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Abstract

This paper deals with the GPL-stability of the Implicit Runge-Kutta methods
for the numerical solutions of the systems of delay differential equations. We fo-
cus on the stability behaviour of the Implicit Runge-Kutta(IRK) methods in the
solutions of the following test systems with a delay term

y'(t) = Ly(t)+My(t-71), t>0,
y(t) = (1), t<0,
where L, M are N x N complex matrices,r > 0,®(t) is a given vector function. We

shall show that the IRK methods is GPL-stable if and only if it is L-stable,when
we use the IRK methods to the test systems above.

Key words: Delay differential equation, Implicit Runge-Kutta methods, GPL-
stability.

1. Introduction

Before dealing with the numerical stabililty analysis of the IRK methods for systems
of DDEs,we consider the following initial value problem

y'(t) = flty(t), t>to, (1)
y(to) = o, (2)

where f is a given function and y(t¢) is unknown for ¢ > .
For the initial problem (1)-(2),consider an Implicit Runge-Kutta method,

v
Kni = hf(tn+ciboyn+ Y aijKny), i=12,...,v, (3)
j=1
v
Yn+1 = UYn +ZblKn,l7 n = 071727"' ) (4)
i=1

where >0 b; = 1,¢; = Z}’Zl aij,1 <1 < v,yp ~ y(tn),ty = to+nh and h > 0 is a
stepsize.
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When we want to analyze the numerical stability of the IRK methods,we focus on
the stability behaviour of the IRK methods with respect to the following linear test
equations

y'(t) = Ay(t), Re(X) <0, (5)
y(to) = o (6)

We get the numerical recurrence formula,(see [7])
Yn+1 = T(B)yna n >0, (7)

r(h) = 1+hb" (I —hA) e
7 T
_ det[Id et[?(fm?b it det(r — ha] 0. (8)

Definition 1.1. (see [7]) Let R(q) be a function of q.

(a) If Re(q) < 0 = |R(q)| < 1,then we say R(q) is A-acceptable;

(b) If g <0 = |R(q)| < 1,then we say R(q) is Ao-acceptable;

(c) If R(q) is A-acceptable and limp. (g, |R(q)| = 0, then we say R(q) is L-
acceptable.

From Definition 1.1, we have the following statements. For the Implicit Runge-
Kutta methods (3)-(4),
(1) it is A-stable if and only if r(h) is A-acceptable;
(2) it is L-stable if and only if r(h) is L-acceptable.

2. The GPL-Stability of the IRK Methods

For the following systems of delay differential equations
y(t) = Ly(t)+ My(t—7), >0, (9)
y(t) = (), t<0, (10)
where y(t) = (y1(t),y2(t), ..., yn(t))T,L and M are constant complex N x N matrices, >

0,®(t) denotes a given vector value function and y(t) is unknown for ¢ > 0.
We counsider the exponential solutions of (9)-(10) in the form

y(t)=¢- e, ¢ech. (11)

We have
Lemma 2.1. (see [5]) The systems (9) has nonzero exponential solutions if and

only if
det[(I — L — Me™°7] = 0. (12)

The equation (12) is called the characteristic equation of (9),and (9) is asymptoti-
cally stable if and only if every root ¢ of (12) satisfies Re(¢) < 0.
Lemma 2.2. (see [5]) Assume that the coefficients of (9) satisfy
1
n(L) = EAmax(L + L") <0, (13)
Ml < (o), (1)

then all roots of the equation (12) have negative real parts and the systems of (9) is
asymptotically stable,i.e. lim;_, o y(t) = 0.
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Definition 2.1. If L and M satisfy (13)-(14),then a numerical method is called
P-stable if and only if the numerical solutions y, of (9)-(10) satisfy

nlgrolo yn =0, (15)

where h = m~'7r,m > 1 be a positive integer.

Definition 2.2. A numerical method is called GP-stable if and only if y, — 0, as
n — oo and for every h > 0.

Many results on the P-stability and GP-stability of the IRK methods have been
given in [1,2,6].

For the exponential solution of (9),we have y(t + h) = £ - eC+h) = ¢ olelh —
y(t) - e then ||y (t + h)||/|ly(®)]] = [e"].

If Re(¢) < 0,then

t+h
MMl en g, (16)
Re({)——o00 ||y(t)|| Re(()——o0
The following theorem plays a key role in this paper.
Theorem 2.1. For the characteristic equation (12),if L and M satisfy (13)-(14)
and the following (P),
)
n(L)——o0 1(L)

then lim, 1), Re(() = —oo,for every root  of (12).

Proof. Let ( = x + iy be a root of (12). If n(L) — —oo, but = doesn’t tend to
—oo,for the characteristic equation (12),there must be a nonzero vector root &y # 0,<
€0, &0 >= Lsatisfies ((I — L — Me ¢7)¢y = 0. To make the inner product with &, we
get

(P) 0,

(— < Lép, & > — < Méy, &g > e =0,
Let L = Hy + iHy, < M&,& >= be', where Hy = 1(L + L*) and Hy = &(L — L*),

then
x— < Hy&p,& > —be "7 cos(0 + y7) =0,
it implies
| x 1| = |be_” cos(yT +0)| < || M|le=*7
< Hy&o, & > < Hiép,& > 7 | < Hiko,bo > |
Since min A\f, << H1§,€ > <n(L) and n(L) = —oo, we get
R 77 T S
In(L)| = | < Hio, 60 > | ~ '< H1&o, 60 >

If < H1&p,& >— —oo,but  does not tend to —oo,then |2/ < H1&p,& > —1|e*” does
not tend to zero,it means % does not tend to zero, this contradicts condition (P)

and complete the proof of Theorem 2.1.

By using Theorem 2.1 to (16),we arrive at
t+h
lim lly( + m)ll = lim € =0. (17)
nL)=—co |ly(@  a@)=—o0
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Also we expect that the numerical solutions {y,} of the IRK methods satisfy

=0, for any n > 1.
(L)oo ||yall

Definition 2.2. If L and M satisfy (13)-(14) and (P),then a numerical method is
called PL-stable if and only if it is P-stable and the numerical solutions {yn} of (9)-(10)
satisfy

: 18
T (18)

forn>0,h=m"tr,m > 1.

Definition 2.3. A numerical method for DDEs is called GPL-stable if and only if
it is GP-stable and the (18) is fulfilled for any h > 0.

Some results on the P, L-stability of the IRK methods have been given in [§8], and
the PL-stability of the block #- methods of delay differential equations in [4]. Now we
use the Implicit Runge-Kutta methods to (9)-(10),

(Ioxn —A® LK, = (e®L)y,+e® M( Z Lp(8)Yn—map) +
p=—r
- S
AQM > Ly(0)Kn mip (19)
p=-r
Ynt1 = Yn+Db" @ INKq. (20)

where the symbol ® denotes the Kronecker product,

K, = (Kni,Knz, ., Knw)T,
b = (b13b27"'7bv)Ta
e = (1,1,...,1)7,
Lyd) = [ [(6=k)/(p—E),
k=—rk#p
m > s+ 1.

we can write (20) in matrices form

Lyyn — (A®Z) 0 K, _ 0 eRL K1 "
-b'e@Iy In Ynt1 0 Iy Yn
A®M 0 _ S Lp(D) K mip N
0 0 ;:44“LP(5)yn—wn+p+1
0 e®M . > op=—r Lp(0)Kn—mip—1
0 0 ;:44“Lp(6)yn—wn+p '
(21)
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Then the characteristic equation of the above difference equation becomes

Iyun —(A®L) 0 n 0 e®L \ .1
det] ( Wely Iy) T 7\o Iy )7 T

AM 0 e
( 0 0 > ;:>4“LP(6) z P

0 e@M n—mn
( 0 0 > ;):77' Lp(é) z +p+1] = 0 (22)
Let
S
Ti(z) = 2"y —A® (L +M Y Ly()"™),
p=—r
Ty(z) = —2"e®(L+M > Ly(6)z""™),
p=—r
T3(2) = —(b'@Iy) 2",
Ti(z) = IN("'=2"),
L = hL,
M hM.
Then (22) can be written in the form
Zﬁ(z) Zh(z)
det — 0, 23
¢ l Ty(z) Ti(z) (23)

Lemma 2.3. (see Matrix theory: Gaotmaher) If

Ti(z) Ta(z) | _
det l Ty(z) Ty(2) ] =0 = detTi(z) #0,

then (23) is equivalent to det[Ty — TsT; *Ty] = 0.
Now we focus on the polynomial

S
¥(z,0) = D Lp(6)2""".
p=-r
Lemma 2.4. (see [1]) The condition
|7(2,0)| <1, (whenever |z =1,0 <4 < 1),
is equivalent to condition v < s < r 4 2.Moreover, if r +s > 0,r < s < r + 2,
|z| = 1,0 < § < 1,then |y(z,0)| =1 if and only if z = 1.
Let .
R(z,6) = Y Ly(6)-227™.
p=—r
When |z| = 1,by using Lemma 2.4 we get |R(z,0)| <1, for § € [0,1). When z = co,we
have |R(o0,0)| = 0,since m > s+ 1. Then we use the maximum modulus principle for
analytic function to obtain

|R(z,0)| <1forz>1,0 €[0,1). (24)



80 B. YANG L. QIU AND J.X. KUANG

From condition (14),namely,
1
1M1 <~ A (4 1),
we can show that
Re(M\(L+ Mw)) <0, for every |w| <1,i=1,2,---,N, (25)

where \;(L + Mw) denotes the eigenvalue of L + Mw.
From (24) and (25),we get

N S
det[Ti(z)] = [[det[ly — A (L+M > Ly(5) - 2F~™)A]
j=1 p=-r
# 0, forlz] >1,

where \;(L + MZ;:,T Ly(6) - 2P~™),j = 1,2,---,N, denote the eigenvalues of the
matrix (L + M >>)_ . Ly(6)2P~™). The above inequality is obtained from A-stability
of the IRK methods (see [7]), so the condition of Lemma 2.3 holds for |z| > 1.
Using Lemma 2.3 to (23),we arrive at

det[ In(z™tt—2™) — (b" @ In)z™ (2™ [T,y —AQ(L+M Y Ly(6)z""™)] -

p=-—r
(e® (L -I—MZ;:_T Ly(8)zP7™)z™) ] =0, for |z| > 1, (26)
det| 2"((z —1)Iy — (bT @ Iy) [y —A® (L+M zs: Ly(6)2P~™) 7t
p=-—r
(e@(L+MY,__, Ly(0)z"7™)) ] =0, for 2] > 1. (27)

we have (see [3])
det[zIy — r(Q(z,9))] =0, for |z| > 1, 28)

where T(Q(Z, 6)) = Iy + (bT ® IN)(IUN -AQ Q(Za 6))71(6 ® Q(Z, 5))7 Q(Za 6) =L+
MY, Ly(s) - 7.

Now we give the main theorem of this paper.

Theorem 2.2. If L and M satisfy (13)-(14) and the condition (P),then the IRK
methods is GPL-stable if and only if (3)-(4) is L-stable.

Proof. 1f (3)-(4) is L-stable.We first show that the IRK methods for (9)-(10) is
GP-stable. We only need to prove that all roots of (23) satisfy |z| < 1.

Assume some root Z of (23) such that |Z| > 1. From (28),we have

det[Iy — r(Q(Z,4))] = 0, (29)

where Q(2,6) =L+ MY,_ , Lp(8)z"~ ™.
By the Spectral Mapping Theorem (see [3] or [9]), we have

—~

Ar(Q(z.0)) = T(AQ(z,0))- (30)
Then from (29),(30),Re(A(Q(2,0))) < 0 and the A-stability of (3)-(4),we obtain

12| = [r(Age.e)| < 1.
It is impossible by the assumptation |Z| > 1.So it is GP-stable.
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Next we want to prove the IRK methods is GPL-stable. We only need to prove any
root z of (23) satisfies lim, ), o, 2 = 0.

Contradictly,let 2 be a root of (23) such that 2 can not tend to zero as n(L) tends
to —oo,then we have sequences {2, }, {L,},{ My, },which satisfy (13)—(14) and condition
(P) for every n,then there exists a positive number 0,0 < o < 1,such that

Tl (én) T2(2n) ~
det . R =0,12,] 20,0<0o<]1,n>0.
[ T5(2,) Tu(zn) 2
Let
S
A(Zn + M, Z Lp(é)égim) = Tn + 1Yn, (31)
p=—r

where A(A) denotes the eigenvalue of the matrix A.

Since det[(zn +iyn) ] — (Ln+ My S5, Ly (6)2E7™)] = 0,then there exists a vector
nonezero [3,,< B,, 3, >= 1l,such that

S
[(#n + iyn)] — (L + My Y Ly(8)287™)]B, = 0.
p=-r
Then
S
(T +iyn)— < LB, Bn > — < My D> Lyp(6)2E" By, B >= 0, (32)
p=-r
where L,, = Hy, + 'LHgn,Hln = 5(Ln + L), Hon = 5:(Ln — Ly).
Let < M, Yo Lp(8) 257" By, B >= = rpe?¥n then (32) implies

— < H1,B04, By > —rpcostp, = 0. (33)

Since the sum »°7_ . L,(d), (0 < 6 < 1) is independent on n, and |2,| > 0, (0 < o < 1),
then there exists a positive number « > 0 such that

S
1Y L <
p=—r
Then |r,| < a||M,|| by Schwartz’ inequality,and we apply 5>\mm(fn+f*) < < HinPhn,
ﬁn >< %Amax(Ln + L;) < 0 to get | < Hlnﬁnaﬁn > | > Amax( + L ) = _n(Ln)a
and (33) can be

— Tn 1] = |lnCOS¢n| _ |7n]
<H1n/6n7,6n> |<H1nﬂn7ﬁn>|_|<H1n,6n7,6n>|
ol _ ol
- | < Hynfy, Bn > | N _7](Ln)7

Then
In

lim  |———"—— — 1| =0.
n(Ln)——00 < Hlnﬁnuﬁn >

Because < H 1,0, Bn > tends to —oo as n tends to oo, then z, must tend to —oo. It
means there exists some positive integer Ny,such that z, < 0 for n > Ny,from (31),we
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have ReA[Ly, + My, >5_ . Ly(8)25™] < 0, for n > Np,then

S
det[Ty(2,)] = det[Iyxn — A® (L + My D Ly(6)257™]
p=-—r

N s
=1 p=-r
# 0, for n > Ny,

since the IRK methods is A-stable and ReXi(Ly, + My, Y5, Ly(0)25™™) < 0, i =
1,2,...,N. From Lemma 2.3,

det[I2, — 1(Q(%n,0))] =0,

where Q(2,,,8) = L, + M, > p=—r Lp(d) - 257, by the Spectral Mapping Theorem,we
arrive at

120l = Ar@n,0)| = I7(AQe0,0)],
then

li AO(3 = 0, by L-stability of the IRK thods,
Re(AQ(fir,?))a—ooV( Q(zn,ﬁ))| y L-stability of the methods

and moreover we have
lim Ao(3 = —00
"(Ln)%fool Q)] ,
so limy(r,,)——oo Zn = 0O,this is a contradict with the assumptation |z,| > o > 0. And
we complete the proof of Theorem 2.2.

References

[1] K.J.in’t Hout, A new interpolation procedure for adapting Runge-Kutta methods for delay
differential equations, BIT, 32 (1992) 634-649.

[2] K.J.in’t Hout and M.N.Spijker, Stability analysis of numerical methods for delay differential
equations, Numer.Math., 59 (1991) 807-814.

[3] T. Koto, A Stability Property of A-stable Natrual Runge-Kutta Methods for Systems of
Delay Differential Equations, BIT, 34 (1994) 262-267.

[4] Kuang Jiaoxun, The PL-stability of block §-methods for delay differential equations, JCM(in
Chinese), 2 (1997), 135-142 .

[5] Kuang Jiaoxun,Tian Hongjiong, The Numerical treatment of Linear Systems with many
delays, Report in AMS meeting #904 Nov.3-4, 1995, Kent State University.

[6] Liu M.Z., M.N. Spijker, The stabililty of #-methods in the numerical solution, IMA.Numer.An.,
10(1) (1990), 31-48.

[7] J.D.Lumbert, Computational Methods in Ordinary Differential Equations, New York, 1990,
John-Willy.

[8] Yang Biao, The P, L-stability of Runge-Kutta methods for delay differential equations,
Accepted by J.of Shanghai Normal University, 1(1999), 8-15.

[9] K. Yoshida, Functional Analysis, sixth edition, Springer-Verlag, 1980.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


