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CONVERGENCE OF (0,1,2,3) INTERPOLATION ON AN
ARBITRARY SYSTEM OF NODES*!

Ying-guang Shi
(Institute of Computation, Hunan Normal University, Changsha 410081, China)
(Institute of Computational Mathematics and Scientific/Engineering Computing, Academy of
Mathematics and Systems Sciences, Chinese Academy of Sciences, Beijing 100080, China)

Abstract

Estimations of lower bounds for the fundamental functions of (0,1,2,3) interpolation
are given. Based on this result conditions for convergence of (0,1,2,3) interpolation and for
Griinwald-type theorem are essentially simplified and improved.
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1. Introduction

This note deals with convergence of (0,1,2,3) interpolation on an arbitrary system of nodes.

Fisrt we introduce some definitions and notations.
Let

1>01, > 20, > >Tpn > -1, n=12,.. (1.1)

Given a fixed even integer m, let Aj, € Pp,,—1 (the set of polynomials of degree at most mn—1)
satisfy

AW (2) = 8jp0kg, G =0,1,.om —1; k,g=1,2,..,n. (1.2)
Then the (0,1,...,m—1) Hermite-Fejér type interpolation for f € C[—1,1] is defined by
n
Hy(f,2) =Y flax)Aok(x), n=1,2,-, (1.3)
k=1
and the (0,1,...,m-1) Hermite interpolation for f € C™ 1[—1,1] is defined by
m—1 n
Hy (fre) =Y > fD(ar)Aj(e), n=1,2,- (1.4)
j=0 k=1

(cf. [6]). We also need a well known fact:

n

1Humll == sup | Hum ()| = | [Aol||, n=1,2,--, (1.5)
IriI<1 k=1
where || - || stands for the uniform norm on [—1,1].

Here H, is the classical Hermite-Fejér interpolation investigated in many papers (cf. [1]).
H,,, is the so called Krylov-Stayermann interpolation, on which although there have been quite
a few papers (cf. [6] and its references), almost all of them consider only interpolation based
on the special system of nodes, like zeros of Jacobi polynomials. In this note we will give
estimations of lower bounds for the fundamental functions of (0,1,2,3) interpolation. Based on
this result conditions for convergence of (0,1,2,3) interpolation and for Griinwald-type theorem
are essentially simplified and improved. We will put these results in the next section and some
conjectures in the last section.
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2. Results
Let
wn(z) = (x — x1) (2 — x2)...(T — TY),
wn ()
lp(z) = —2 £ =1,2,..n,
) = e @ — o)
1 .
b = [zk(x)—m];?m . j=01,om—1, k=1,2,..,n,
m—
Bji(z) = Z bi(z —xp), j=0,1,..m—1, k=12 .,n.
Then [4]

Ajp(z) = %(m—xk)ijk(x)Ek(x)m, i=0,1,...,m—1, k=12, ..n. (2.1)
In particular, for m = 4 we have (cf. [2, (4.1)])
Bip(z) =100 (zr)? — 20 (zp)|(x — 25)? — 40, (zx) (x — z) + 1,
Boy(z) = —4b(zx) (@ — xx) + 1, (2.2)
ng(ﬂ?) =1.

The following lemma will play a basic role in this note.
Lemma 1. Let m = 4. Then

1 1
Bik(2) 2 |Ba(2)l,  Bir(z) 2 5lBsr(2)l =5, z€R k=120 (23)
and
- 1 2
,;|A2k(x)| < Ekzl(x—mk ) A1 (z Z|A3k gz_: r—zp)A(z), oz el[-1,1].
(2.4)
Proof. By a well known result (cf. [5, p. 976])
. 1
2 -
o) — k) = @r—a)? >0

i#k
it follows from (2.2) that
Bk (%) > 8 (zk)(x — z)])? — 4 (zk)(z — z) + 1.
Using a simple symbol y := () (z)(z — z1) we get
Biy(z) > 8y* — 4y +1
and
Bo(x) = —4y + 1.
Hence ‘
B () — Bag(x) > 8y* >0,
Blk(ﬂf) + BZk(iL“) > 2(2y - ].)2 >0,

Bu(r) - 3 > 3 (4y — 1) 20,

DN | =

which is equivalent to (2.3).
By (2.1) and (2.3)
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Similarly for |z| <1

> skl = 5 D1 — ) By () ()
k=1 k=1
S; > (@ — @) Bug ()i ()" = % > (@ —zp) A ().
k=1 k=1

In [2] we proved a theorem of Griinwald-type for (0,1,...,m—1) Hermite-Fejér type interpola-
tion for any even m.
Theorem A. [2, Theorem] Let m be even. If for fized positive numbers p and ng

Boi(z) > p|Bji(z)], i=1L2,..,m—-1, k=1,2,..,n, n>ng, |z|]<1, (2.5)
then )
Tty o (£) = £]] = 0 (26)

holds for all f € C[—1,1].
Now using Lemma 1 we can essentially simplify the condition (2.5) for m = 4.
Theorem 1. Let m = 4. If for fized positive numbers p and ng

By (z) > pBig(x), k=1,2,..,n, n>ng, |z]<1, (2.7)

Jim | Hoa(F) = fll =0 23)

then

holds for all f € C[—1,1].

Proof. In this case (2.3) and (2.7) imply (2.5) with replacing p by p/2. Then we apply
Theorem A to conclude that (2.8) holds for all f € C[-1,1].

Accually we get the equivalence of conditions (2.7) and (2.5) (with different values of p) for
m = 4. Clearly (2.7) is more convenient for use than (2.5). The following theorem plays the

same role.
Theorem 2. Let m = 4. If

[ Hnall = O(1) (2.9)

> Al
k=1

and

=0, (2.10)

lim
n— 00

then (2.8) holds for all f € C[-1,1].
Proof. First, noting that |z — x| < 2 for |z| < 1, by (2.1) and (2.3) we have

4
[ A2k (@) < JAwe(@)], |4k (@)] < glAw(@)l,  k=1,2,...n, |z] <1 (2.11)
Thus (2.10) implies
3 n
Jm 12 2 Al | =0,
j: =

The remainder of the proof is to apply
Theorem B. [7, Statement 2.1] Let m be an even integer. If

| Hnmll = O(1) (2.12)
and
m—1 n
dim >0 Al =0,
j=1 k=1

then (2.6) holds for all f € C[-1,1].

The two functions fi(z) := z and fa(z) := z? will play the same role for H,4 as Hy,» [3].
Precisely we have the following, here R(P, z) := |Hpm (P, z) — P(x)|.

Theorem 3. Let m = 4. Then for any polynomial P and 4n — 1 > deg (P)

R(P,x) < (1P|l + 31P"I| + 2[lP"IDR(f1, x) + QP + IP" )R (f2, ), |a| <1. (2.13)
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Proof. Let |z| < 1. By (1.4)

1= Ao()
k=1

T = Z[l'kAOk(x) + Alk(x)]:

k=1
2’ = [wp Aok (x) + 224 A1 (z) + 2424 ().
k=1
Using these formulas we get
Z(:U — iL“k A()k Z Allc (214)
k=1
and . .
D (@ =) Aok (@) =2 [(& — z) Arg(2) — Ao (2)]. (2.15)
k=1 k=1

(2.14) gives

R(f1,z). (2.16)

(2.15) and (2.4) implies

n

Z(m—ﬂ?k Aor(z Z (¢ — ) A1k (z) — (2 — 2p) Ap (2 Zﬂf—mk Ap(z
k=1 k=1

k=1
But .
Z(w—xk)2A0k( )= —ZxekAOk +ZxkA0k
k=1 k=1
=2z lx = @i Aok(z)| - l:ﬂ =Y afAor(z)| < 2R(f1,2) + R(f2, ).
k=1 k=1
At last we obtain .
Z(m — ) A1k (x) < 2R(f1,2) + R(f2, x). (2.17)
k=1

After these preliminaries we can prove (2.13). In fact,

ZiP(f () Ajn(2)

J: k=1

SZP’(wk)Alk +||P"||Z|A2k |+||P"'||Z|Ask
k=1

and by the mean value theoem for the derivative

n

)Ak (2 +|Y [P (x) — P' ()] As ()
k=1
+[30 PU (6 @ - ) Ae(a)
k=1

NP (& — k) Are ()

k=1

< |IP

Z Alk(ﬂf)
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Thus by (2.4), (2.16), and (2.17)

> dua)|+ (SIP71+ 51P71) Yoo - 041 (0)
k=1 k=1
< (1Pl + 3IP"|| + 2P IDR(fr, ) + CIP"[| + [P [DR(f2, ).

As immediate consequences of Theorem 3 we state two corollaries.

Corollary 1. Let m = 4. If (2.8) holds for f = f1 and f = fa, then (2.8) holds for every
polynomial f.

Corollary 2. Let m = 4. (2.8) holds for every f € C[—1,1] if and only if (2.8) holds for
f=7rfi, i=12 and (2.9) is valid.

In [2] we proved a result:

Theorem C. [2, Lemma 3| Let m be an even integer. If

n

R(P,z) < ||P'||

m—1 n
ZZIAM =0,
=0 k=1

then ) .
lim [[H;,,(f) ~ £ =0 (2.18)

holds for all f € C™=1[-1,1].
In comparison with this result the following theorem is interesting and somewhat surprising.
Theorem 4. If (2.9) is valid then
lim [|H; (f) = fIl=0 (2.19)
n—o0
holds for every f € C3[—1,1].
Proof. By Weierstrass Theorem for a given € > 0 there is a polynomial P such that
IPY — O] <€, j=0,1,2,3. (2:20)
On the other hand, if 4n — 1 > deg (P), then P(z) = H},(P,z). Then by (2.9) N :=
sup,, ||Hn4|| < oo and hence by (2.20)
1Hy (F) = FIl < 1P = fII + |1 H s (P = f]

<e+ ZZP(] (@x) = £9) (@r)] Aji ()

7=0 k=1
SN+ 1)+ | Y [P (ar) = f'(@n)] Ak (@)|| + € | Y[ Ask] + [Ase]] ‘
k=1 k=1
=e(N+1)+ S + 5s.
By the mean value therem for the derivetive
S < D oIP' (@) — (@) Aw(a Z{ (@)] = [P'(z4) = f'(@x)]} Ave (@)
k=1

n

SUIP () - £1(E0) (@ — 2) Ae(@)

k=1

Y [P'(@) — f'(x)] A (2)
k=1

> Au
k=1
According to (2.4)

n

Z(m —xp)Arg ()

k=1

<e +e€

So < 2€

Z:E—il?k Alk )

k=1

Hence
n

Z A

k=1

n

Z(w — ) Arg ()

k=1

|Hpy(f) = fll < e(N+1) +€ + 3¢
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But by (2.16) and (2.17) we obtain

ZAlk = [|R(f)ll = fﬂ—zxkAok(fU) <N+1
k=1 fa
and 1
VA (@) || < 2RI+ [R(f)I < 3(N +1).

At last we get
1Hpa(f) = fII S 1IN + 1)e,

which proves (2.19).

As a direct consequence of this theorem we state

Corollary 3. If (2.8) is valid for every f € C[—1,1] then (2.19) holds for every f €
C3[-1,1].

3. Conjectures

We believe that the main results in this note remain true for any even integer. More precisely
we state the following conjectures.
Conjecture 1. Let m > 4 be even. Then

Bix(z) > ¢|Bj(z)|, j=2,..m—-1, k=12,..,n zeR
where ¢ is a positive constant depending only on m.
Conjecture 2. Let m be even. If for fixed positive numbers p and ng
BOk(;U) Z pBlk(w)a k= 1727 w0 Z no, |$| S ]-7
then (2.6) holds for all f € C[-1,1].
Conjecture 3. Let m be even. If (2.12) is valid and

> Al
k=1

lim
n—00
then (2.6) holds for all f € C[-1,1].
Conjecture 4. Let m be even. Then for any polynomial P and mn — 1 > deg (P)
R(P7$) SClR(fl,iL“)-f-CzR(fg,iL“), |£L“| <1,
where c; and co are positive numbers depending only on m and P.

Conjecture 5. Let m be an even integer. If (2.12) is valid, then (2.18) holds for every
fecm1-1,1].
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