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Abstract

In this paper we study a cell entropy inequality for a class of the local relaxation
approximation —The Relaxing Schemes for scalar conservation laws presented by
Jin and Xin in [1], which implies convergence for the one-dimensional scalar case.
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1. Introduction

In [1], Jin and Xin constructed a class of the local relaxation approximation-The
Relaxing Schemes for systems of nonlinear conservation laws or single nonlinear con-
servation laws

du L Ofi(uw)
EJFZ 9. =0, (1.1)

1=1

with initial data «(0,z) = uo(z), = = (x1,...,24), by using the idea of the local relax-
ation approximation[1-4].

The scheme is obtained in the following way: first a linear hyperbolic system with
a stiff source term is constructed to approximate the original system (1.1) with a small
dissipative correction; Then, the new linear hyperbolic system can be solved easily by
underresolved stable numerical discretizations without using Riemann solvers spatially.

It is well known that the above Cauchy problem (1.1) may not always have a smooth
global solution even if the initial data wy is smooth[1-3]. Thus, we consider its weak
solution so that the problem (1.1) might have a global solution allowing discontinu-
ities(e.g. shock wave etc.). Moreover, the entropy condition must be imposed in order
to single out a physically relevant solution(also called the entropy solution)[7-9].

For the numerical approximation method of the equation (1.1), the numerical en-
tropy condition(e.g. the proper cell entropy inequality) must be imposed on it in order
that the numerical solution can converges to the entropy solution of the above problem.
However, the entropy conditions seems difficulty to prove for high-order finite difference
schemes[10-11].
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Here, we will study the entropy condition for the semidiscrete relaxing schemes for
scalar conservation laws with general flux. The paper is organized as follows. In section
2, we simply recall the relaxing system with a stiff source term, constructed by Jin et
al. to approximate the equation (1.1). In section 3, we establish the relation between
the entropy pair for the relaxing system and the entropy pair for the system (1.1).
In section 4, we discuss the entropy conditions for the semidiscrete first order upwind
relaxing scheme and second order MUSCL-type relaxing scheme.

2. Preliminaries

In this section, we will review the relaxing system with a stiff source, constructed by
Jin and Xin. to approximate the equation (1.1). In the following, we will only consider
single scalar conservation law:

ou N Of (u)

ot ox

=0, (2.1)

with initial data
(0, z) = up(z). (2.2)

As in [1], a linear system with a stiff source term (hereafter called the relaxing
system) can be constructed as follows:

ou,
ot or
5 Du | (2.3)

ot Tag, = (v fu),

where the small positive parameter € is the relaxation rate, and a is a positive constant
satisfying
| f'(u) |€ Va, forallu € R. (2.4)

Remark. Here, we can consider the more general a(z,t) instead of the above
constant a. The results in this paper are not limited by the above constant a.

In the small relaxation limit € — 07, the relaxing system(2.3) can be approximated
to leading order by the following relazed equations

v = f(u), (2.5)
ou  Of(u)
5t g =0 (2.6)

The state satisfying (2.5) is called the local equilibrium. By the Chapman-Enskog
expansion[12], we can derive the following first order approximation to (2.3)

v=J() — cla - [ @5, 2.7
ou  Of(u) 0 , ou
5t ae = g (la— [ @Py). (2:8)

It is clear that the above second equation (2.8) is dissipative under condition (2.4)
(which is referred to as the subcharacteristic condition by T.-P. Liu in [2]). Here, we
can choose the special initial condition for the relaxing system (2.3) as follows:

u(z,0) = uo(),

(2.9)
v(z,0) = vo(z) = f(uo(z)).
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The aim is to avoid the initial layer introduced by the relaxing system (2.3). In doing
so the state is already in equilibrium initially.

3. Entropy

In the following, we will always assume (7, ¢) to represent the entropy pairs for
models (2.3)[3, 4], where the convex function n(u,v) € C?(R?), then they must satisfy
the consistency condition:

01
(s M) ( 4 0 > = (Qu, @) (3.1)

where 7, represent the partial differentiation with respect to u. Furthermore, we have

Nuu — ANy = 0, (32)
Quu — OGyy = 0
Thus the general representation of the entropy pairs for (2.3) is
n= G+ Vvau) + H(v — au), (33)

¢ = va(G(v + Vau) — H(v — Vau))

for any functions G and H in C?(R).
It is easy to verify that n is convex function if and only if H'G"” > 0. At the
equilibrium state v=f(u), we have

N lo=fay= G(f (u) + Vau) + H(f (u) — Vau) = 7(u),
q lo=yy= Va(G(f(u) + Vau) — H(f(v) + Vau)) = q(u)

and expect to have

(3.4)

My |v:f(u): 0 (3.5)

which means that 7, vanishes at the equilibrium state v=f(u).
Then the pair (7(u), §(u)) forms an entropy pair for scalar conservation laws (2.1),
that is

7' (u) f'(u) = q'(u), if H" >0 and G” > 0.

At the equilibrium state v = f(u), we expect to have the following entropy condition
for equation (2.1)

S/ ) (3.6)

and the numerical entropy condition (4.15) for the numerical method for solving
scalar conservation laws (2.1).

4. The Relaxing Schemes and the Entropy Condition

Now, we introduce the spatial grid points x;, j € Z with the uniform mesh width
Az = zj41 — zj, i.e. Az is a constant, and denote by w;(t) the approximate point
value of w(x, t) at « = ;. As in [1], the relaxing scheme is obtained by discreting
the system (2.3), for which it is convenient to treat the spatial and time discretization
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separately (This is known as the method of line). In the following, we only consider
the semidiscrete schemes.
A spatial discretization to (2.3) in conservation form can be written as

0 +—— = (v v )=0
8t Uy Az ]+1/2 j—1/2) = Y
5 o 1 (4.1)

Evj + E(Uj+1/2 - Uj71/2) = —E(Uj — f(uj))

where the numerical flux u;,1/2 and vj; /5 will be defined in two ways specified below.
For the sake of simplicity in the presentation, define wt = v + y/au and w~ =

v — /au, which imply v = £ (wT + w~ )anduzQ\l/E(w"'—w_).

Algorithm I:( First order upwind scheme) The numerical fluz in (4.1) is defined

as:

Wi = W) Wi = Vi (42)
Algorithm ITI:( Second order MUSCL scheme) The numerical fluz in (4.1) is de-

fined as:

1

1
wy'++1/2:w;r+§¢(TJ'+)(w;r+l_wj)_w Ty ‘ﬁ( J(w] —wiy),

+
B I B B T B (4.3)
Wir1/g = Wipr — §¢5(7"j+1)(wj+2 - wj+1) =w; — §¢(—1)(wj+1 —w; )
Tj+
where N N

+_ Wy Wiy 4.4

'y = —F e (44)

Wjp1 — Wy

and ¢(r) is limiters[6].
Remark. One simpler choice of limiters is the so-called minmod limiters

é(r) = max(0,min(l,7)). (4.5)
Sharper limiters was introduced by van Leer[5, 6] as
¢(r) = (|| +r)/(+ |7 ]), (4.6)
and Superbee limiter
é(r) = max(0,min(l,2r), min(2,7)). (4.7)

For the relaxing schemes (4.1), we want to have the following numerical entropy
inequality to guarantee convergence of numerical solution to the entropy solution.

87] ]. My
i E(Qj+1/2 —qj_1/2) + ?(Uj — f(uy)) <0. (4.8)
Multipying both side of equation (4.1) by (7.,7)j, we have

87] 1 a Th
ot + Axn“ |j (Uj+1/2 - Uj71/2) + Eﬁv |j (Uj+1/2 _Uj71/2) = —?(Uj - f(“j))- (4.9)

Then (denote the left hand side of inequality (4.8) by LHS)

1 1
LHS = A_x(qj'+1/a2 - Qj—l/Z) - A—xﬁu j (”j+1/2
—Uj—1/2) - A—xﬁv 5 (Uj+1/2 - Uj—1/2)-

(4.10)
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Now, substitute (3.3) in (4.10), then

Ja

LHS = —{G( J+1/2) H(wj_Jrl/Q)_G( jory2) FH (W5 o)
—G'(w J)(w;_-l-l/? f1/2)+H'(w‘_)( Wiip = Wiiiya)} (4.11)
\/_ wj_“ 2rrpt / J+L/2 0~y /
= Xa U ) - mele [ 1/: (6 (n) = G (wd.

Therefore, to guarantee the above numerical entropy inequality to be satisfied, we
have

Theorem 4.1. A sufficient condition for the inequality (4.8) to be satisfied is , for
all j € Z,

sign(w;'+1/2 - wj_l/Q)[G'( ) — G'(w j)] 0, for every n between w—'k+1/2 and 'w] 172>
sign('wj__lrl/2 - wj_—l/Q)[H,( =) — H'(€)] <0, for every & between w. 12 end Wiy,

(4.12)
Theorem 4.2. For the first order upwind scheme (4.1), (4.2), the entropy inequal-
ity (4.8) is valid, if H and G are all convex function.
The above two conclusions are obvious. Their proofs are omitted.
Theorem 4.3. For the second order MUSCL-type scheme (4.1), (4.3), the entropy
inequality (4.8) is valid, if H and G are any symmetric convex function, and limiters
¢ satifies the following condition

0 < 40, #(1) <2 (4.13)
Proof. By (4.3), we have
Whias = g = (1 50(5) = S66F D) wf —wfy),
1 " (4.14)
Wit1ye ~ Wiy = (L= §¢(E) +
Under the condition (4.13), we have
Sig"(w;‘rﬂﬂ - w;i1/2) = sign(w) —wj ),
sign('wjfﬂ/2 - w;—1/2) = sign(w;;; —w; )
On the other hand, defining

A=wiyy—wy =[1- §¢(ﬁ)](w;+l —wj),
B=wj —w;_ypp= %gb(r'i)(wjiﬂ —wj),

C = wfi —wf = 30(5) W] —wiy)

D =wj —wl,,=[1-5¢r))w] —wi,),

we have | A |[>| B | and | D |>| C | under the condition (4.10).
Now, if define two new functions as follows:

Yila) = [ [6n) = &' (w} Nn, Yalw) = = [ [#'w)) — H'(O)1de,
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then it is easy to verify the fact that function Yi(x) and Y5(z) are all convex function,
and w;' and w; are their minium value point if H and G are two convex function.

Thus combining the previous results and the property of the symmetric convex
function with (4.9), we can complete the proof of this Theorem.

Remark. 1. Condition (4.13) can guarantee scheme to be of second order accuracy
and very high resolution, because it includes the critical point ¢(1) = 1[5, 6]. On the
other hand, condition (4.13) is valid for a few TVD-type limiter, e.g. van Leer and
Superbee limiters etc.[6], so that it can guarantee scheme (4.1)-(4.3) to be of very high
resolution. 2. At the equilibrium state v = f(u), the entropy inequlity (4.8) reduces to

N 1
% + E(Qj+1/2 —qj-1/2) <0. (4.15)
where 77 and ¢ defind in (3.4), and H and G are all convex functions. (4.15) forms a
cell entropy inequality for the relaxed schemes|[1], which is as follows:

Vj = f(u’])a

0 1
ol T A—x(vj+1/2 —vj_1/2) = 0.
Further theoretical studies, such as the entropy condition for the fully discrete
relaxing schemes and the convergence of the relaxing schemes, need to be considered.
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