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Abstract

A new high-order time-stepping finite element method based upon the high-order nu-
merical integration formula is formulated for Sobolev equations, whose computations con-
sist of an iteration procedure coupled with a system of two elliptic equations. The optimal
and superconvergence error estimates for this new method are derived both in space and
in time. Also, a class of new error estimates of convergence and superconvergence for the
time-continuous finite element method is demonstrated in which there are no time deriva-
tives of the exact solution involved, such that these estimates can be bounded by the norms
of the known data. Moreover, some useful a-posteriori error estimators are given on the
basis of the superconvergence estimates.
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1. Introduction

Our purpose in this paper is to study the finite element method for the following Sobolev
equation:

A(t)us+ B(t)u
(
(

where Q@ € R? (d > 1) is an open bounded domain, J = (0,T], T > 0, f and v are known
smooth functions. We assume that the operator A(t) is a strongly elliptic symmetric operator,

ft), in QxJ,
0, on 00 xJ, (1.1)

u(-,t
u(-,

)
0)

v, x €,

d
0 0
A(t) == _Mzz:l 7 <aij($,t)a—xj> +a(z,t)I, a(z,t) >0,
and that B(t) is an arbitrary second order elliptic operator,
d d
0 0 0
B == a. g\l )5 i\Lyl) 5 ) [7
(t) i; 3o, <b](x t) aa;j> + ;b (@05, +b(@0)
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where I is the identity operator, a;j, a, b;j, b; and b are smooth functions, and there exits
Co > 0 such that

d d
Z aijfifj > 00265, V¢ € Rd, (iL“,t) €N xJ. (].].)
i,j=1 i=1

The problem (1.1) can arise from many physical processes. For the fomulation of (1.1) and
the questions of existence, uniqueness and stability of the solution, we refer to [2, 3, 19] and
the references cited in [6, 7, 8]. The numerical approximations to the solution of (1.1) have
been investigated by many authors. Finite difference methods have been studied in [6, 10, 11],
while Ewing [8] has considered several Galerkin approximations and obtained optimal error
estimates for nonlinear boundary cases. Also, Arnold, Douglas and Thomée [1] and Nakao [17]
have studied Galerkin approximations to the solution of (1.1) in a single space dimension with
periodic boundary conditions. L? error estimates and superconvergence results are derived by
these authors. Recently, the authors in [14, 15, 16] have used a so-called Ritz-Volterra type
projection to study finite element approximations for nonlinear versions of the above problems
and derived some optimal error estimates for Dirichlet and nonlinear boundary conditions. The
LP (2 < p < 00) norm error estimate can be found in [16] for linear equations.

In this paper we reformulate (1.1) as an integral equation of Volterra type, use the higher-
order numerical integration formula to construct a higher-order time-stepping procedure and
give some error estimates. The formulation of our numerical approximations is given in Section
2, and error estimates of convergence and superconvergence for the semi-discrete and the fully-
discrete finite element methods are demonstrated in Sections 3, 4 and 5, respectively. The
special feature of our error estimates in Sections 3 and 4 compared with the others [1, 6, 7,
8, 12-17] is that there are no time derivatives of the exact solution u of (1.1) involved in the
analysis and the results, such that these estimates are bounded by the norms of the known data
v and f.

2. Formulation of finite element methods

Let Sy, be a family of finite element subspaces of H}(Q) with the following standard approx-
imation properties: For some [ > 1,

inf (I = wll +hllx = wlh) < CH*lwllr, 1<l we HHH@QNHK©Q), (2.1)
XEOh

where C' > 0 is a constant independent of h, and || ||, is the norm in the Hilbert space H™((2)
with || || = || - |lo, and H{ () is the completion of C§°(£2) under the norm || - ||1 .

The time-continuous finite element approximation to the solution u of (1.1) can now be
defined as a mapping up(t) : J — Sp, by

A(t;uh,t7X)+ B(t’u/hX) = (f;X); X € Sh;
Up (0) = Up
where vj, is an appropriate approximation of v into Sy, A(¢;-,-) and B(t;-,-) are the bilinear
forms associated with the operators A(t) and B(t) on H}(2) x HE ().
Before we define the fully-discrete method, let us define (see, for example, [16]) Ax(t) :
Sp — Sk by

(2.2)

(Ah (t)(lsa 1/)) = A(t7 (ZSJ 1/))7 V(b; 1/} € Sh (23)
and Bh(t) : Sh — Sh by
(Bu(t)¢,¥) = B(t;6,9),  Vo,1 € Sp. (2.4)
Also, we define the L?—projection operator P, : L2(Q) — S, for any w € L?(2), by
(Phw —w,x) =0, Vx €S (2.5)
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Thus, using (2.3)-(2.5), we can rewrite (2.2) as
Ap(t)upt + Br(t)up, = Prf, t>0
or
ung + At (8) By (t)up = A () Pof, t>0. (2.6)
Next, let T), : L?(Q) — Si, be the approximation operator of the operator T := A~! defined,
for any w € L?(2), by
A(Thw7X) = (w7X)7 VX € Sh-
Thus, from (2.3) and (2.5) we derive for an arbitrary w € L*(Q) that
(PthX) = (wJX) = A(Thw7X) = (AhThWJX)a VX € Sh-

That is,

Ph = AhTh or Th = A;lph, and Th = A;l on Sh. (27)

And then, we obtain by using (2.7) and by integrating (2.6) with respect to t that

up(t) = v +/0 Ty (s)f(s)ds —/0 Ty (s)Bp(s)un(s)ds. (2.8)

Remark 2.1. The integral equation (2.8) is the starting point for our error analysis and
the formulation of our high-order time-stepping finite element method.

Now, let us consider a p-th order numerical integration formula. So, we let N denote a
positive integer, At = T/N. Let w,, ; be the weights such that for any g(t) € C?(J) (p > 1),

/0 " gs)ds = A wagglt) + Enlg) (2.7)
j=1
where t,, = nAt and the error E,,(g) satisfies
Ba(o)] < Cat max |“20), 2.9
forn=1,2,---,N. We also assume that w, ; is non-negative and
iAtwn,j <, wp,<C, n=12,---N. (2.9)

j=1

We are now ready to define our time-stepping finite element approximaiton. Let {uﬁ}nNzo
be defined by

up = vp + At Y wn ;Th(t) f(t;) — At > wy jTh(t;)Bu(t)uy, n=1,2,---N. (2.10)
j=1 i=1

We first consider the algebric problem of how to use (2.12) to compute u}. Let wy o := 0,
then (2.12) can be rewritten as

n
up + Atwn o Ty (tn) Ba(tn)uf = on + At Y wn ;Th(t)) f())
j=1

n—1

—At Z wnvah(tj)Bh(tj)u{l n=12,--- N.
j=0

Multiplying (2.13) by Ap(t,) = T, ' (t,), we obtain

Ah(tn)uz + Atwnth(tn)uZ = Ah(tn)’l)h + At Z ’wn’jAh(tn)Th(tj)f(tj)
j=1
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n—1
—AtY " wpj An(tn)Th(t;) Br(ty)uj
j=0
= Ap(tn)vn + Atwy, p f ()
n—1
FALY wn jAn(tn)(Z; — W;)
j=0
where
Zj = Th(tj)f(tj)v j=0,1,---,n—1,
Wj = Th(tj)Bh(tj)qu, ] :0,1,---,n—1.
Using (2.3) and (2.4) we can now write (2.14) as
Altnsup, X) + Atwp nB(tnsup, X) = Altnsvn, X) + Atwnn(f(t), X)

n—1
+AEY wn jA(tn; Z; — Wy,X), VX E€ Sk
j=0

and (2.15) as
Alts Zj,x) = (f(E5):%) VX €Sh,  j=0,1,---,n—1,
Aty Wi, x) = B(tj;ufl,x), Vx € Sh, j=0,1,---n—1.
Remark 2.2. If Z; and W (j = 0,1,---,n — 1) are known, u}! can be computed through

(2.16) because A(ty) + Atwy, ,,B(ty) is also a positive definite elliptic operator with At suffi-
ciently small since A(¢) is positive.

(a) Assume that {ui},j =0,1,---,n — 1, are known.
(b) Use (2.17) to compute {Z;, W;},j =0,1,---,n — 1.
(c) Substitute {Z;, W;} into (2.16) to compute u}.

(d) Return to (a) until n = N.

Remark 2.3. Since u) = vy, is known, the procedure (a)-(d) can be started.

Remark 2.4. At each time-step t,, we need to solve three systems of elliptic equations to
advance to the next time level, such that we must save each Z; and Wj for j =0,1,---,n — 1.
However, we gain high-order accuracy approximations in time.

Remark 2.5. If A(t) = A is a time-independent operator, then we have

Numerical Procedure:

A(tn:WJJX) = B(tjzuglJX)a VXESh; ]:0717
So, (2.16) becomes
A(”Z;X) + Atwn,nB(tn;uZJX) = A(vhJX) + Atzwn,j (f(tj)7X)
j=1
n—1 )
—Atanva(tj;ui,X), Vx € Sh.
=0

Thus, (2.18) is just an iteration scheme which requires to save u{l only.

Remark 2.6. If both A and B are time-independent, by using the trapezoidal rule for
integration we have a Crank-Nicolson type scheme similar to those for Sobolev equations in [6,
7, 8, 14].
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3. Error estimates for the semi-discrete scheme

We define T'(t) : L*(2) — H?*(Q) N H}(Q) to be the solution operator for A(t):

At;T(t)g,9) = (9.0), Vo € Hy(Q), (3.1)
which means that T'(t) = A~1(¢). Then we can write (1.1) as
u=uv+ /0 T(s)f(s)ds — /0 T(s)B(s)u(s)ds, t>0. (3.2)

Hence, we have

Theorem 3.1. Assume that v € H"(Q) N HL(Q), f € H2(Q), r > 0, t € J, then there
exists a unique u(t) € H™(Q) N HE(Q) such that (3.2) is satisfied and

lu@]l- < C <|Iv||r +/0 ||f(8)||rzd8> , 20 (3.3)

Proof. It is well-known [2, 18] that ||T'(t)g||r < C||g||r—2, and then ||T'(¢)B(t)g||» < C|lg||-
for r > 0. Therefore, the proof can be completed with an application of Gronwall’s lemma [18].
Q.E.D.

Before we consider error estimates, it is convenient to list some lemmas that we shall need
below.

Lemma 3.1. Let u(t) be the solution of (3.2), Sn be our finite element spaces defined
in Section 2 and |[v — vpllo < Ch™||v||,. Then there exists a constant C > 0 such that for
—1<g<r—1and0<k<r-—1,

I(T(t) = Tu)gll-g < ChIT>HE]|g]|g,
(T = Tu@)u@®ll-g < CRTHE|ju(t)]|]x

t
o (o4 [ 17 llmads )
0

Proof. The inequality (3.4) can be found in Thomée’s book [18] and the inequality (3.5) is
a consequence of (3.4) and (3.3). Q.E.D.

Remark 3.1. (3.4) and (3.5) are still valid if we replace T'(¢t) and T} (t) by T*(¢) and T} (¢)
respectively, where x denotes the adjoint operators of the corresponding operators [2, 18].

IN

Lemma 3.2. Let u(t) and up(t) be the solutions of (3.2) and (2.2) respectively, then there
exists C > 0 such that for -1 <qg<r—1,

T (@) (B(#)u(t) = Bn(t)un(®))|lr < Cllu(t) = un(®)]]1, (3.4)
1T (@) (B()u(t) — Bu®)un(®))ll-g < ChIH[u(t) — un(t)|h

3.5
+C|u(t) = un(®)]|—- &)

Proof. As A(t;Ty(t)p,x) = (6,%), VYx € Sp, and ¢ € L*(), we see from (1.2), (2.4) and
the definition of the bilinear form B(t;-,-) that

CollTn(t)(B(t)u(t) — Br(t)un(t))I[F

At Th(8)(B(t)u(t) — Ba(t)un(t)), Tn(t)(B(t
(B(t)u(t) — Bn(t)un(t), Tn(t)(B(t)u(t ) By
= B(t;u(t) —un(t), Tn(t)(B(t)u(t) —

Cllu(t) = un(®)[|1 1T (@) (B(#)u(t) — Bn(t)un

IN

u(t) — Br(t)un(t)))

IN
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Thus, (3.6) is proved.
For (3.7), let ¢ € H(Q2), according to (2.4) and the definition of B(t;-,-) we know from
Lemma 3.1 that

(Th(t)(B(t)u(t) — Ba(t)un(t)),¢) = (B(t)u(t) — Br(t)un(t), Ty (t)¢)
= B(t;u(t) —un(t), T; (t)9)
= B(tu(t) —un(?)), (T; (1) = T7(1))¢)
+(u(t) — un(t)), B ()T (t)¢)
< Cllu(t) —un(@®ll [(T(#) = Th(t) ¢l
+{|u(t) — un(@)|[-4l|B*(O)T™(£)oll4
< O (A Ju(t) = un @)l + [|u(t) = un(®)]]=q) lI¢llq,
from which (3.7) follows. Q.E.D.

Theorem 3.2. Assume that u(t) and up(t) are the solutions of (3.2) and (2.2) respectively,
and v € H™TH Q)N HE (), fe HY(Q), r > 1 and ||v — vp|l1 < Ch"||v||;+1. Then we have

t
||u(t) = un()]lL < CR" <||v||r+1 +/0 (o)1 + ||f(8)||r1)d8> , t>0. (3.6)
Proof. From (2.8) and (3.2) we see that

u—up = v—vh-l-/O(T(s)—Th(s))f(s)ds

—/0 (T'(s) B(s)u(s) — Tn(s)Bn(s)un(s))ds

= [1 +12+[3

Clearly, we have from Lemma 3.1 and our assumptions that

s+ ol < €8 (Ilolloa + [ 17 -1ds ) (3.7
But . .
== [0 =T B u(s)s — [ Tue) (Bloyuts) = Busyun(s)is

and thus, it follows from Lemmas 3.1 and 3.2 that

o [ BN+ [ 1) = )
o [ futs)lasds + € [ uts) — wn(o)las.
Now, we see from (3.11)-(3.12) and Theorem 3.1 that

[lu(t) = un(®)][y < CR” <||v||r+1 +/0 (o)1 + ||f(8)||r—1)d8> + C/O [lu(s) = un(s)|rds.

Then, applying Gronwall’s lemma yields

[lu(®) = un ()|l < CR" <||v||r+1 +/0 (v ()41 + ||f(8)||r1)d8> , t20.

Hence, Theorem 3.2 is completed. Q.E.D.

|[Z3]]1

IN

IN
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Theorem 3.3. Under the assumptions of Theorem 3.2, we have the following negative
norm error estimates: for —1 <q<r —1,

u(t) = un(®)] -y < CHT159 <||U||r+1 + / o)l + ||f<s)||r1)ds) 120, (38)
provided that ||v — vg||_q < CRIT"H|v]],41.
Proof. As in the proof of Theorem 3.2, we have from (3.10) and Lemma 3.1 that
11ll-g < CR™ ollrgr, [E2]l—g < CR7HTS /Ot 17 ()] r—1ds.

Similarly, it follows from Lemmas 3.1 and 3.2 that

sl < / 1(T(s) — T0()) B(s)u(s)] | —gds

[ 1006) (Bos) ~ Byl

IN

t
et [ u(s)+ads
0

+ChTH /0 |lu(s) — un(s)|l1ds + C/O [lu(s) = un(s)l|-qds.

And hence, we have from Theorems 3.1 and 3.2 that

u(t) —un(®)ll4 < ORI (IIvllm +/0 (v ()1 + ||f(8)||r1)d8>

e / u(s) — un ()] |—gds.

Therefore, the proof is completed with an application of Gronwall’s lemma. Q.E.D.

4. Global superconvergence for the semi-discrete scheme

In this section, we discuss superconvergence of the semi-discrete finite element method for
the problem (1.1). Similar to Section 3, there are still no time derivatives of the exact solution u
involved in our error analysis of this section. The strategy employed here is that we first examine
the superclose accuracy between the interpolation of the exact solution and the finite element
solution of (1.1) by means of integral identities, and then we utilize a suitable interpolation
post-processing method to obtain global superconvergence approximations [12, 13].

First of all, let us introduce a concept. For this purpose, it is assumed that the domain {2
can be mapped onto a rectangular domain O by a smooth and invertible transform ®. Then,
a rectangular partition T}, is imposed on Q := ®(f), and the partition T}, := ®~1(T}) over
2 is called a generalized rectangular mesh. For example, for a convex quadrilateral region (2,
its generalized rectangular mesh can be obtained by connecting the eqi-proportional points of
the two pairs of opposite boundaries, since each quadrilateral element in this partition T} is
correspondingly mapped onto a rectangular element in the rectangular mesh T, by using an
invertible bilinear tranform ®. We must point out that although our analysis and results here
for superconvergence are valid for the generalized rectangular mesh, for simplicity, our attention
is focused on finite element partition of (2 into rectangules. Moreover, it is also assumed that
2 is a polygon with boundaries paralell to the axes.

In order to obtain the superclose estimates between the interpolation of the exact solution
and the finite element solution of (1.1), when the degree of the finite element space S is
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more than 1 we need to define a type of projection interpolation operators ¢}, rather than the
usual nodal Lagrange interpolation operators, of degree not exceeding r (> 2) in = and y. Let
e = [Te — he,ye — ke] € T}, be any rectangular element and I;, p; (i = 1,2,3,4) its edges and
vertices. Then, the bi-rth interpolation operator i} is defined according to the following so
called “vertex-edge-element” conditions [12]:

( iru € Qr(e),
ipu(pi) = u(pi), 1=1,2,3,4,

/(z};u —u)v=0, YveP._»(;), i=1,23,4,
l;

/(zZu —uw)v =0, YveQr_2e),

\ e

where P._5(l;) and @_2(e) are the polynomial spaces of degree no more than r —2 on [/; and e,
respectively. In our analysis later, the notation i}, stands for the usual nodal Lagrange bilinear
interpolation operator.

Introducing the two error functions

Foi= 3l —u)? ~ k), Eei= gl —w)? k)

and employing the integral identity technique, we obtain the following lemma [12, 13].

Lemma 4.1. In (1.1), assume that the coefficients b;;, b;, b of the second order elliptic
operator B(t) are all in WH>°(Q). Then, for all x € Sy, we have the following estimate:
O H)[lullrsllxll, r>1,

B(t;u —ipu, x) = { ‘
O™ A)lullrs2lixllz, 722,

1/2
where |||z := (Z ||X||§,e> :

In (2.2) we take vy as the Ritz projection of v with respect to the operator A(t), i.e.,

A(0;v —vp,x) =0, Vx € Sh. (4.1)
(From (1.1) and (2.2) we derive the error equation,
A(t; (w = un)e, x) + B(t;w — up, x) =0, Vx € Sh. (4.2)
Thus, integrate (4.2) about variable ¢ and use (4.1) to obtain
¢
A(t; u(t) — un(t), x) + / B(s;u(s) —un(s),x) =0, Vx € Sh, (4.3)
0
where B(t;u,v) := B(t;u,v) — As(t;u,v) is the bilinear form associated with the operator

B(t) := B(t)—A(t), and A (%) is the operator derived from A(t) by differentiating its coefficients
with respect to t. Now, we are ready to obtain our superclose theorems.

Theorem 4.1. In (1.1), assume thatv € HF(Q)NH"2(Q), f € H"(Q) and the coefficients
of the operators A(t) and B(t) are sufficiently smooth. Then, we have the following superclose
estimate:

t
lun — #ully < Ch7H! (||v||r+2+ / <||v(s>||r+2+||f<s>||r>ds), .t
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Proof. Let 0(t) := up(t) — i, u(t). Then, it follows from (4.3) and Lemma 4.1 that
¢
A(t;6(2), x) +/ B(s;6(s), x)ds
0
¢
= Altiu(t) = iju)0) + | Blsiuls) - iuls), s 4.4
0

t
< CR™ H lullr2llxIh +/ CR™ lu(s)llr+2dslix|l,  Vx € S
0

And then, we find from (4.4) that
Collo@®)IF < At;0(t),0(t))
¢

:A(t;@(t),@(t))+/0 B(S;H(s),Q(t))ds— ; E(s;Q(s),H(t))ds

< Crt <IIUI|r+z +/0 ||u(s)||r+zds> 16(®)]x +C/0 16(s)[1ds(|6(2)]]2

2 2

t t
< on2r+) (||u||r+2+ / ||u<s)||r+2ds) +0( / ||0(s>||1ds) L elblE,
0 0

with € > 0 sufficiently small; or

t t
1oll, < Ch ! (||u||r+2+ / ||u<s>||r+2ds)+c / 16(3)]lads.

Therefore, Gronwall’s lemma and Theorem 3.1 imply

t
16ll, < Ot <||U||r+2 + [ olse + ||f<s>||r>ds) .
Q.E.D.

Theorem 4.2. Under the conditions of Theorem 4.1, we have the following superclose
estimate:

t
lun — #ullo < O™ (||v||r+2+ / <||v(s>||r+2+||f<s>||r>ds), r>2

Proof. For arbitrary ¢ € L*(Q), let v € H(2) N H2(2) be the solution of the following
auxiliary variational problem:
A(t;:0,9) = (0, 9),
where 0(t) := up(t) — 97 u(t). Then, we have the a-priori estimate
1112 < Cllgllo- (4.5)
In addition, we also have

(0.9) = At:6,0)
= A6:0,5 =) + (6.0 + [ Blsib(s), 0 (16)

+ / B(s;6(s),9 — x)ds — / B(s:6(s), )ds,

where x € Sj, := {p € HE(Q) NH2(Q) : ¢|. € Qr(e),e € T} C Sh. Sy, possesses the following
approximation properties:

inf {|lu=xllo+Pllu=xlh+h*lu=xll2} < Ch'llulli, we€ Hg(NH?(Q), 2<1<r+l, (4.7)
XESh
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which leads to
Ixll2 < [Ix = %ll2 + ll¢]l2 < Cll3]]2. (4.8)

It follows from (4.3) and Lemma 4.1 that
t
A(t; 0, x) +/ B(s;6(s), x)ds
0
t
= Altsu(t) = iu),0) + | Blsiuls) - iu(s), ds
0

t
< onr+ <||U||r+2 ; / ||u<s>||r+2ds) Il

which, together with (4.5)-(4.8), Green formula, Theorems 3.1 and 4.1, yields
:9) < Clollle =l + Cr (lullsa + [ t Ju)l-+2ds ) Il
o [ 18 sl — xlh + € / 18 sl
<o (s + [ t [(9)l-+ads ) lillo + € [ 10 llods il

or

16llo < CR™? <||v||r+2 +/0 (lo(s)llr+2 + IIf(S)Ilr)dé‘) +C/O 16(s)[lods-

Hence, Theorem 4.2 is completed according to Gronwall’s lemma. Q.E.D.

In order to improve accuracy on a global scale, a reasonable post-processing method is
proposed. For this end, we need to define another post-processing interpolation operator I;,fl
of degree at most » + 1 in x and y. Thus, we assume that 7} has been obtained from 75y

with mesh size 2h by subdividing each element of Ty, into four congruent rectangles. Let
4

7:= | e; € Top, with e; € Ty. To express our idea clearly, we first consider the one-dimension
i=1

case, where I;’,'LH is determined by the following “vertex-interval” conditions:

[glj_lu(pl) = u(pi)a i = ]-7 2737

/I;‘,jlu:/u, i=1,2,
li li
I e = v
on uv = [ wv, Yv € P,_(L).
L L

Here, L :== Iy Ul € Top, l; € Ty, and p; (i = 1,2,3) are the vertices of Iy and l5. Then,
the operator I;,T !in the two-dimension case is constructed by the tensor product of the two
one-dimension interpolation operators I;,J[i and I;,T 111 of degree not exceeding 7 + 1 in z- and
y-direction, respectively, as follows:

r+1 . gr+1  gr+l
I2h T I2h,x I2h,y‘

Moreover, the following properties can be easily checked [12, 13]:

r+1l.r _ gr+l
Ly iy = 1y s

155 vlly < Cllollys Yo € S, ¢=0,1, (4.9)
15w — ully < CH 279 ul|,ye, Yu e H'F2(Q), ¢=0,1.

And then, we obtain the following global superconvergence theorem.
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Theorem 4.3. Under the conditions of Theorem 4.1, we have

t
1y — lly < CHEH (||v||r+2+ / <||v(s>||r+2+||f<s>||r>ds), r>1, (410

t
1w — ully < CHFP? (||v||r+2+ / <||v(s>||r+2+||f<s>||r>ds), rx2. (41l

Proof. From one of the properties of the operator ;"' in (4.9) we find that
Ity —w = I (up —ijpu) + (15w — u).
Therefore, it follows from Theorem 4.1, (4.9) and Theorem 3.1 that

1B un —ully < Cllun — dhulls + Ch™jull 12

< opr (uunm 4 / ([o(3) 2 + ||f<s>||r>ds) -

(4.11) can also be obtained according to the same argument as that for (4.10). Q.E.D.

It is of great importance for a finite element method to have a computable a-posteriori error
estimator by which we can assess the accuracy of finite element solution in applications. One
way to construct error estimators is to employ certain superconvergence properties of the finite
element solutions. In fact, we have

Theorem 4.4. We have under the conditions of Theorem 4.1 that

[lu —up|li = ||[;,j'1uh —uply +OR™ ), r>1, (4.12)
lu — unllo = 35 un — unllo + O(R™F?), r>2. (4.13)
In addition, if there exist positive constants Cy, Cy and small €1, €2 € (0,1) such that
lw — up||y > CLh™ e, (4.14)
lu — upllo > CLh" 272, (4.15)
then there hold
o =l (4.16)

h—0 ||[;h+1uh — Uh”l N

|l — unlo
L ¥ (4.17)
h=0 || I3 g, — upllo

Proof. It follows from Theorem 4.3 and
u—up = (I;’h“uh —up) + (u— I;,J[luh)
that
lu = unlly = 1135 un = unlls + O(A").

Thus, by (4.14) we have
I35 un =l

+Ch >1
llu = unlls
or 1
I —
i 20 0 = tnll g (4.18)
h — 0 ||u—uh||1

Similarly, it follows from (4.14) and

1255 un = unlly = [lu = unly + O™
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that
mﬂfé}fluh —up||1

<1,
h—0 ||u —U,h||1

which, together with (4.18), leads to (4.16).

Analogously, we can obtain (4.13) from Theorem 4.3 and (4.17) from the condition (4.15).
Q.E.D.

We know from (4.12) that the computable error estimate ||I5; 'uj, — up||1 is the principal
part of the finite element error ||u — uy||1, and can be used as an a-posteriori error indicator
to assess the accuracy of the finite element solution. Also, the condition (4.14) seems to be
a reasonable assumption because O(h") is the optimal convergence rate of the finite element
solution in H'-norm. The same comments are valid to (4.13) and (4.15).

5. Error estimates and global superconvergence for the fully-discrete
scheme

Theorem 5.1. Assume that v € H™1(Q) N HE(Q), ||v — vi||—g < CA™ T |0]|,11, DFu €
L®(J; H™(Q)) and DEf € L®°(J; H1(Q)) (r > 1) with -1 < ¢g<r—-1and 0 <k < p.
Then we have

. r+1+q p
Jmax [le(t)ll-g < O+ (AnP), (5.1)

where e(t;) = u(t;) — u{b, j=0,1,--- N.
Proof. We multiply (3.2) by ¢ € HI(Q), integrate over () and use numerical integration
formula (2.9) to obtain

(W(tn),d) = (,0)+AtY  wu;(T(t)f(t)),0)
j=1

— ALY " wn ;(T(t;)B(t;)ult;), ¢)
j=1

+E, (T@) (1), 9) — (T(£)B(t)u(t), 9)) -
We assume for the time being that
|En (T'(2)f(2), 9) — (T(6)B(t)u(t), ) |

14

< @t S (IDfullp=s-o(y) + 1D fllL=(s1-0-2(2) ) 118lls
j=0

and use (5.3) to show (5.1).

Now, we multiply (2.12) by ¢ € H9(2) and integrate over 2, and then subtract the resultant
expression from (5.2) to obtain

(e(tn)s®) = (v—wn,¢) + ALY wuy (T(t;) = Tn(t)))f(t5), d)

+E, (T'(1) f(t),¢) — (T'(t)B(t)u(?), 9)) -
= J1+Jo+ Js.
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It is easy to see from Lemma 3.1 that

|J1]

IN

Jj=1

¢ (Ilv —onll g + Aty wa|(T(t;) ~ Th(tj))f(tj)||q> 191lq

IN

ChrHi (||v||r+1 + Atzwn,j”f(tj)ﬂr—l) 1¢lls < ChT 4l
Jj=1
and from (5.3) that
73] < C(anpI8ll,. (5.2)

For J,, if we rewrite it as

Jo = _Atzwn] — Tw(t;))B(t;)u(t;), ¢)

_Atand(Th(tj)(B(tj)u(tj) = Bu(t;)u}), )

j=1
= J21 + JQQ.

It follows from Lemma 3.1 and our assumptions that

[Jn] < OIS Atwn gl fulty)lr4allélly < CRFHg]),
j=1

and from Lemma 3.2 and Theorem 3.2 that

[Jo2| < C (hq“AtZwmlle(tj)lll +At2wn,jlle(tj)llq> 1¢llq

j=1 j=1

j=1

< C (hq+1(h7’ (At)?) +At2wn7]||e (t)- Q) Hdire

where we have used ||e(t;)|]1 < C(h" + (At)?) which can be proved in a similar manner to that
of Theorem 3.2. Thus, we know from combining the estimates for J's that

(e(tn),®)] < C"TH 4+ RITHALP + (ADP)|[¢lly + CAL Y wnjlle(t)]]—qlI6]lq,
=0
and then

n
lle(tn)ll—g < CRHT 4+ RIFHADP + (A1) + CAL Y wajlle(t;)]—q,
7j=0
where w,, o = 0. Hence, discrete Gronwall’s lemma will yield the desired result. Q.E.D.
We now show (5.3) which is formulated as. .
Lemma 5.1. For any ¢(t) € H1(Q), —1 < ¢ <r—1, t € J, we have for some positive
constant C' > 0 independent of At that

|En((T(#)B(t)u, 9))| < C(AL) (leut oo (ita=a ))) [1¢lla (5.3)

[E(T()f(1),9))| < C(AL)* (ZHft oo (1= 2(9))) l¢llg (5.4)
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) dt
where gt(l) = d_t? fori=0,1,---.

Proof. We prove (5.8) only since (5.9) can be shown in a similar manner. From (2.10) we
see that

B (OBOU0.)] < Ca0r max [Tr@BOu.0)
SO0 x| TOBOU0).9)

Letting w(t) = T'(t)B(t)u(t), it follows that A(t)w(t) = B(t)u(t). Thus, we obtain by differen-
tiating it m times that

Jj=0 j=0
where
& N
AW = 24 BU) — i=0.1.---
ZAW), B, j=01, (5.6)

m m ) : m m ) .
Alw(™ =3 ( . > BDy{™ 9 3" ( , > AWD{m ), (5.7)

j=o0 \ J j=1 J

Therefore, we obtain by multiplying (5.13) by T'(t) that

o™y < ¢S NITOBYY™ ||y + S NITHADw™ )|, (5.8)

j=0 j=1

from which an induction argument implies

p
Ny <CE) D ||y, p=0,1,---. (5.9)
j=0
Hence, we have
& ~ )
(ﬁ(T(t)B(t)u(t));@ < C(p) Z g 1= qllBllg, (5.10)
7j=0
and then, (5.8) follows from (5.10). Q.E.D.

Next we demonstrate that the superclose estimates and the global superconvergence can
also be obtained for the fully-discrete solution of the problem (1.1). Again, we take vy, in (2.12)
as the Ritz projection of v with respect to the operator A(t), i.e., we assume that (4.1) holds.

Integrate (2.2) about variable ¢ to get

t R t
At un ) + / B(s; un(s), x)ds = A(0; vn, x) + / (F(s),x)ds, Vx € Sn,

where B is the operator defined in Section 4. Thus, we obtain the equivalent form to (2.12),

A(tp;up,x) +At E wn,jB(tj; U{laX)
—
J (5.17)

= AO;on,X) + At > waj(F(t;),X), VX E Sk, n=1,2,--,N.
j=1
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On the other hand, it follows from the bilinear form of (1.1) and integrating it with respect to
t that

At ultn),X) + / " B(s;u(s), x)ds = A0;0,x) + / "(F(9).0ds, Vx€Sh  (5.18)

Therefore, subtracting (5.17) from (5.18) and utilizing (4.1) we find

Altnsu(tn) — up, X) -l—Atan iB(tj5ult;) — Uﬁ;X)
j=1 (5.19)

((f: ) (S U,(S) X)): VXESha n:1727"'7N'
Now we are in the position to state our global superconvergence.
Theorem 5.2. In (1.1), assume that v € H"2(Q) N H (), Dfu € L*>(J; H™"%(Q)) and
DFf e L°°(J; H"(Q2)) with 0 < k < p as well as the coefficients of the operators A(t) and B(t)
are sufficiently smooth. Then we have

pBax 10|l < C (BT 4+ (AHP),  r>1,

max [8(t)o < C (72 + (ADP), 1 >2,
0<j<N
where 0(t;) := u{l —ihu(t;).
Proof. Since the proofs are similar to those for Theorems 4.1 and 4.2, we omit the details.
Q.E.D.
Like Section 4 we can derive superconvergence estimates from Theorem 5.2 by virtue of the
interpolation post-processing method.
Theorem 5.3. We have under the conditions of Theorem 5.2 that

omax (157, —u(tp)lh < O (™ + (A7), r 21,
oz (|5 — u(ty)llo < C (W74 + (A1), 7> 2

Similar to Section 4, from Theorem 5.3 we obtain the following a-posteriori error estimators:

+1 +1
0r<1fwu<>§vllu( )—uhlll—ogl%uﬂ wl —ullli +0 (R + (ADP), r>1,

+1 +2
Or<nja<>§v llu(t;) — uh||0 = mjax 115, uh - uh||0 +O0 (K + (AH)P), r>2.
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