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THE ARTIFICIAL BOUNDARY CONDITION FOR EXTERIOR
OSEEN EQUATION IN 2-D SPACE*Y
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(Department of Mathematical Sciences, Tsinghua University, Beijing, 100084, China)

Abstract

A finite element method for the solution of Oseen equation in exterior domain is pro-
posed. In this method, a circular artificial boundary is introduced to make the com-
putational domain finite. Then, the exact relation between the normal stress and the
prescribed velocity field on the artificial boundary can be obtained analytically. This re-
lation can serve as an boundary condition for the boundary value problem defined on the
finite domain bounded by the artificial boundary. Numerical experiment is presented to
demonstrate the performance of the method.
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1. Introduction

PDEs defined on exterior domain can be encountered in many application fields. Typically,
the incompressible flow around a body is described by the exterior problem of Navier-Stokes
equation. In numerical simulation of this kind of problems, the unboundedness of the domain is
a comman difficulty. There are many methods to overcome this difficulty and the most popular
one is the artificial boundary method. By introducing an artificial boundary which devides the
exterior domain into a bounded part and an unbounded part, and setting up a suitable artificial
boundary condition, one can reduce the original exterior problem to a boundary value problem
defined only on the bounded domain which can then be solved by a suitable numerical method.
The readers are referred to [3, 4, 5, 6, 7, 8, 10, 11, 12, 13] for the details of various problems.

In this paper, the analogous method is proposed for the numerical solution of steady Oseen
equation. Suppose some objects are moving in R? with a constant speed. By dimensionlessness
procedure, the exterior Oseen equation is formulated as the following:

ou 1 ..

o —Vp+ ﬁAu, in Q, (1)
V-a=0, in Q, (2)
i = (_170)7 on F; (3)
@ — 0, when r — +o0. 4)

where Re is the Reynolds number. T is the smooth boundary of the objects and (2 is the exterior
domain with boundary I

2. Artificial Boundary Condition

Introduce an artificial boundary I'r = {(r,6)|r = R} where R is large enough such that
g C Q, then the artificial boundary I'r divides 2 into two parts: the unbounded part . =
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{(r,0)|r > R} and the bounded part Qx = Q\Q,. On the domain . we consider the restriction
of the solution of problem (1)-(4). From [2], we know in (2. the velocity field @ and the pressure
field p has the following expression
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where k = - ¢ and x are two multi-valued functions satisfying the following equations

Ap=0,in Q,
(A - 2k%)x =0, in Q..

Furthermore, they have the following expansions (see [2])
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where 7 = /(v — €)® + y2. Here and hereafter, K,, and I,, denote the first kind and second
kind modified Bessel functions respectively (see [1] for detail). After a computation, on ' we
have
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1 : : K,
q)71nn = §6n (Im—i-n + Im—n - K_n(IWH-n + [m—n)> 2> O,Tl > 0

. 1 , K

q’fnn = _(Im—n - Im+n - _n(Im*Tl - Im+n))7m > O,T’L >0
2 K,
82, = = > 0,0 = 0
1
vlo= m%&n(@n —m)p—n — 2n+m)lyn),m >0,n>0
1

V2= —ﬁ(@n —m)p—n+ 2n+m)lyin),m >0,n>0

!

. K,
Vrin =Ly + 75 Insm 2 0,n =0
0



and

8

1
2
1

993

n=~0
n>0

The argument of the modified Bessel functions K, and I, is kR and we omit it for the sake
of simplicity in the above and the following. If the prescribed velocity field @ has the following

expansion on I'p
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corresponding infinite matrix expressions of the inverse operators (if exist), we have

= Epn(Am = Dp),n >0 (13)
m=1
—+o0

dy = Em(Bm+Cp),n>0 (14)
m=1

Furthermore, from (7) and (9), we get a,, and b,,.

Now we come to the expression of the normal stress. The stress tensor is

= —pE + R— (Vu+ (Vi )T)

where E is the identity tensor. Then
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Here

Z q)mk‘—‘krw Z q)mk“k’ru m Z 0 (19)

Z \Ilmk_‘kna Z \I’mk‘—‘kna m >0 (20)

(15)-(16) is the exact artificial boundary condition. Now we can reduce the original problem to
the following one only defined in the bounded domain Qg:

9 —Vp+ R A, in Qp, (21)
V-i=0,in Qg, (22)
4 =(-1,0), on T, (23)
Onn = Onn(U|ry), on Tg (24)
Ont = one(tlry,), on T'g (25)

3. Variational Formulation and Its Approximation

:6}
N

Define

W = wl,wz ( (QR)) ,’lE

1=
w. ={ (w1,w2) € (H'(@p))*
- |

q € L*(QR), qu:()}
I'r

Now the reduced problem (21)-(25) is equivalent to the following mixed variational problem:
Find (@, p) € W, x @, such that

aog(W, @) + a1 (W, @) + az (W, @) + b(wW,p) = 0,YeW (26)
b(ﬁa ) = 07Vq € Q
where
I R L,
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a1 (@, ) —/ 724y (28)
1 ) Qn aCU
0> (&, 7) = — / (wr oo (@) + o Um(u|pR)>ds (29)
I'r
b(d,q) = —/ qV - ddo (30)
Qr

1
Here e(w) = 3 (V1ZJ'—|— (Vu']’)T) is the strain tensor.
Variational problem (26) has only the theoretical importance, for in the actual implemen-
tation three drawbacks are encountered. Firstly, the components of the velocity expansion

(5)-(6) should be truncated to L terms. Secondly, it’s impossible to get the exact expressions
of the infinite matrices {E},,n > 0,m > 0} and {Z2,,,n > 0,m > 0} in (13)-(14). But
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mny On: YL, and Y2 form > 0 and 0 < n < L in (19)-(20).
When k > L, all =}, and E7, decrease very rapldly If we truncate the infinite matrices to
{®L - mn,0<m<M0<n<M}and{<I> Lt U2 0<m< MO0<n< M} and get
their inverse matrices, =} and =2 can be fairly approx1mated. Numerical investigation shows
when Re < 30, R < 4, L < 10, M = 50 is large enough to get a sufficiently close solution.

Futhermore (19)-(20) can be replaced by

what we really need is ©} = ©2

Z q)mk‘—‘krw Z q)mk“k’ru m Z 0 (31)

Z \Ilmk_‘kna Z \I’mk‘—‘kna m 2 0 (32)

in the aspect of numerical approximation. Thirdly, in the expression of the normal stress, the
series should not be infinite. But this can be overcomed by truncting the first NV terms, the
standard procedure in artificial boundary method. After all these procedures, we denote the
approximate normal stress as o}, which has the following expression:

L N
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where

L
ol =>" 0}, (A, - D), @2*—29 (B, +Cpn), m>0

L
U= "0, (An—Dy), U= ZT (B, +Cp), m>0

Finnaly, if W and Q" are two proper subspaces of W, and @ respectively, we get the discrete
approximate mixed variational problem:
Find (@",p") € WP x Q", such that

{ao(w @) + ay (@, @) + al (@, @) + b(@", ph) = 0,vah € Wh (35)

b(”",qh) = 0,Y¢" e Q"



where

a3 (@, i) = / (w:f ot (@) + - o;t(ﬁh|r3>)ds
R

4. Numerical Example

We consider the Oseen flow around a circular cylinder with the radius of 1. The numeri-
cal results are compared with the analytical solution gained with the method proposed by S.
Tomotika and T. Aoi in [9]. Because of the symmetry of this problem, we can consider the
problem only in the upper semi-plane. First, we introduce a circle artificial boundary I'g with
R = 2, then we divide the interval [1,2] into N, equal parts. We also divide the [0, 7] into Ny
equal parts and we get IV, x Ny equal rectangles in the polar system. Divide each quadrangle
into two triangles in cartisian system, we get the final mesh and denote it with N, x Np.

Table 1: The error ||@ — @" || on the grid point for Re = 2, M = 40 and N = 20

Mesh L=2 L=4 L=6 L=10
12x6 9.4326FE —002 1.4903FE —002 1.3078E —002 1.1717E — 002
24 x12 9.3642E — 002 4.8787E — 003 3.8912E — 003 3.6008E — 003
36 x 12 9.3530E — 002 3.2302E — 003 2.3233E — 003 2.1225E — 003

P> — Py mixed finite element is used in the computation. From table 1, we see that both
increasing the order of the artificial boundary condition and refining the mesh can decrease the
error. After the mesh is sufficiently refined, the error originated from the series truncating is
dominating and we should use more series terms in order to get a higher approximation. Figure
1 shows the stream line calculated when L = 10 and mesh 36 x 12 is used. It’s seen that there
are two standing eddies behind the cylinder. This flow pattern is in very good agreement with
that gained in [9)].

Figure 1: Stream-line plot of Oseen flow with Re = 2 around a circular cylinder with radius of 1.
The artificial boundary is a circle with radius of 2.
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