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STRUCTURE-PRESERVING ALGORITHMS FOR DYNAMICAL
SYSTEMS*
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Abstract

We study structure-preserving algorithms to phase space volume for linear dynamical
systems y = Ly for which arbitrarily high order explicit symmetric structure-preserving
schemes,i.e. the numerical solutions generated by the schemes satisfy det(%g—é) = eMtrl
where trL is the trace of matrix L, can be constructed. For nonlinear dynamical systems
7 = f(y) Feng-Shang first-order volume-preserving scheme can be also constructed starting
from modified € - methods and is shown that the scheme is structure-preserving to phase
space volume.

Key words: structure-preserving algorithm, phase space volume, source-free dynamical
system.

1. Introduction

Consider the ODEg

I

el
dt
with solutions y(t) and Jacobian B(t) = gi’ 3 which satisfies the initial problem

{ 4B(t)=FB
B(o) =1,

where F(y) = df (y) is the derivative of the vector field f. We have

%det B(t) = det B(t)tr(B™" %B) = det B(t) trF

so that phase space volume contracts, conserves or expands when trF < 0, trF  =0or F > 0
for all y respectively. trF is divergence or trace of the vector field f. Up to now in the field of
numerical integration, much work [2]-[7],[9] has been done in maintaining the preservation of
phase space volume for source-free dynamical systemes:

=), yeR D

dy n
=W, yeR (1.2)
which satisfy
(div f)(y Z g;} =0. (1.3)

Definition 1.1. In numerically solving a source—free system (1.2)-(1.3), an one-step scheme
is called volume-preserving scheme if, as applied to the source-free systems, the numerical
solutions generated by the one-step scheme satisfy the volume-preserving condition

det (ng)) -1 (1.4)

* Received.
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Already for linear source-free systems of dimension n > 3, a key Lemma 1 in [2] shows that
no standard method can be volume-preserving. This negative result motivates the search for
new methods which can maintain the preserving of phase space volume. Up to the present
the following approaches are found: First the splitting idea yields an approach, for example,
proposed by K.feng & Z.J.Shang [2] which comes from decomposing a source-free voctor field
as a finite sum of 2-dimensional Hamcltionian fields for which symplectic Euler formula is used.
Second approach comes from using generating function [5]-[7].

For standard method, for example, Runge-Kutta method and so on only some special source-
free systems have been discussed [4],]9].

This paper is organized as follows. In Section 2, we aim at perfecting the work of [4].
It is shown that for some special source-free systems symmetric and symplectic Runge-Kutta
methods as well as symmetric partitioned RK methods with b; = b;,i = 1,---, s are volume-
preserving. In Section 3, for a general linear dynamical system 3 = Ly first doing exponential
transformation, and applying a modified #-method to the new system generated by the trans-
formation can yield some first-order explicit structure-preserving schemes which satisfy

det(g—z;) = eMrL and then we compose the first-order schemes into arbitrarily high order
explicit symmetric structure-preserving ones. In Section 4, for non-linear dynamical systems
¥ = f(y) Feng-Shang first-order volume-preserving scheme can be also constructed starting
modified 0 - methods and is shown that the scheme is structure-preserving to phase space
volume.

2. Volume-preserving scheme for linear system with canonical form

As an example, already discussing in all details [2] linear source-free system in 3

dy _ Ly, (2.1)
dt
trL =0 (2.2)
solved by trapezied formula will give us valuable enlightenment. First we can get algorithmic
approximation G" to e? = exp(hL) with

h h
h=(I-;L)'I+ L
G'=(~-5L)" (I +3L),

in general, it is scarcely possible that det(G") = 1. Now we pay attention to the following fact
of the matter:

For matrix L = (lij)?7j:1 which satisfies trL = 0, there exists a reversible matrix P such
that the value of P~1LP only takes one of

0 0 0 A 0 0
0 —)\1 0 and 0 )\2 0 y
0 0 A1 0 0 As

3 3
where Y A\; =0 and [[ A; = det(L). Obviously, only the first case (0, —A1, A1)
i=1 i=1

means that it is possible for the systems (2.1)-(2.2) to be stable, and leads to det(G") = 1,
i.e. trapezoid formula being volume-preserving. Orther case means that corresponding linear
source-free systems (2.1)-(2.2) are not stable (that is, at least, there exists a component of
solutions for systems (2.1)-(2.2) being unbounded as ¢ — 00), and leads to trapezied formula
being non-volume-preserving.

Now we extend such discussion to n-dimension linear source-free system.

In many application linear source-free systems (2.1)-(2.2) considered in R™ are stable, so
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there exist reversible matrix P such that

. . 0 —H1 0 —Hn—2
dlag (OaiAla 7i)‘[n/2]) or dlag (07 ( p2 0 ) ) ) < fin—1 0 >)7

as n = add number

. . 0o - 0  —ftn_
dlag(¢>\1,'--,i>\n/2)Ordlag(<M 0N1>,...,<un OH 1>)

PlLP =

as n = even number,

(2.3)
if it is not the case, corresponding linear source-free systems (2.1)-(2.2) in ™ are not stable
and arise rarely in practice, therefore dividing linear source-free systems (2.1)-(2.2) in R™ into
two categories is reasonable.

Definition 2.1. A linear source-free system (2.1)-(2.2) in R" satisfying the condition (2.3)is
called the canonical form of (2.1)-(2.2)(or canonical system), otherwise, non-canonical form (or
non-canonical system).

Remark 1. Any stable linear source-free system (2.1)-(2.2) in R” is a canonical system.

Remark 2. If Lis a real skew-symmetric matrix, then the system (2.1) is a canonical one.
This is because under this assumption we can find from matrix theory an orthogonal matrix ¢

such that
diag (0, 0 H N 0 Hin/2] ), as n = add number,
0TLO = —m 0 —ns2; 0
diag((ou gl>,---,<0u/ g”/z >), as n = even number,
—H1 “HMn/2

where some of the u; may be zero.
For initial value problem (2.1) with y|;—o = yo if we perform the transformation y = Pz

then (2.1) is translated into the initial value problem
dx -1 T T n
& —plLP=Lz, LeR
dt 7 7

{ zo = P~ 'y,. (24)

Thus there are 9y(t) de(t)
Y T -1
—~-=P—=P
Yo 0z

y(t) ox(t)
det = det
‘ ( Yo ¢ Oxo )’
where (831"’—?1([?) and (83”’—;?) stand for the Jacobi matrix of solutions of (2.1) and (2.4) respectively.

Remark 3. Applying one-step of a Runge-Kutta method to the initial value problem (2.1)

and (2.4) in R leads to
Jy, or1
L) — . 2.
det ( 8y0> det < 8330) (2.5)

A Runge-Kutta method for the solution of (2.1) is given by

XiZZEo-l-hZa,'jLXj, 1<i<s
Jj=1

h (2.6)
Ty =x9+h Z b;LX;.
i=1

Let I, denotes an n x n unit matrix, X = (Xi,---,X)7, A = A® I,,b = b ® I,, and

e, = e® I, where the symbol B ® C' denotes the Kronecker product of the matrices B and C.
Thus (2.6) can be written in more compact form

{ X = e,z + hALX (2.7a)

1 = Xo + hbLX. (27b)
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This leads straightforwardly to the following expression for the Jacobi matrix of solutions
generated by Runge-Kutta method (2.7)

<axl> - (ISH + hi)TL([sn - hAL)_len) : (2.7)

do

By general knowledge coming from linear algebra (see also [4] or [9]), it is easy to get from
(2.7)

dx1 det (I, + h(eb? — A) ® I,,L)
¢ <8az0> det (I, — hAL) (28)
If the Runge-Kutta method is symmetric [8], [11] we can obtain
0y det (Is, + hAL)
det [ =— ) = —. 2.9
¢ <8az0> det (I, — hAL) (29)
By Remark 3 there is
Isn + hAL Isp + hAL
dot Ory\ _ det (Jsn +hAL) _ det (Isn + hAI )' (2.9
dz0) ~ det (I, — hAL)  det (I, — AL)

where L = P'LP.

And since the stability function of symplectic Runge-Kutta methods satisfies [1]

R(Z)R(—Z) =1 for all complex Z,
thus applying symplectic RK to the linear system (2.1) leads also to (2.9). Therefore by
Definition 2.1., (2.9) and (2.9)’ we can obtain the following result:

Theorem 2.2. For the canonical system (2.1)-(2.2) in R" all symmetric Runge-Kutta
methods and symplectic ones are volume-preserving.

The same argument shows that the following result holds also:

Theorem 2.3. For the canonical system (2.1)-(2.2) in #" all symmetric partitioned Runge-
Kutta methods with weights b; = b;,i = 1,---, s, are volume-preserving.

Remark 4. For the canonical systems (2.1)-(2.2) in R” non-symmetric symplectic parti-
tioned Runge-Kutta methods are not volume-preserving. For example, it is easy to verify that
symplectic Euler formula applied to following canonical system

x
dz 0 mn _mn
336 nl ! nl !
dt n T n

z

leads to det (ZELu21)y £

9(z0,Y0,20)

3. Structure-preserving schemes for linear dynamical systems

If ODEgs(1.1) discussed in Section 1. is linear dynamical systems § = Ly, y € R", then
Jacabian B(t) = 9ut) _ eLt gatisfies obviously the initial value problem

Yo
{ L B(t) = LB(t)
B(O)=1
and
% det (B(1)) = det (B(2)) tr L.

In this section we consider trL = a,a € [—b, ¢], where b, ¢ are small positive real number. In
other words, we consider —b < a < 0 corresponding to weakly contracting phase space volume
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(non-stiff case), a = 0 corresponding to conserving one and 0 < a < ¢ to corresponding weakly

expanding one respectively.

Definition 3.1. In numerical solving a linear dynamical system y = Ly an one-step method
is called complete structure-preserving scheme if, as applied to the system, the numerical solu-

tions generated, satisfy det (%y%) — et L

In order to compact length of writing we will straightforward discuss general dynamical

system in "
d
== W),

Here we consider a class of generalized f-methods (or modified §-methods).

f-method for the solution of (3.1) is given by

yz—yz+hfz( ily "
Yij =095 + (1 —

)/;'n); i:]-;"'an
01])3/]7 17.] = ]-7"'777’

(3.1)

A modified

(3.2)

Where y; and §; are approximations to components y;(to) and y;(to + h) of exact solutions

respectively.

This implies straightforward the following relational expression for the Jacobi matrix of

numerical solutions generated by formula (3.2)

of1 9f1
011 Y11 012 0Y12

9y =TI, +h
(7y) oo oo

L) n23y, 5 BY 5
(]. — 911) 8Y11 (]- - 912) (9Y12
+h .
(1_9 )61}:"1 (1 — O )61{"2
And leads to 5 Do)
Y nil
det (=) = ,
(83,1) Dy(n)
where
L= bR h = O
0Y11 12 8Y12
Dn(n) = det ( 021) 8Y21 1+ h(l - 022) 5Y22
N R
and
) )
1- helgfagl ~h1» 8;,‘11&
2 2
Dd(n) = det _h021 0Yo1 1 — h2 0Y22
henl 8Y 1 henl aY
In formulas (3.4) taking
91']' =0 as ] >4
91']' =1 as ] <1

leads to

ﬁ (1+h(1 - 0)

o)

IT (1= higgs
1

2]
eln 81£1n .
(52)
oy
O (3.3)
(1= 61n) 42 '
(1= Brn) 2=
(3.4)
h(1 = 61n) 2
h(]' - 0 )861/22
14 h(1 = Bp) 5
(3.5)
—hfn 35
~h02n 57, : (3.6)
1 — hpn 3522
(3.7)
(3.8)



624 G. SUN

Thus we can obtain from (3.8) the following results:
Case 1. For system (3.1) if condition (3.7) and 8f’ =0,(i = 1,---,n) hold, then (3.8)

becomes det (g—z) = 1,this yields (also see [2],[3]) the following first-order explicit volume-
preserving scheme

g1 =y +hfi(y2, - ,yn)
Yi = Y5 +hfj(yl;'"7yj*17yj+17"'7yn)7.7 = 2,"',7’L— 1 (39)
Yn :yn‘f'hfn(yl;"';ynfl)-

Case 2. For system (3.1) if condition (3.7) and gz =0,i=1,---,(n—2), (%+% =0)

hold, taking 6,,—1,,—1 = 1 and 6,,,, = 0 leads to the following Volume-preserving scheme

1 =y1+hfi(y2,,yn)
ij =Y +hfj(gl;'":gj—l:yj—i-l:"':yn): J= 27"'7(” - 2) (3 10)
gnfl =Yn—1 +hfn71(g17"'7gn717yn) ) )
gn =Yn + hfn(gla T 7:’:’717173)’71)
Case 3. Consider the following perturbed problem

d—ytl =ay1 + fi(yz2, -, Yn)
d?ii = ay; + fi(yla o Yi-1, Y1, ';yn)7 i = 27 e, — 1 (3]‘]‘)
dditn = anyYn + fu(Y1, 5 Yn—1)
n
where Y a; =a, —b<a<c, under transformation y; = e%tu;, i = 1,---,n, a new source-
i=1
free system 9% = f(u,t) with 8f’ =0,i=1,---,nis derived. Thus the scheme (3.9) applied

to the new system leads to the followmg first- order explicit structure-preserving schemes

gr=e""{y, +hfi(y2, - yn)}
]:l] = €ajh{yj +hfj(gla'"7gj*17yj+17"'7yn )}7 ] = 27"'7” -1 (312)
:’:’n = eanh {yn + hfn(gla T 73:’7171 )}
and
g1 = ey + hfi(y2, -, yn)
3:’]' = eajhyj + hf](gla o 7gj71;yj+1; o Jyn)7 ] = 27 N — 1 (313)
Un = eanhyn +hfn(gi, s On-1) -
In particular for linear dynamical system
ZZ;’ Ly, trL=a, y € R" (3.14)
it follows from case 3 that
Theorem 3.2. For linear dynanical system (3.14) Both schemes (3.12) and (3.13) are
complete structure-preserving.
Remark 5. By approach of [2] (also see [3],[10]), for linear system (3.14) schemes (3.12) and
(3.13), for example, scheme (3.12) can be composed into explicit symmetric complete structure-
preserving one of order 2, as follows

(5 = e%h“" {yn+ L fulyr,- - yn-1)}
gjjl./2:e§haj {yj+ﬁfj(y1,"',yj 1;2731-21;"';331/2)} j=n-—-1,---,2
g2 = ezhan {y1+"f1(y2 ,y}z&)}
i :egal{ YN 7”_7%11/2)} (3.15)
j; = c3ha; {y ij(@l,'",33]'71723;421,"',3471/2)}, i=2.n—1
| = 2P0 LGP B, ) )
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Remark 6. We start from the basic scheme (3.15), by Yashidass approach [12] (also see
[2]) arbitrarily high order explicit symmetric complete structure-preserving schemes can be
constructed.

4. Structure-preserving schemes for non-linear dynamical systems

For non-linear dynamical systems (3.1)

— =f)

we discuss again the modified § - methods for the solution of (3.1) and repeat the argument in
Section 3 (from general expression (3.2) to the condition (3.7)). Finally we obtain

oy LL(+h1L=0)5E)
det(22) = = . (4.1)
dy 1:[1( )

Obviously if gz"_ #0,i=1,2,...,n,n > 3 then for any 0;;,i =1,2,...,n

9y

Taking n = 3, #1; = 622 = 1 and 0335 = 0 lead to

1=y +hfi(91,y2,93) (4.3a)
U2 = y2 + hf2 (91, 92,93) (4.3b)
g3 = yz + hf3(91,92,3) (4.3¢)
and )
1+ b2 f3(91, 92,
det(ay) - ( 35 /3 (01 Z/28y3)) _ ' (4.4)
0y (1= hgyr (01,42, 3)) (1 = hgz fa (91,92, Ys))
Now we modify (4.3b) in (4.3) such that

R o 92 .

Y2 =y2 + hf2(91,92,y3) + h/ ~—f1(01,9,y3)dy (4.3b')
Y2 6y1

and then can get

(1- hgyl (91,y2,93)) (1+h 928 ya (91,92,¥3))

(1— hayl (91,y2,y3))[1— h(ayl (91,92,y3)+ 3f2 (91,92,93))] (4 5)
(1+h8y3 (91,92,y3)) )

TR (51,92,98) + 52 (91,92098))]

det( gg)

Let Z 8f1 = a,n > 3 we can get first-order Feng-Shang scheme [2]

ﬁ1=y1+hf1(331;y2>"'>yn)

o . . afz .

yj_yj+hfj(y17'"7yj7yj+17"'7yn Zay yl; . 7yj*17y7yj+17"'7yn)dy
Yi

j=2,n—1

:’:’n:yn+hfn(g17g27"'7gnflayn)
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and
(1+h%(g17"'7gnflayn))
n—1 Ofi (- R
(1_h‘ Z B_yZ(ylany";ynfl;yn))
i=1
(1+h%(g17"'7§’n717yn))

SRR G i ) - ) 4o

det(%) =
)

It follows from (4.7) that

Theorem 4.1. For non-linear dynamical systems (3.1),
i) first-order Feng-Shang scheme (4.6) is Volume-preserving when a = 0;
ii) the scheme is contracting to phase space volume when a < 0;
iii) the scheme is expanding to phase space volume when a > 0.

Acknowledgements. The author would like to thank Prof. Wang Dao-Liu and Prof.
Shang Zai-jiu for their valuable discussions.
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