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Abstract

In this work, a singularly perturbed two-point boundary value problem of convection-
diffusion type is considered. An hp version finite element method on a strongly graded
piecewise uniform mesh of Shishkin type is used to solve the model problem. With the
analytic assumption of the input data, it is shown that the method converges exponentially
and the convergence is uniformly valid with respect to the singular perturbation parameter.
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1. Introduction

In practice, we often encounter differential equations with small (or large) parameters. When
these parameters go to extremal, the equations are usually singularly perturbed. One typical be-
havior of the singular perturbation is the so-called boundary layers. The existence of the bound-
ary layers causes difficulty in numerically solving these problems. The conventional methods
fail to converge since the convergence deteriorated at the limits of the small (large) parameters.
A successful numerical algorithm should converge uniformly with respect to singular perturba-
tion parameters. There is a rich literature on numerical methods for problems with boundary
layers. The reader is referred to recent books of Miller et al. [13], Morton [14], Roos et al. [15],
and references therein.

Concerning singularly perturbed problems, it is common knowledge that solving convection-
diffusion equations is usually harder than solving reaction-diffusion equations. The main dif-
ficulty with generalizing the theoretical analysis for reaction-diffusion problems to convection-
diffusion problems is that the bilinear forms of the latter are not uniformly continuous with
respect to the singular perturbation parameter €. To be more precise, for the reaction-diffusion
problem, there exists a constant C' independent of €, so that the inequality

| Be(u,v)| < Cllullel[v]]e (1.1)

holds for an energy norm || - ||c. Here B.(:,-) is the bilinear form of the variational formula-
tion. However, this property is not valid for the convection-diffusion problem. The lack of the
stability property (1.1) prevents us from following the standard analysis. In order to overcome
this difficulty, many methods are suggested in the literature, among which, the most popular
are streamline-diffusion technique and the Petrov-Galerkin method (see, e.g., [6, 7, 8, 10, 15]).
However, the Petrov-Galerkin method is difficult to be generalized to multidimensional settings
and the streamline diffusion method alone is not able to resolve the boundary layer. If the
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boundary layer is concerned, a practical procedure would be to start with the streamline diffu-
sion method, adapting the mesh by an a posteriori error estimate, and eventually resolving the
boundary layer. An important question naturally arises: what is the quality of the numerical
approximation when the mesh is consistent with the boundary layer?

In this work, a singularly perturbed two-point boundary value problem of convection-
diffusion type is considered. A special hp finite element method that uses piecewise uniform
meshes, a uniform mesh outside the boundary layer region and a much smaller uniform mesh
in the boundary layer region, is applied. The convergence analysis avoids the use of (1.1) by
adopting a different framework from the traditional one. Furthermore, the analysis is carried
out on the element level which allows the use of some fundamental results form approximation
theory to tracking the exact dependence on p and h, thereby to compensate the boundary layer
influence. The main result of this paper is to establish, under the analytic assumption of the
input data, an exponential convergent rate for the energy norm, a rate which is uniformly valid
with respect to the singular perturbation parameter e for the proposed method.

In an independent work done recently by Melenk and Schwab [12], the authors obtained
exponential convergence for both hp and hp streamline diffusion finite element methods. How-
ever, the current approach is simpler which provides explicit dependence of the convergent rate
on the regularity constants. Furthermore, the proof here is elementary and self-contained.

Since the publication of the first theoretical paper [2] on the p-version finite element method,
many works have been done on the p and hp methods. For the general information, the reader
is referred to [1, 5, 16, 18] and references therein.

2. Main Results

Consider the following steady state one-dimensional convection-diffusion model problem.
(Leu)(z) = —eu” (2) + a(z)u' (z) + b(x)u(z) = f(x) in v=(0,1), u(0)=u(l)=0 (2.1)

with .
a(z) >a>0, bx)— @ >0 Vzeq. (2.2)

It has been shown in [13, Chapter 9] that there is no essential loss of generality in assuming
the above rather than
a(z) >a >0, bx)>p, Vre?. (2.3)

Numerical difficulty arises when the diffusion parameter € is small. In this case, the model
problem is singularly perturbed. In order to design a good numerical algorithm, it is necessary to
understand the boundary layer behavior of the problem. This understanding involves regularity
analysis based on the input data. In this work, we utilize the regularity result in [10] for (2.1)
under the analytic assumption on the input data. For small €, the solution v can be decomposed
into

m
u:Zejuj+ue+rm:wm+ue+rm (2.4)
j=0

where uj, uc, and ry, are determined by the following initial value problems and boundary value
problems:

a(@)ug(z) +b(z)uo(z) = f(z), uo(0) =0;
a(w)ul g (@) +b(z)ujpi () = wuj(z), wup1(0)=0, j=0,1,...,m—1;
Leue = 07 UG(O) = 07 U’E(]‘) = _wm(l)a

Ly, = €™’ r,(0)=0=r,(1).

m?
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Under the essential condition (2.3) and the analytic assumption of the input data a, b, and f
in the following form,

1a® L) < Cargs W Nlpe() < Oy P llpyy < Cpfs

for some constants C4,Cy, Ct,Ya, 76,7r > 0 and any non-negative integer k, the following
regularity results have been established

lu||po(yy < Kvy*max(k,e ')* Vi, (2.5)

[ ()] < K~*max(k,e ke o=0/c Vi e 4. (2.6)

If 0 < emy <1, then

o ey < KAFkD VE, (2.7)
1P ey < K ¥(emy)™ k=0,1,2. (2.8)

A formal proof of these results can be found in [10]. In order to avoid going into too much
technical detail, we simply assume the regularity (2.5) — (2.8) in this work.
By defining bilinear form

1
B (u,v) = ¢(u,v") + (av',v) + (bu,v) with (w,2)= / w(z)z(z)dz,
0
under the homogeneous Dirichlet boundary condition, we can show that

1
(av',v) = —i(a'v, v).

Therefore,
1
BE(U,U) = 6(’Ulavl) + ((b - EGI)U,U) > G(Ulavl) + Co(U,U) = ||’U||§ (29)
where 1
— ot
co = min(b(z) — a' ().
Here we have defined an energy norm || - ||..

The weak form of (2.1) is the following variational problem: Find u € Hg(v) such that
Be(u,v) = (f,v) Vv € Hy(7).
Next we define the finite element space. Let

ep+1) 1
75)7

7 = min(

and divide both intervals (0,1 —7) and (1 —7,1) into N equal subintervals. Hence there are two
different mesh-size h = (1—7)/N < 1/N and h = 7/N. On this piecewise uniform mesh, which
we denote as T4’°, we define the standard C° finite element space V& that contains piecewise
polynomials of degree p. The total number of degrees of freedom is then dimVy{ = 2pN — 1.
The finite element method is to find up, € VA’ such that

Be(upp,v) = (f,v) Yve Ve

Remark 2.1. With minor modification, the analysis can be generalized to piecewise quasi-
uniform meshes with » = O(1/N) and h = O(7/N). However, we stay with the piecewise
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e(p+1)

uniform mesh for simplicity. Also, we will assume that < — since otherwise, it would

N | =

be the uniform mesh and we are back to the standard case.a

Remark 2.2. A strongly graded mesh with one element of length kep at boundary layer
was first introduced by Schwab and Suri in [17] for a singularly perturbed one-dimensional
reaction-diffusion problem with a constant coefficient and later used by Melenk and Schwab in
[10] and [12] for the singularly perturbed convection-diffusion problem (2.1).

The analysis will be separated into the asymptotic phase €(p+1) > 1 and the pre-asymptotic
phase e(p+ 1) < 1. Indeed, in the asymptotic phase, the boundary layer is compensated by the
polynomial degree p, and the uniform or quasi-uniform meshes suffice to warrant an exponential
convergence. It is in the pre-asymptotic phase that the mesh refinement in the boundary layer
region is necessary.

In order to prove the exponential convergence of the finite element approximation, we shall
prove that there exists I.u € V& such that

|Be(u — Ieu,v)| < Cpe™P|lv]|le Vv e VS, (2.10)
or
|Be(u — Lu,v)| < C(p+ VN)e P||v]|. Vv e VES (2.11)
and
|l — Ieu||e < Cpe™ 7P, (2.12)

where constant C' is independent of €, p, and N.

Theorem 2.1. Assume that €(p + 1) > 1. Let u be the solution of (2.1) that satisfies
(2.5) and let I.u = us be the p + 1-point Gauss-Lobatto interpolation of u on a quasi-uniform
mesh with the maximum mesh-size h satisfying eyh/4 < 1. Then there exists a constant C
independent of h, p, and €, such that both (2.10) and (2.12) are valid with ¢ = —In(eyh/4).

Theorem 2.2. Assume that e(p+ 1) < 1. Let u be the solution of (2.1) that satisfies (2.5)
- (2.8), and let

tvy 1 4h
A=t T2 l<1, py <1 (,u:%).

4aN 27 4

Then there exists I.u € V{7, a special interpolation of u on the piecewise uniform mesh 73%°
with the maximum mesh size h (< 1/N), and a constant C' independent of N, p, and €, such
that, (a) (2.10) and (2.12) are valid when eN > ey(1+ a~1)/2; (b) (2.11) and (2.12) are valid
when eN < ey(1+ a~1)/2; with ¢ = min(In 2, — In(yh/4), —pIn(uy)).

The proof of Theorem 2.1 and Theorem 2.2 will be postponed to the next section. Now we
state and prove the main result.

Theorem 2.3. Let u be the solution of the model problem (2.1) that satisfies the regularity
assumptions (2.5) — (2.8), and let up, be the CV finite element (of order p) approximation of
on a mesh either in Theorem 2.1 or Theorem 2.2. Then there exists ¢ > 0 as in Theorem 2.1
or Theorem 2.2, respectively, such that

|w — upplle < Cpe™ P, (2.13)

or
llu = upplle < C(p+VN)e™, when e(p+1)<1, eN < %(1 +a ). (2.14)

where C' is a constant independent of N, p and e.
Proof. Let I.u be the special interpolant as in Theorem 2.1 or Theorem 2.2, respectively.
By (2.9) and (2.10),

||wnp — Ieu||f < Be(upp — Leu,upp — Ieu) = Be(u — Teu, upp — Iu) < Cpe” P||lupp — Teu||e.
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Canceling ||upp — Icul|c on both ends, we have
[|lunp — Leulle < Cpe™P. (2.15)
Combining (2.15) with the triangle inequality and (2.12) yields
llu = unplle < [lu— Leulle + [Junp — Teulle < Cpe™?.

The case when (2.11) is used, instead of (2.10), can be proved similarly. ®

Remark 2.3. Generalization of the method to a higher dimension is feasible. However, the
regularity analysis can be very complicated. As far as the regularity is concerned, this author
is not aware of any complete regularity analysis for the two-dimensional convection-diffusion
equations in polygonal domains, although there are some recent works on reaction-diffusion
equations (see, for example, [9] and [11]).

3. Analysis

The proof of Theorem 2.1 and Theorem 2.2 is based on lemmas in this section. Standard
notations are used here. For example, h; is the length of the element v; = (z;—1, ;) and || - ||
denotes the Ly-norm. An index will be given to indicate an inner product or a norm on a
sub-domain such as

(0,2)1 = / @), ol = [ 0 (@)de.

Throughout this section, we use the sub-index I to denote the piecewise Lagrange interpo-
lation at the p+ 1 Gauss-Lobatto points on each element. To be more precise, let z; 1 = tgi) <
tgi) < < t;fll = z; be the Gauss-Lobatto points on [z;_1,;], i.e., téi) < tgi) < < téi) are
zeros of the derivative of the Legendre polynomial of degree p on [z;—1,;]. Then we have

ur(@) = ut?) + (@ — 6t 1] + (@ — 67 (@ — )t 15, 5]
+o gy (@)ult? 6,
(u—ur)(@) = Gppr (@ult?, 6, £ 2] (3.1)
where u[t%i),tgi), e ,t;ci)] is the kth-order Newton divided difference of u and
V(@) = (x =t (@ = 1) - (x — 1),

The residue term (3.1) can be estimated by

fult”, 657, 575l < (3:2)
/2 piy\ptl h;\ pt1

(e —oept/2(
@ < B-(5) =20(F) (3.3)

and o . - .
(u[tgl),tg), e ,t;cz),:c])' = u[tgz),tgz), e ,t;cz),:c, x] (3.4)

o (hi\P

[ (@) < /2 (), (3.5)

for any x € (x;—1, ;) with the constant ¢ ~ /7. The bound (3.2) and the identity (3.4) are from
the standard interpolation theory and can be found in most of numerical analysis textbooks.
The proof of the estimates (3.3) and (3.5) are provided in the appendix.
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In the asymptotic phase when e(p + 1) > 1. By the regularity result (2.5), we have

K
(e k™2 k>p+1. (3.6)

||’U’(k)||L°°(fy) < KyFEF < =

Here we have used the Stirling’s formula (0.9).
In the analysis we also need an inverse inequality of the hp-version:

1/s 2 1/s
(/ W @)rar) < cp—(/ p)dz) " Vo e VB, s € (0,00), (3.7)
Yi h Yi

with a constant C' independent of p and h. Here the factor p? is from the Markov inequality [3,
p.402, Theorem A.4.14 ].
Remark 3.1. By the definition, we can verify that

| Be(w, )] < C([lwllellvlle + [(w', 0)]),
or
| Be(w, )] < C([lwllellvlle + [(w, v)]),

for a constant C' that depends only on a and b. Therefore, in order to prove (2.10) or (2.11),
we only need to establish (2.12) and estimate |(u' — u},v)| for e(p +1) > 1.

Lemma 3.1. Assume that e(p + 1) > 1. Let u be the solution of (2.1) that satisfies (2.5)
and let u; be the p + 1-point Gauss-Lobatto interpolation of u on a quasi-uniform mesh with
the maximum mesh-size h satisfying eyh/4 < 1. Then there exist a constant C independent of
h, p, and €, such that

lu —urlle < Ce™?P, |(u" —up,v)| < Cpe”7|lv],

where 0 = —In(eyh/4).
Proof. Using (3.1) — (3.6) and regularity (2.5), we have

(u' —up,u’ —up)y,

- / (W (@)ultt? 887, 80 2]+ e (@)t 85 6) |, 2]) de

Ti—1

< 2 / (Wb oy ()2t 68, 8 4 e (@)t 5 6 2, 2] dee

i—1

1 evh;\2p eyh;\2(p+1)
< (2,2 2 i 2 2 i N '
< — (AU (TR) T +acmre? ()T )k (3.8)
Summing up all elements, we have
. 5 h\ 2pr 5 o
' =l < 022 () = Cpre (3.9)

and consequently,
|(u" = up, 0)] < lu" = uf[[lv]] < Cpe™Plu]]. (3.10)

On the other hand,

(2¢K)? (evhi ) 2(p+1) L

(u—ur,u =)y, = / e (@)Pulty 6 ) aPde < S (<
Ti-1
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Summing up all elements, we have

B2+
%) T oo, (3.11)

lu—wr? < 3
Note that (p+ 1)~ < ¢, the conclusion follows by collecting (3.9) — (3.11). m
Our main effort is devoted to the pre-asymptotic phase €(p+ 1) < 1 in which case we define
a special interpolation in V3,

Tew = wp, 1 + Ue, 1. + Ty

with wp, s, the piecewise Lagrange interpolation of w,, at the p+ 1 Gauss-Lobatto points; ry, ,
the piecewise linear interpolation of r,,; and u, ;. = uc,; when eN > ey(1 4+ a~!)/2 and

Ueg, 1—7T<2x<1
! T=%=2 Ghen eN<?(1—|—ofl), (3.12)

Ue, ], = -
e { l;;, 0<z<1l-71

where _
L (z) = UE(].—T)#, l-7—h<z<l-71
0, 0<z<l-7-h

We see that the support of [, contains only one element, namely, the first element adjacent to
the transition point outside the boundary layer region. Notice that [,(1 — 7) = u.(1 — 7) and
L,(1l—7— l_z) = 0. The idea is to make u.,j_essentially the Gauss-Lobatto interpolation of u. in
the boundary layer region and zero outside. This may result in a discontinuity at the transition
point 1 — 7. By introducing the linear function [/, we preserve the continuity of u. .. Note
that

Ueg.(1—7—h)=0, uer.(1—7)=u(l—-r1).

Using the regularity of u,, a direct calculation shows that

NP = huo(l—7)%/3 < Che™227/¢ = Che™ 2Pt (3.13)
el = euc(l—7)2/h < CeNe 227/c < C'e™2PHD) | if N < ?(1 +a™),(3.14)
@)l < lllos—r < OV @+l (3.15)

Here we have used the inverse inequality (3.7). We see that the existence of [ does not influence
the exponential convergent rate.
As explained in Remark 3.1, we only need to establish (2.12) and estimate each of

|(u€ - u€71€,1}l)|, |(w;n - w;n,I:U)L and |(T;n - T;n,lvv)|

fore(p+1) < 1.
Lemma 3.2. Assume that e(p + 1) < 1. Let uc ;. € Vi'© be the special interpolant of u.
el+1/N,Y 1
< —

defined by (3.12) on the piecewise uniform mesh 74 and let N satisfy A = Aol 5
o)

Then there exists a constant C' independent of NV, p, and €, such that

||ue - UE,I€ € S Cpeia—p;

[(ue — weg, ’Ul)| < Cpe=P||v]f, eN %
€ 3y ) = C(p‘F\/N)e*UpH'U”E, eN %(14_&71)

with o = 1n 2.
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Proof. (a) We first consider eN > ey(1 + a~')/2 in which case u.,j, = u.,; and

eyﬁ_eye(p+1)< ey <1_
e 4e aN 4aeN ~ 2

eh ey 1

4e < 4eN < 2
Recalling the regularity (2.6), we use the same residue expression as in (3.8) to estimate

2 < (e (D) s (e (D)) emroti=m0 e, (3.16)

! !
6”“’6 - U’E,I Yi 4:6

Summing up all elements we obtain,

2N
€||ule _ uI€7I||2 < C€—1p22—2pe2ah/e Ze—2a(1—xi_1)/€hi < Clp22_2p. (317)
i=1

Note that
2N ~ 2N 1 C
S em2ali=a/ep, < gPah/e Y gm2ali-zi0)/ep, < C/ e—200-a) /ey < Y€
i=1 B i=1 B 0 " 20

when eN > ey(1+a1)/2.
Similarly, we obtain

hs 2(p+1)
||ue _ UE7I||2i S C <€7 z) 6—2a(l_wi)/ehi;

4e
e — ue g]|* < Ce272PH) (3.18)
(e = wer,v")| < Ce/22=PFV|1 || < 027D ||y, (3.19)

Combining (3.17) — (3.19), we have proved the theorem for eN > ey(1+ a~1)/2.
(b) We now consider eN < ey(1+ a~1)/2.
(bl) When v; C (1 —7,1), ue, 1. = ue,r, therefore, we can use the same expression (3.16),

\ 2P A 2(p+1)
6HulE . u;[“ii < Ce ! [pZ <€7hz> n (6'7hz> ] e—2a(1—xi)/ehi

4e 4e
to derive
) 1
- €Y \* 2an/e —2a(l—z)/¢
ellul —ul 13—, < Ce'p? (—) e e dx
N (1 ,1) 4:OéN I
141\ %
< Clp2 (64 ;VV7> < Clp22—2p'

a

Similarly,

) hs 2(p+1) )
||uE — U s FZYZ S C <67 l) 6720((1*1”)/6}74’;

4e

€1+%’)/ 2(p+1)
||U'€ - U’e,IH?lf‘r,l) S Ce 4aN S 062_2(p+1)7 (320)
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+1
e+t \’ e
(e = e ")t ry| < CE2 (TN” Wl <c2 el @2

(b2) On (0,1 —7), uc . =I;. By the regularity, we have

1—7 ) 1/2
lhoi-n = ([ w@ras)

1-7 1/2
< K76_1(/ e—2a(1—ac)/ed$)
0

. 1/2 K~y .
< 1(_€ —2ar/e — 1 —1/2,—(p+1).
KYC (2 e ) \/2_6 € )

1-7 ) 1/2
laoan = ([ uleyar)

L= 1/2 K
—2a(l—z)/e 1/2 = (p+1)
i /0 e de) s e,

IN

20

Recall the estimates for [, and we have (note that N < Ce™1),

!

lut = ul 1 ll01-7) < Nutlloa—r) + ] < Ce/2e”HY; (3.22)

c _
©,1—7) < luello,i—r) + 1] < N (1), (3.23)

llue — Ue, 1.

IN

|(ue; v,)(O,l—T) | + |(l;'7 U)(O,l—T) |
2|y + OV Ne PH|ju] < OV Ne H|ju]3.24

|(ue — Ue, I, U’)(O,I—T)|

IN

Conclusion for the case eN < ey(1+ a™1)/2 follows by combining (3.20) — (3.24). m

Lemma 3.3. Assume that e(p + 1) < 1. We choose m = py with py < 1. Let wp, r be the
p + 1-point Gauss-Lobatto interpolation of wy,, let ry,; be the linear interpolation of r,,, and
let the maximum mesh-size h satisfy yh/4 < 1. Then there exists a constant C' independent of
h, p, and €, such that,

|(wyy = wyy 1, 0)| < Cpe7P|Jvlle, (i = 7 1 0)] < Ce PP,

||wm - wm,IHe < Ce™7P, ||Tm - rm,IHe < C\/Ee—pp,

where 0 = —In(hvy/4) and p = —pln(uy).

Proof. By the choice of u, we see that em~y < 1 and the regularity (2.7) — (2.8) are valid.
Based on (2.7), we can obtain the desired estimate for w,, — w, ; the same way as we did for
u—uy in the proof of Lemma 3.1. Since the term k! instead of k* appears in the regularity (2.7),
the Stirling’s formula is not needed, and consequently, the factor e does not appear. Therefore,
the condition here is yh/4 < 1 instead of eyh/4 < 1 in Lemma 3.1.

Using the regularity result (2.8) for r,, with ¥ = 0,1 and the piecewise linear interpolation
T, for ry,, we have

[(r = 7,00 < (] + DNl < Cemy)™ (o]
ellrn, = i lI* + [Irm = rmal? < Ce(emy)*™.
Recall pe < 1, m = up with p satisfying puy < 1, and we have,

[y = Py 0)] < Clu) loll = ¢ #lloll, [l — Palle < CeM/2e 7,

m m,I»
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with p = —pln(uy). B
Proof of (2.10) — (2.12).
(a) e(p+ 1) > 1. Choose I.u = uy, recall Remark 3.1, and Lemma 3.1 yields (2.12), (2.10).
(b) e(p+ 1) < 1. By the decomposition of (2.4), we have

lu — Leulle < f|wm — wm,ille + [|ue — e,

€ + ||rm - rm7l||€;

|((u = Lew)', 0)] < [(wy, — why 1, 0)] + [(we = tie e, )| 4 [(r7 = 175 0)]-
and consequently, (2.12) and (2.10) (or (2.11)) follow from Lemmas 3.2-3.3 (see Remark 3.1).

Appendix
pt1

h; hi\*
By linear mapping from [—1, 1] to [z;_1,z;], the terms <Ez (for tp41(z)) and (é)

(for ¢}, (x)) are generated. In order to obtain the constants cp!/?/2P (for tp41(x)) and
cp’/?/2° (for ¢, (x)), we only need to consider the related interpolation on [—1,1].

Let {&}?_, be Gauss-Lobatto interpolation points. According to [4, p.57], & = —1, &, =1,
and & (i = 1,...,p — 1) are zeros of L, ({) where L, is the Legendre polynomial of degree p.
We list some basic formulas of the Legendre polynomials [4, pp.60-62]:

(1=€)L, ) +plp+ 1) Ly(&) = 0; (0.1)
1 [p/2] (P (20 =2\ ot
=g 20 (1) (7, e 0.2
2p+1)Ly(§) = Lyp11 (&) = L1 (§)- (0.3)
We see that
Ppr1(€) = (€= &) (€ —&) - (- &) = cp)(E% —1)Ly(6), (0.4)
where
9p
C(p) - ]szp),

which is determined by utilizing (0.2) and comparing the coefficients of the leading term &P.
We shall estimate

o1 (] 1141 (E)]-

§
b (© =/ 25— [ Ly0de, p=12.. (0.5)

(From (0.3), we are able to verify that

Define, as in [18, p.38],

1

Pp+1(§) = m(%ﬂ(f) = Ly-1(8))- (0.6)

Substitute (0.3) into (0.1), integrate the resultant, and we have

plp+1)

(1- L) + 5E

(Lp11(8) — Lp-1(8)) = 0. (0.7)
Recall (0.4), we then have

Yp+1(§) = e1(p)(Lp+1(§) — Lp—1(8)) (0.8)
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where
2°(p+1) B op 9p+1

@+ 1)~ (o) T ey

al(p) =

We use the Stirling’s formula

1
V22 < ple® < 2rnn /2 (1 + E) (0.9)
to obtain estimates
= CEUER g et 1
1 2p + 2)! (2p + 2)20+2,/27(2p + 2) Alp+1)
w(p+1) 1 2
= 1
2+l ( +4(p+1)) ’

and
w(p+1) 1 -1
alp) > o (1 8+ 1)) '

Using the fact that |Li ()| <1 on [—1,1], we then have

7T1/2(p + 1)1/2

|thp+1(8)] < 2c1(p) ~ >

Note that

min max |(§ —&)(§—&) - (§— &) = max T,.4(8)/2" =277,

i
€0,€1,--,€p€[—1,1] —1<£<1 —1<€<1

where T}11 is the Chebyshev polynomial (of degree p + 1) of the first kind.
Comparing (0.8) with (0.6), we have

Pp1(§) = c1(p)vV2(2p + 1)p1 ().
Then using (0.5),

U1 (6) = &1 ) V2P + )| 2L, 6),
and hence,
71.1/2(1)_'_ 1)3/2

Y1 (O] Scr(p)2p+ 1) & op
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