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Abstract

In this paper, the theory of parallel multi-stage & multi-step method is dis-
cussed, which is a form of combining Runge-Kutta method with linear multi-step
method that can be used for parallel computation.
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1. Introduction

Early in 1966, W.L.Miranker and W.Liniger [3] gave a kind of parallel Runge-Kutta
method of order 2 and order 3. But unfortunately, when the method given in [3] was
applied to test equation y = My, Re\ < 0, it’s numerically unstable. In that time,
W.L.Miranker and W.Liniger then expressed their expectation for a parallel Runge-
Kutta method with numerical stability. At the beginning of 1990’s, some kinds of
parallel Runge-Kutta method were considered in [1] and [2] with some modification of
those formulae given in [3], and their absolute stability regions were discussed. Re-
cently, the theory of combination method is set up, and some formulae of this method
are given in [4], which combines Runge-Kutta method with linear multi-step method.
This combination method can be parallel computed just like the parallel Runge-Kutta
method. In this paper, the theory of parallel multi-stage & multi-step method is dis-
cussed, which is another form of combining Runge-Kutta method with linear multi-step
method.

Some algorithms based on this method are part of PASL ( Parallel Algorithm Soft-
ware Library ) on S10 parallel computer (MIMD) which was made by Aero-Space
Department of China in 1991.

2. Basic Theory
Consider the system of differential equations
y =f() ylwo) =y, [:R"R" (2.1)
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parallel r-stage & r-step method is constructed with the following form

Yns1 = BYy + hCU, D (2.2)

where

B = (bl,bg, ...,br), C = (1,62, ...,Cr)

D = (dladZa "'7dT)Ta Yn = (ynayn—la "'7yn—T+1)T

Kip, Kin1 -+ Kinrs1
0 Kop1 -+ Koyt

U, =
0 0 e Kr,n—r—i—l

j -1 j
K= fyn), Kri = f(yi), Kji = FOQ_wjayirior + (O BjuKie)), > wjp =1
=1 =1 =1

j=23,..,n—t+1, i1=n—-1n-2,...,n—r+1

We can find out the method (2.2) can be executed in parallel by r-processes, that
Ky, Kop_1,..., K y—rq1 can be computed synchronouslly.

Theorem 2.1. If the following conditions are satisfied

(i) the module of roots of

A — BN EXNTZ AT =0, XeC

are no more than 1 and the roots with module 1 are single
(ii) foryi =y(zi), i=n,n—1,...,n—r+1, have

y(¥ns1) — BY, — hCU,D = O(h™*!)

then (2.2) is convergent with order m.

Proof. Let
by by --- b,
1 o cr
0O --- 0 0 0 0
B=] 0 1 0o |,C=
0 0 0
0 1 0
so we have
Y11 = BY, +hCU,D
Y (zp41) = BY () + hCU(z,) D + O(h™)
Let

€n = y(xn) ~Yn

E, = (6n, €n—1,""" 7€nfr+1)T
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so we have
E,.1 = BE, + hC(U(x,) — U,)D + O(h™*1)
Because the eigenvalues of B are equivalent to the roots of
A — B(}\r—l7 )\1"—27 . _7>\0)T =0

so the module of eigenvalues of B are no more than 1 and the eigenvalues with module
1 are single , therefore we can find a normal || e || with ||B|| = 1[5, For this normal,

with nh = 7 — 2y, we have

1Ensill < IBIIEnll + RICHIU (za) = UnllIDIF + O™ 1)
<IBull + RICILIEL D]l + O(R™ 1)

= (L +hLICIIDINIEL | + O(h™*)

n

< (L+REICIIDIN™ M Eoll + (1 + REICIDI)OR™ )

1=0
< Ki[|Eoll + KonO(h™ )
= K| Eol| + K20(h™)

So the method (2.2) is order m.
Theorem 2.2. The region of absolute stability of (2.2) is

Q = {ReC | p(G(R)) < 1}

where
G =B+ hCoP
by by - b
1 ¢ Cr
L 0 0 O 0
B=| 0 1 0o |,C=
0 0O 0
0 1 0

Kji=(ai1,052, .., 05;r)Yn with f(z,y) =y

r
bij = Zai,nkarl,jdka D = (¢ij)rxr-
k=i
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Proof. When the test equation y' = Ay is applied to the method (2.2), we have

T T T

Z a1 n,lYn—i+1 Z A1 n—1,0Yn—1+1 " Z a1n—r+1,0Yn—0+1

=1 =1 =1

r T

_ - 0 > st Yn—it1 D A2n—r10Yn—it1

Y41 = BY, + hC -1 =1 D

T

0 0 T Z OCrn—r+1,1Yn—1+1

=1

r

.
Z Z 10— k+1,0Yn—1+1dk

k=11=1
r

T
_ DD ekt yn—i1di

=BY,+hC| =i

r T
Z Z Arg—k+1,1Yn—1+1dk

k=r =1
T r T
S aip-ki11dr > @ik 0 Y 1okt di
k=1 k=1 k=1
T r T
- Y arn kir2de D01 kripde o0 D G1n ki1ed v
=b¥n + k=2 k=2 k=2 n
T r T
S tipekiigde > Gipokiipde 0 Y 1okt
k=r k=r k=r

So we have
Ypi1 = (B + hC®)Y,

therefore the region of absolute stability is k for p(B +hC®) < 1.0

3. Some Examples

As an example, let r=2

Yn Kin Kipn- dy
Ynat1 = (b1, b + h(l,c < ’ ’ ) < )
+.= (b bo) ( Yn—1 ) (L e2) 0 Kzn dy

= biyn + boyn—1 + h(d1 K1 + do Ky ny + c2da Ko ;1)

Kl,n = f(yn)
Kipn_1 = f(yn-1)
Ko p1 = fwa1yn—1 + w22yn + kP21 K1 n-1)
where K1, and K>, 1 can be computed synchronouslly.
By theorem 2.1, we get the conditions for order 3
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0<b <2

by +dy + do + cody = 2

bi + 2di + 2cado(wap + F21) = 4
wo,1 + w22 =1

wy g = (wa2 + 52,1)2

by + 3dy + 3wz pcady =8

(3.1)

By theorem 2.2, we get the stability region is
Q = {heC | p(G(R)) < 1}

where

Q
Il
7N

b1 b2 -I—il 1 C9 dl d2
1 0 0 0 wapdy  wa1da + hf2,1dy

_ ( by + B(dl + UI272CQd2) by + B(dQ + 11)2,102d2 + BﬁQ,ICng) >
1 0

To solve the equations (3.1), we can choose 0 < b < 2 and wgy > 0, let B2 =
W22 — W2, W21 = 1-— w22, b2 =1- bl, and solve out dl, d2 and C9 from

-1
dy 11 1 2-b
do =1 2 0 2w+ Pn) 4—by
CQdQ 3 0 3WQ2 8 — b1
. 2 1
For example, if to choose by = 1 and wey = 4, then (o = =2, di = 37 dy = 13’
Cy = —5, b2 = 0, wo1 = —3, and
7- -, 4 52
1+=-h h(—=—=h
G:( T3h =3 6)> (3.2)
1 0

the region of absolute stability is
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3 1
For another example, if to choose b; = 3 and woy = 4, then B9y = -2, d = 3’

7 11 1
d2 ﬂ762:_77b2:_§7w21:_37 and
3 19 1 -5 11-
L2 w4 —=h
G:(2+6 2 (3+12)> (3.3)
1 0

the region of absolute stability is

uuuuuu

By comparing, we can easily find out that the absolute stable region of (3.3) is much
larger than that of (3.2).
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In paper [5], the one-parameter family of methods

1 5 1/ 10
Jo=Jln) a=gt g EaVity

gu = oy + (L= @y 1 = hfu 1), c#0 (3.4

7 4
Yn+l = Yn + h[(§ —ca1)fn + (_§ —c+car)fn_1+ cgn]

was discussed. It was proved that this method is third-order and possesses the real
stability interval [—1 (11 — v/61),0].

By analyzing, the method (3.4) is only the specifical family of the parallel 2-stage
& 2-step method with b = 1, by = 0, d1 = % —cay, do = —% —c+ cay, codo = c,
w1 = 1 — ap, w2 = ai, ,62,1 = —%, ay = %—F %ﬂ: %1/14—%, C 7é 0. But the
method (3.3) possesses the real stability interval [—0.719,0] which is larger than the
real stability interval [—0.638, 0] of the method (3.4).

The speed-up for some parallel algorithms based on Parallel 2-stage & 2-step Method
was implemented on S10 parallel computer (MIMD, it’s very similar to MASSCOMP)
which was made by Aero-Space Department of China in 1991. For parallel computa-
tion by using the parallel 2-stage & 2-step method, K j, j = 1,2, -, are computed by
process Py, and K j, j = 1,2,---, are computed by process Pa.

For the problem

Y’ = AY7 Y(O) = (_2727_2727"' 7_272)T
where Y = (y1,92,- -, yn)?,n = 10000, and
-1 -2

1 1
-1 -2

-1 -2
1 1

nxn

Take h = 0.01, the computation values at 7 = 9.0 are given in Table 1.

Table 1 h =0.01, 7 =9.0, s =0,1,---,4999
Entry| Exact Values |Computation Values Error ‘
Y2s+1|0.99802350997925 0.9980149386787841‘—8.5713004659175&006‘
Yos+2 |-1.82226049900050| -1.822257264818129 ‘2.93418237149286—006 ‘

Serial method used about 10.65 seconds, while parallel method used about 5.43 seconds,
so the speed-up is 1.96, efficiency is 0.98.
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4. Discussion and Conclusions

Parallel Multi-stage & Multi-step Method given in this paper is a general form that
can be used for parallel computation in ODEs. It’s a form of combining Runge-Kutta
method with linear multi-step method, so the conditions of convergence and stabil-
ity are more complex than that of Runge-Kutta method or linear multi-step method
respectively. But by the theory of this paper, algebraic conditions that ensure con-
vergence and stability are easy to be set up. The advantage of this method is that
it’s equivalent to calculating one right hand function in one step although multi-stage
involved.
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