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Abstract

This paper deals with the error behaviour and the stability analysis of a class of
linear multistep methods with the Lagrangian interpolation (LMLMs) as applied
to the nonlinear delay differential equations (DDEs). It is shown that a LMLM
is generally stable with respect to the problem of class D, ,, and a p-order linear
multistep method together with a g-order Lagrangian interpolation leads to a D-
convergent LMLM of order min{p, ¢ + 1}.
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1. Introduction

Consider the following nonlinear delay problem

y’(t) = f(t,y(t),y(t - 7')), te [tOJT]7 (11&)
y(t) = (P(t), te [tO - T, to], (llb)
where y : R — CN,7 > 0 is a delay term, f : [t,,T] x CN x CN — CN and ¢(t) :

[to—7,to] — C¥ denotes a given initial function. Thoroughout this paper , the problem
(1.1) is supposed to have a unique solution y(t), which satisfies

1y @) 1< Mi, t€[to—7,T]

here norm || e || is defined by || z ||?=< =,z > (Vo € CV), and M; > 0 are some
constants.
Definition 1.1.lY The class of all delay problems of the form (1.1) with

Re <u—w, f(t,u,d) — f(t,v,4) >< o ||u—wv|? (1.2)
where t € [ty, T],u,,v,o € CN, and constants o, v satisfy
0<vy< -0

is denoted by Dy .
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The following proposition on stability of the problem (1.1) can be inferrded directly
by a result of L. Torelli [,

Proposition 1.1. Suppose the problem (1.1) belongs to the class Dy . Then for
any two solutins y(t) and z(t) of the equation (1.1a) we have

ly(t) —2(t) < max | I o(z) — () |,

x€[to—7,to

where @(t) and 1(t) are the two initial functions corresponding to the solutions y(t), z(t).

Moreover, it is remarkable that H.J.Tian and J.X.Kuang 2/ gave a Theorem on
asymptotic stability of (1.1) with an adaptation to the conditions (1.2)-(1.3).

So far, a lot of results on nonlinear stability and convergence of the numerical
solutions of DDEs have been obtained (cf.[1 —7]). However, these results were achived
under the classical Lipschitz condition except those of the paper [1,6,7], which deal
only with Runge-Kutta methods. In view of what aboves, we study convergence and
stability of a class of variable-coefficient LMLMs for the problem of class D, . and
present some significant results in this paper.

2. The Methods and the Basic Lemmas
Consider variable-coefficient LMLMs (cf.[8]) for (1.1)

k
> ilynsi — B f (tnvis Ynvis ¥ (tnsi — 7)) = 0, (2.1)
i=0
where k is a positive integer; n = 0,1,2,...,N, and (N + k)h < T —to,h > 0 is a
stepsize independent of n; the coefficients «;, §; are real-valued functions of h and there
exists a constant h; > 0 such that for h € (0, hy],

k
ap =1, ;aizoa I’Z%%}giaié(), Il%%;(|ﬁi|§ﬁk<ﬁa (2.2)

where Iy = {0,1,2,...,k—1},8 > 0 is a constant; y, i, y" (tnsi —7) € CV are approxi-
mations to y(t,;) and y(t,,; — ) respectively, and y"(e) is determined by Lagrangian
interpolation

N Z Lj(5)ym+j,t0 <ty + 0h < T,
Yy (tm + 0h) =< j=—r (2.3)
@(tm + 6h), tg — T < tm + 6h < to,
where 6 € [0,1),r, s are positive integers, ¢, = top + mh (m denotes a integer) and
61
Lij(6) = T] (

l=—r

I#j

=7
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Refer to the paper [8 —10], we introduce a nonnegative function, using the mapping
f, for any u,i,v,5 € CN,t € [ty —7,T] and A € R :
||U_U_A[f(t7u7ﬂ)_f(t77)7a) ||7 tE[to,T],
Gu,v,'ﬂ,,t,f(k) — (24:)
07 te [tU - T, tO]
For convenience, the G 44 r(A) will be noted by G(X), and the following notations
will be adopted:
Gn(A) = Gyt (tn =) bt )

Gn(\) =G A), (2.5)

Gn(>\) = ng7y(tn)ayh(tn77_)atnaf()\)’
where {,} denotes the solution sequence of the following equation

Yn 7?771 ayh (t" 77—) itn 7f (

Jnk — hBf (tnster Tnrker Y (b — 7))

= - Z @i[y(tnsi) — hBif (tnris Y(tnsi), Yt — 7))]- (2.6)

Lemma 2.1. Suppose the mapping f satisfies (1.2). Then for any a,b € R with
| b|< a, it follows
G(b) < G(a)

Proof. In terms of the definition of function G(e), we need only to prove the case
of t € [to,T]. When t € [tg,T] we have

AG = G?(a) — G?(b)
=2(b—a)Re <u—wv, f(t,u,a)— f(t,v,a) >
+(a2 - b2) || f(tJUJa) - f(t,’l),’l]) ||2
>2(b—a)o || u—w [ +(a® = %) || f(t,u,@) - f(t,0, ) [*> 0.

Hence G(b) < G(a)
Lemma 2.2. For g-order (¢ = r + s) interpolation scheme (2.3), we have the
estimation of global error

Z.r_noa'x H yh(tn-i-i - T) - y(tn-i-i - T) “

< sup Z | L;(6 |maxGn+Z(hﬁk)+M1hq+1,
sef0,1) j=,

where T = (m—3)h, m(> s+1) is a positive integer, 6 € [0,1),]; = {z €eZ|—-(m+r) <

~ M,
i <k —1,Z denotes the set of integers } and M, = ( _ﬁ“ sup H |6—7].
q 6efo,1) ;==
) j=—r

Proof. With the error formula of Lagrange interpolation, we have

ly(tnss = 7) = §ltnss = 7)1l < =, "“) het! H 16—j1.
]*77‘
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where (i — Z Li(6)y(tnti—mtj)-
]_—7'
Therefore

| " (i — 7) — y(tngs — 7) ||
<" (tnri =) = §ltasi = 7) |+ 11 Gtnsi = 7) = y(tusi = 7) ||

Z | L | Gn+z m-l-](o) + Mlhq+1

j=-r
s
< sup Z | Lj(6) |  max Gn-i—z m+](hﬁk)+M1hq+1
66[0,1)]':_7. Jj==r~

Further, we get

S
max || y"(tnti =) = y(tnyi —7) IS sup D> | L;j(6) | max Gryi(hf) + MyhTH!,
=0~k 56[0,1) j:77‘ ZEII

3. Analysis of Convergence and stability

In this section, we set to study the convergence and stability of the method (2.1)—
(2.2) for the class Dy . At first, we introduce a new convergence concept.

Definition 3.1. A LMLM (2.1) — (2.3) with y; = y(t;)(1 = 0 ~ k — 1) is called
D-convergent of order @ for the problem of class D, if this method produces an ap-
prozimation sequence {yn} and the global error satisfies

|| y(tn) —Yn “S C(tn)thh € (07 ho],’l’l, = 07 1727' R

where the mazimum stepsize depends only on the methods; the function C(t) depends
only on the methods, delay T, characteristic parameter o,y and bounds M; of some
derivatives yV (t).

Theorem 3.1. Suppose the method (2.1) — (2.2) has the classical cosistency order
p and the interpolation scheme (2.3) is of order q. Then, when the method (2.1) —
(2.3) applied to the problim (1.1) of class D, this method is D-convergent of order
min{p,q + 1}.

Proof. Since the method (2.1) — (2.3) has the classical consistency order p, there
exists a constant he > 0, which depends only on the method, such that

k
> ilYnyi — hBiy (tnsi) |< MabPt o€ (0, hyl, (3.1)
i—0

where M, depends only on the method and bounds M; of some derivatives y(®) (t).
In terms of Lemma 2.1, we know that

| Yntk — Y(tntk) |= Gk (0) < Grgr(hB). (3.2)
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Whereas ) )
Gnik(hBr) < Grik(hBr) + Gryr(hBy). (3.3)
.3

Further, it follows from (2.5), (2.6), (1.3), (2.2) and Lemma 2.1 that

Gtk (hBr) = Ynik — Tnsk — hBELf tutks Yntkr V" (bt — 7))
_f(tn+k7 gn+ka yh(thrk - T))] ”
k1
< | Ynti — Y(tnrs) = BBl (tngis Ynovis ¥ (Engi — 7)
i=0
_f(tn+i7 y(tn+i)7 y(tn+i - T))] H
k-1 k-1

< i | Gryi(hB) + 1Y 1 il | f (tntis Y(Ensi — 7)5 4" (tngs — 7))
i=0 i=0

(et y(nsi) y (g = 7)) ||

k-1 k-1
<> | GupilhBe) + 1By D L e |l Y (tnsi = 7) — Y(tngi — 7) |

i—0 i—0
< max Gnti(hBr) + hBy max Iy " (tngi = 7) = Y(tngs — 7) I, b € (0, ha]. (3.4)

On the other hand, putting hg = min{hy, h2}, by (2.5), (2.6), (3.1), and (2.2) we can
infer that

Grrk(hB) =l Tntk — Y(tnsk) — BBLLS Crekes Ui Y™ (b — 7))

_f(tn+ka y(tn+k)7 yh(tn+k - T))] ||
k

< D° ly(tngi) — hBiy (bayi)] || +
i=0

| hBLf (bnetes Y (Ente)s " (bnke — 7)) — f (tnk), Y (k) — 7))
< MobPT + BBy || Ytk — ) — y(tnre — 7) ||, b € (0,ho).  (3.5)

A combination of (3.1),(3.3),(3.4) and (3.5) yields

Groik(hBr) < hBymaxi—or || Y (tnti — 7) — y(tngi — 7) |
+max G (hG;) + Moh?™ ) h € (0, ho]
iclp

Furthermore, with Lemma 2.2 we can conclude that

| s () IS (1+ MB) max Gryi(hf) + PRI e (0,h0] - (3.7)
1ty

where

M = v sup Z |LJ(5) |7

0€[0,1] j=—r
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ByMhET P 4 N, p<qg+1,

ByM, + Mohh™ " p>g+1.
In view of 1 + Mh > 1, using the second induction to (3.7), we obtain

| Gk (hBr) [I< (1 + Mh)”“[grg? Gi(hB) + (n + 1)TRmMPETH],
h € (0, ho] (3.8)

From (2.4) and Definition 3.1 it yields that G;(hfx) = 0 whenever ¢ € I;. Hence,
combining(3.2) with (3.8) leads to

| Yk = yltare) IS (L MR (n + DEA™RPHIL b € (0, ho).

Therefore .
| yn — y(tn) 1< T(L + Mh)" (nh)pmin{pati}

< FeMnh(nh)hmin{p,q-i—l}
= C(t,)h™{Pat1} b€ (0, hol.

where C(t) = DeM (%) (¢ — t3). This completes the proof of Theorem 3.1.

In the following, we further present a result on generally stability of the method
(2.1) — (2.3).

Theorem 3.2. A LMLM (2.1)—(2.3) is generally stable with respect to the problem
(1.1) of class Dy .

Proof. Let {yn+r}tand{z,r} be two solution sequences of the method (2.1) — (2.3)
for (1.1a) with the different initial functions ¢(t), 1 (t) respectively. Moreover, we also

Write Hn(>\) — Gyn,zn,yh(tn—T),t,f(A)
| Yntk = Znsk 1= Hngk(0) < Hypi (RB). (3.9)

Whereas, according to (2.1),(2.2),(2.3),(1.3) and Lemma 2.1 it yields

k-1
Hpyr(hBe) <Y Vi | Hygi(hBi) + b | Bi lll f(tnsis Zntir ¥ (tngi — 7))
i=0
—f(tnvis Zntir 2 h( nti — 7)) |

< max Husi(hfy) + oy max || " (b = 7) = 2" (b = 7) |

< max H,,;(hfB) + hBy sup Z | L;j(0) | max Hy1;(0)

i€lp selo, )inr 1€lp

< (1 + Mh) ngx Hn+i(hﬁk), h e (0, hl], (310)
el

where

M = By sup | L;(9) | .
0€[0,1)
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Furthermore, with the second induction to (3.10) we get
Hyyiw(hBr) < (1 + Mh)"“[ma}x H;i((hBr)], k€ (0,hi] (3.11)
1

i€
From the definition of H;(\) we can know that H;(A) = 0 whenever i < 0. So, a
combination of (3.9), (3.11) and (2.2) follows

| Yt — zntn [|1< (1 + Mh)"“[g%%;( H;i(hp)]
< 6M(n-i—l)h max Hz(hlﬂ)
i€lp

< MT—t0) max Hi(hf), b€ (0,m]. (3.12)
1clo

which implies the method (2.1) — (2.3) is generally stable for the class D, .

4. Some Examples

As the application of Theorem 3.1, 3.2, for the class D, ,, we consider the following
method with the linear interpolation of order one (i.e.r =0,s =1 in(2.3))

t — (to + nh to+ (n+1)h| —1
(to )ynHJro ( )h]

Yn,to +nh <t <tg+ (n+1)h,

N h h
y'(t) = n=012-
p(t), to — 71 <t < to.
(4.1)
Method 1
h
Ynt1 = Yn + tan(S)[f (tnt1, Ynt1, 4" (bnsr — 7)) + £ (bns Y, ¥ (En — 7)), (4.2)

2

which is of order two. Contrast to the method (2.1), a1 = 1,09 = -1, = %tan(%),ﬁo =
-3 tan(%). It is easy to verify that this method satisfies condition (2.2). Thus, by The-
orem 3.1, 3.2 we know that the method (4.1) — (4.2) is D-convergent of order two and
generally stable for the class Dy .

Method II
1 1 5 L h
Yn+2 — §Qn+1 - iyn = h[if((tn-i-%yn-i-%y (tn+2 - T)) - f(tnaynay (tn - 7'))], (4-3)

which is of order one and conform to condition (2.2). With Theorem 3.1,3.2 we infer
that this method is D-convergint of order one and generally stable for the class D, .
Method III
Yn+2 — (1 - h2)yn+1 - h2yn = %[(QXP(h) - 1)f(tn+27yn+2ayh(tn+2 - 7'))"'
(1 —exp(—h)) f (tn+1, Ynt1, Y (tnr1 — 7)),

where, contrast to the method (2.1),as = 1,01 =1 — h?, a9 = h%, 32 = %,ﬁl =
12_,16()(178(,:2};) and [y = 0. It is easy to testify that this method satisfies condition (2.2).
Therefore, in terms of Theorem 3.1, 3.2 we conclude that this method is D-convergent

(4.4)

of order two and generally stable for the class D, .
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