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Abstract

In this paper, from the view of point of macro- and meso- scale coupling, we discuss
the mechanical behaviour for subdivided periodic elastic structures of composite materials.
A multiscale numerical method and its error estimate are reported. Finally, numerical
experiments results supports strongly the theoretical ones presented in the paper.
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1. Introduction

For a kind of elastic structures of composite materials of which the geometric and physical
parameters are of some periodicity, e.g., common laminated plate and shell, and fibre reinforced,
particle reinforced, and woved composite materials and so forth , we can regard them as the
periodic structures with a unit cell.

Generally speaking, it is extremely difficult to compute directly the above elastic structures
by using usual FEM, due to the complicated geometric configurations and highly oscillatory
physical parameters. To overcome this crucial difficulty, I.Babuska, J.L.Lions et al. [1] pro-
posed early homogenization method. However, homogenization method can only reflect the
macroscopic average properties of elastic structures, but does not describe the local mechanical
behaviour. To this end, J.L.Lions and O.A.Oleinik et al. [2,5] obtained complete asymptotic
expansions for the Dirichlet boundary value problems of the second order elliptic equation and
the linear elastic structures of composite materials in perforated domains, respectively. Jun-zhi
Cui and Li-qun Cao et al. [6,7] obtained the complete asymptotic expansions for the Dirichlet
boundary value problems of the second order elliptic equation and the linear elastic system
with rapidly oscillating coefficients in domains formed by entirely basic configurations, respec-
tively. In present paper, we will propose the multiscale FEM for subdivided elastic structures
of composite materials.

The organization of this paper is as follows. In section 2 , we shall obtain multiscale asymp-
totic expansion and truncation error estimates for subdivided elastic structures of composite
materials. Section 3 is devoted to the FE computation of periodic solutions N, (§) and the

modified homogenized linear elastic system U 0 (z) . In section 4 , a multiscale FE scheme and
total error estimates are given. Finally, numerical experiments results are reported and are
coincident with the theoretical ones.

In what follows summation over repeated Latin indices from 1 to n is assumed. If the vectors
u, v or matrices A, B have elements belonging to a Hilbert space H with a scarlar product (-, )%,

we use the following notations:
1/2
(w00 = (v, ull = (a0

(4, B)n = (aij, bij)a, Al = (4, A1/
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and write u,v € H; A, B € H instead of u,v € H2, A,B € H".

2. Multiscale Asymptotic Expansion and Truncation Error Estimates

~ Without loss of generality, we discuss only the elastic structure as shown in Figure 2.1. Let
D=0 U, XN =0, O = | ez+ Q) be the elastic composite structures formed
z€T,

by entirely basic configurations, T, = {z € Z" : (2 + Q) CQ},Q@ ={{: 0< & <1, j=
1, 2, DY n}

To begin with, introduce the following notations:

Displacement boundary T, force boundary Ty, 9Q = I, Ty, mes(T’,) > 0, T*
o0 N 0Q: , body force f = (fi,--- fa)l; boundary force ¢(z) = (¢1,- - ¢n)’; strains ;5 =
%(gg—j’ + gZ—Z), stresses 0;;; constitutive relation o;; = CF (z, £)epg, Where

(3

APt — aPQ(g)) if e

Cpq:(oqu(ﬂfag)): Bra — b;jq) it e, (2.1)
p,q,i,j:l,lel-l--n I
ololo|o o o i
“"eo|lo|@|e®| \T Mo eyt \T,
o ot0 0 o | oFilite o,
NI ®| o i,
r, r,
Figure 2.1 Figure 2.2

Definition 2.1. We say that a family of matrices AP1(£) = API(¢), ¢ =e'w, pq=
1,2,---n, belongs to class E(ui1, u2), if their elements aff(f) are bounded measurable functions
satisfying the following conditions:

(1) aif(§) are 1-periodic in &

(2) .

?
aif () = af} (§) = a,;(&); (2.2)
(3) ramipnip < aff (ONipNja < H2NipNip

where 0, 15 an arbitray symmetric matriz with real elements, py, p2 =const> 0
Let

bf;'l = A(S,-,,(qu + [,L(Sij(qu + ,uéiqéjp (23)
where A >0, p > 0 are the Lame constants, d;; is the Kronecker notation.
Equations of equilibrium : —0,,,=f,, p=1,2---n, in ze€Q, (2.4)
e, — .07 =0 (om, 5@y py seq (2.5)
o T Ox, e’ Oz, ’ '
where —
€ _ UE(ZL“) T € Ql
Usle) = { w(w) x € (2.6)
Displacement boundary condition: U®(z)=u’(z) = a(z) zel, (2.7)
Force boundary condition: o0¢.(U%) =o(w) = l/poqaa—w = ¢(x) zel, (2.8)
Zq
Interface conditions : u*(z)|p« = w(x)|r=, 0-(u°)|px = —o(w)|p- (2.9)
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Next, we turn to discuss multiscale asymptotic expansion for problem (2.5).

For x € ; , formally set
Z > Nu(§)Du’(x) (2.10)

=0 |al=l
In constrast to usual expression, here for the sake of convenience, we use the following
notation
ol

D= ——
v O0xq, + -+ Oq,

a= (a1, q), |af=1I, «;takes the values1,---,n.
Using the similar method of [7], define perlodlc solutlons No(€), Nay.qu(€), 1>1,
aj = 1,2,---n in the following way:

No(g) I, Tisa umt matrix.
(qu( T €y )= _a_fp(Apoq (€) n @ (2.11)
N (& = 0 on 0@
A (ara(e) LggeslS)) — 0 (v ()N, (6)

—Aalq(f) aNgq(f) — Acraz (f) +A\a1a2 in Q
Naias(§) =0 on 0Q

3Na1( )

(2.12)

where

ONa, (§)

5t )dé (2.13)

e = [(ames(e) + av1(g)
Q
For |a|=1>3
(o (arn( Doy = D (412 (€) Ny, (6))
—ama(gPapald)  goes@N,, 0@ i Q

{ Navooot () =0 on 0Q
Define the homogemzed elastic system correspondlng to (2.5) as follows:
ou
Ll = -2 @@ 25 ) = jw) w0
U(z) =u(x) on T, (2.15)

~ ay° ou°
\ pq_a% — VPBM_&% =¢(xr) on T,
R R Ara = (P9 enN

OP1(z) = (cg’;(x)) = ( J) e (2.16)
Bri = (bg?;) z €y

Remark 2.1. One can verify that £ is a linear elastic operator, i.e. CP4(z) = (C*4(z)),
p,q =1,2,---n satisfy the conditions (2),(3) of Definition 2.1, see [5].

Remark 2.2. It is obvious to prove that U%(z) € H'(Q,T,) = {v € HY(Q), v|r, = 0}.
Set U0(@)lo, = u¥(), U°(x)]a, = w(z)

Next let us consider the truncation function of U¢(z) and its error estimate.
Let

(2.14)

where

U;@;):{ ui@) = uw(z) + 3 & S Na(©D (@), @ el o1

=1 e
w(x) z € Q
Theorem 2.1. Let U%(z) be the weak solution of the linear elastic system (2.5), u’ €
H**2(Q,),then holds
U () = Uz (@)|lmn @.r) < Ce2[ul o0y, s =1 (2.18)
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1U%(2) = U (@)l @r.) < Ol

where a constant C > 0 is independent of €.
Proof. The proof of (2.18) refers to §2.1, Chap.II of [5], and now we prove only that (2.19)

is valid.
L(Us(z) —U(z)) = Lo(w(z) —w(z)) =0 € (2.20)

Hs+2(Q;)> S Z 2 (219)

if =z S ﬁl
Lo (U(z) = Ug(2)) = Le(u(z) R{ui(m))
—emt 3 (am( Tt Do)

a1, asp1=1
ONr.sr

bty () ) D (o)

(11,---,(l/s+1:1 (221)
te Y (A (O Nas o) D)
at, - aep1=1 ISP
= aNOzz"'OIs 2 0 —1
+e? > A“lq(f)TJrD“u (x) =" 1Fy(z,¢)
a17---,a5+2=1 q
where ||F0||L2(Q) S C||U0($)| Hs+2(Q)
Ut (z) = U;(z) =u’(z) —ui(z) =a(z) —a(z) =0 on zely, (2.22)
0. (U(z) = U (2)) = o(w(z) —w(x)) =0 on zel, (2.23)

It follows from Korn’s inequality that
1U%(@) = Uz (@) 31 < ClleUF = U2
< Cf(Cpqa(U Us) a(U - US))da:

)
g Oy

_ et f (7o, U7 = U5 ) da
< Ce*™ 1||uo|
< O Hju

o2 lUF (@) — Ug (2) |2 (qy)

ae+2a) U (@) = Ug (@) | a1 a,r,)
Therefore o
WU (z) = Us (@)lar (o,r,) < Ce®lu’|

Hs+2(Q1), S 2 2

3. Multiscale Finite Element Method

For convenience, here we discuss only 2-D problems.
3.1. FE computation of periodic solutions N, (¢)

Let Jho = {K} be a regular family of triangulations of the unit cell @, ho = max hx.

Define a linear finite element space:

Vio = {v = (vi) € (C(@))** : wijlog =0, wij|x € PL(K)} C Hy(Q) (3.1)
The discrete variational forms corresponding to (2.11),(2.12)and (2.14) are as follows:
G(Ngl ) vho) = Fal (Uho) vvho € Vho (32)
(Noz?ozzavho) = Fa1a2 (Uho) V,Uho € Vho (33)
and N
a(NG°. .0, Vho) = Fay oy (Vny) YRy € Vi (3.4)
where the bilinear form S
w Vh,
API— 2)d .
ot un,) = [ (4152, Teyae (35)
Q
the linear functionals dun (€)
v
Fauina) = = [ (4776, ZeShae (36)
P

Q
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Fosea() = = (4P @N2.©), 2 e

. A (3.7)
+ f(Aaﬂ(f)aNéuig(o + Acraz (f) - Aa1a27h07 Uhg (f))df
Q q
Note that AP%" will be defined in (3.11), and ©
_ [e%) 0 a 0 f
&wmww__gm (NES...0, (€), = 52N
2 (3.8)

# Jlamn( Pl 4 aeien Nl L, (6., ()6

Since V},, C H¢(Q), existence and uniqueness of periodic solutions Ny, (€), Na,...a, (€) associ-
ated with (3.2)- (3.4) can be easily proved by Korn’s inequality and Lax-Milgram lemma.
One can prove that the following theorem without any difficulty.

Theorem 3.1. Let Ny, ...q;(§), 1<j<I, «a; =12, [=1,2,--- be the weak solutions
of problems (2.11),(2.12)and (2.14) ,respectively. N _ (&) are FE solutions associated with

Qg

(2.11), (2.12) and (2.14), respectively, if Na,...o;(§) € H*(Q), j=1,2---1, then holds

1
INay-a; — Ng?nul ||H[}(Q) < Cho(z ||Na1---aj ||H2(Q)) (3.9)

=1
where C=const > 0 is independent of hg, Na,...o;, 1<7 <1
3.2. FE computation of the modified homogenized linear elastic system

If we solve the above problem (2.15), in practice , we need to solve the modified boundary
value problem as follows:

U (z)

-~ —0 =~ .
~Ln,0° (1) = ~ g2 (Cro (@) ) = fr) i Q
Uo(az) = u(x) on Ty, (3.10)
- I —0 —0
&(UO) = V,,C’pq’ho%g—q = I/poq%g—q = ¢(x) on T,
where
) O (¢)
Art:ho — /(qu(f) Apm(f)T)df (3.11)
Q m
and
_ _ Apasho — (gPoho el
Greto = (Gt () = (™) 1 (312)
BPY — (bfj‘?) z € Qo

Remark 3.1. One can verify that Ly, is a linear elastic operator, see [7].
Theorem 3.3. Let U°(x) be the weak solution of the homogenized linear elastic system

(2.15), Uo(x) be the weak solution of the modified homogenized problem (3.10), and U?L(m) be
the FE solution corresponding to U (z) , Ni(€) € H(Q), f(z) € L*(Q),¢ € HY(Q) ,then

holds:
—0
1U°(x) = Uy (@)l g @) < C{h0||Nk||H2(Q) + Rl fllz2e) + ||¢||H1(Q))} (3.13)
where C=const > 0 is independent of h, ho ; h, ho are the mesh parameters of domains )
and Q ,respectively.

4. Higher Order Difference Quotients and Total Error Estimates

In this section , we shall discuss the approximate computations of partial derivatives for the

vector valued displacement u°(x) = U°(z)|q, .
To begin with, introduce higher-order difference quotients as follows:

1 oY
G (M) = o D { ax’;]T (4.1)

Teo(M)
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where o(M) is the set of elements on which M is one of the vertices;

7(M) is the number of elements of o(M);
ay (z) = U(,)L( )|, is the FE solution corresponding to @°(z) = [ ()|a;;
0

[6uh]T is the value of the derivative %— in the element 7.

Slmllarly, we can define the higher- order difference quotients as follows, [ > 2
d

1 _ 9 (x)
1 0 _ -1 j
6xa1 zal_lxalu (M) - T(M) Z [ 6xa1---zal_1u ( ]) 0T ]T (42)
Teo(M) j=1 !
To sum up, we give a multiscale FE scheme for computing U¢(z) as follows:
S
b ap(@) + e X N, o, u'(2), TEM
Usgho(@) = g =1 |af=t s (4.3)

wp(r) © € Qo
where 49 (z) = Uz(az)ml, wp(x) = Uz(az)mz, NIo(€) are the FE solutions defined in (3.2)
-(3.4) corresponding to N, () , respectively.
Combining with (2.19) and (3.9), we can prove that the following theorem:
Theorem 4.1. Let U¢(x) be the weak solution of the original linear elastic system (2.5),

and UZ:ZO (x) be approzimate solution calculated in (4.3), under the assumptions of Theorem
2.1, then holds

||U6(:c>—Ush0( Dl r,) SCE2+ho+h), s=1 (4.4)
U= (@) = oo @l ra) < CE* ™ +ho+h), s>2 (4.5)
where C'=const > 0 is independent of €,hg,h , € > 0 is the small parameter, hy, h are the

mesh parameters of domains @, and Q, respectively.

5. Numerical Experiments

Consider the plane stress problem as follows:
0 x, OU®(x)
L.US(x) = —— [ APF(Z)——
(@) 0z ( (5) Ozy,
Ué(z) =0, on 00

where domain 2 and unit cell @ as shown in Figure 5.1 and Figure 5.2, respectively.

) = f(z), in Q 5.1)

‘m|m(mnmnm. .

EEEEEEEN

EEEEE NN

EEEEEHENEN v

EmEnEEEn

EEEEEEER s e
EEEEEEE

EEHEEEEERN

0 1x o s . N
Figure 5.1: domain Q Figure 5.2: periodic cell @

kA_ss.umel t;a,t €= %, f(z) =2.78 x 10° Mpa, and matrice functions AP (L) = (aff(%)),
p7 727] = 7
alty = NO8p05 + V805 + 1”636y,

ag; 1 =l 511)53’» +plt )5135 ko )5zk5m

It is well known that there exist the following relations:
o EO .0 o B
T arEO1-20y T oay,0p

1=0,1
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where E®, v are moduli of elasticity, and Poisson’s ratio, respectively.
Here we choose v(?) = p(1) = (.25.
Since it is difficult to find the analytic solution of the original problem (5.1), we have to

replace U¢(x) with its FE solution in a very refined mesh. Here we implement the uniform
rectangular subdivision of €2, which is such that the discontinuities of the coefficients coincide
with sides of the rectangule.

Table 5.1. Compare with computational amount

original problem | unit cell problem | homogenized problem

number of elements
number of nodes 21025 5329 5329

Case 1. E© =10® MPa, EWY =10° MPa;
Case 2. E© =10° MPa, EWY =10" MPa;
Case 3. F© =10° MPa, E®" =10° MPa.
Let the homogenized matrices
~ all  al2
A= ( d2]1 A2]2 >

ij Qg
where (&ff), p, k= 1,2 are 2 x 2 matrices, respectively.
[ 0.13254E +09  0.46060E — 07  0.54508E — 07  0.48206E + 08
Case 1 A— | 0-46060E—07  0.35521E +08  0.48206E + 08 —0.13372E — 07
~ | 0.54508E —07  0.48206E+08  0.35521E+ 08 —0.27393E — 07
| 0.48206E + 08 —0.13372E — 07 —0.27393E — 07  0.13254E + 09

[ 0.87279E + 09 0.11618E — 06 0.18670E — 06 0.28056E + 09 T

Case 2 A= | 011618E—06 0.25473E+09 0.28056E£ +09 0.73887E — 07
~ | 0.18670E — 06 0.28056E + 09 0.25473E + 09 0.15438E — 06

| 0.28056E + 09 0.73887E — 06 0.15438E —06 0.87279E 409 |

[ 0.86451E 409 0.15937E — 06 0.25034FE — 06 0.27722E + 09 7
A= | 015937E - 06 0.24999E 409 0.27722E 409 0.19517E — 06

| 0.25034E - 06 0.27722E+09 0.24999E + 09 0.20257E — 06
| 0.27722E 409 0.19517E —06 0.20257FE — 06 0.86451E + 09 |

Table 5.2. Comparison of computation results

Case 3

Meoll 2 Me1ll 2 MTeall 2 Meoll g1 el g1 Meall 1
01,2 | 0%z | 08Nz | 00,0 | T05r | 05l
Casel 0.027987 | 0.010283 | 0.010839 [ 0.37562 0.089584 | 0.086748
Case2 0.06372 0.045796 | 0.033933 | 1.0378 0.65564 0.15333
Case3 0.37893 0.37612 0.058611 [ 7.9292 6.4542 0.12409
Here, for the sake of convenience , U® (z), U°(x) denote the FE solutions of the longitudinal
dispalcements for the original linear elastic system (5.1) and the corresponding homogenized
one respectively. Uf(z), U;(x) are respectively the first-order and the second-order multiscale
FE solutions for the longitudinal displacements calculated by multiscale FE scheme (4.3), let

eo=U—U° e =U"—U:, ey=U"—U:.

0 o 0 o

Figure 5.3a, Case2 :solution U*® Figure 5.3b, Case2: MFEM U;
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