIH)I6(0) = No(=7),

i=1

C.J. ZHANG

NUT™Y)

(3.10)

(3.11)

(3.12)

(3.13)

where ¢ is a positive integer depended only on n and satisfies (¢ — 1)m < n < gm.Note that

Un—gm = @(tn—gm) and ||N|| < 1. So, (I) is proved by (3.13).

Theorem 3.1 shows that the NRK methods preserve the stability properties of the original
equations. In particular, when N = 0, by a slight modification to the proof of Theorem 3.1 we

can conclude

Theorem 3.2. Suppose an RK method (3.1) for ODEs is (k,l)- algebraically stable.Then,

the corresponding NRK method (3.2), for the problems of the class Rq g with

N=0, a<0, <0 and ha<lI,

satisfies

() for 0SES1, ln =zl < _max 16(6) — w(6)]|

(i) for 0<k <1, lim lyn —2zn] = 0.

Furthermore, using Theorem 3.1,3.2, respectively, we can directly obtain

Corollary 3.1. Suppose an RK method (3.1) for ODEs is algebraically stable. Then,
the corresponding NRK method (3.2), for the problems of the class R, with a < 0 and
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B < a||NJ|?, satisfies

2
- < —- - )

Corollary 3.2. Suppose an RK method (3.1) for ODEs is algebraically stable. Then, the
corresponding NRK method (3.2), for the problems of the class Ry g with

N=0, a<0 and <0,

satisfies

lyn = zull < max ||o(8) = (6)]]-

—7<0<0

From the presented analysis, it is readily find that all the statements can be extended to
the multidelay NDDEs of the form

%[y(t) - ZNzy(t - Tl)] = f(tay(t)7y(t - Tl)ay(t - T‘Z); e 7y(t - TP))7 t Z 07

i=1
y(t):¢(t)7 - ma‘X{Ti}StS(): Ti>0(i:1727"'7p)7
1<i<p
with
p
R@((ﬂ?l - 332) - Z Nz(yz - Zi);f(taxlaylay% s 7yp) - f(t,iL“z,Zl,Zz, .. '7Zp)>
i=1

p
< Oé”;l,'l — .’L'2||2 + E ﬁi”yi — Z,‘||2, t>0, x1,x2,Yi,2; € Cd(l =1,2,.. .,p).

=1
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