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Abstract

The generalized least squares (LS) problem

znelﬁn" (Az — b)T W= (Az — b)

appears in many application areas. Here W is an m X m symmetric positive
definite matrix and A is an m X n matrix with m > n. Since the problem has
many solutions in rank deficient case, some special preconditioned techniques are
adapted to obtain the minimum 2-norm solution. A block SOR method and the
preconditioned conjugate gradient (PCG) method are proposed here. Convergence
and optimal relaxation parameter for the block SOR method are studied. An
error bound for the PCG method is given. The comparison of these methods
is investigated. Some remarks on the implementation of the methods and the
operation cost are given as well.

Key words: Rank deficient generalized LS problem, block SOR method, PCG
method, convergence, optimal parameter

1. Introduction

The generalized LS problem

min (Az — b)TW 1(Az — b) (1.1)
zeR™

is frequently found in solving problems from statistics, engineering, economics, image
and signal processing. Here A € R™ "™ with m > n, b € R™ and W € R™™ is
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symmetric positive definite. The large sparse rank deficient generalized LS problems
appear in computational genetics when we consider mixed linear model for tree or
animal genetics [2], [3], [5].

Recently, Yuan [9] and [10], Yuan and Tusem [11] considered direct iterative methods
for the problem (1.1) by preconditioned techniques when A has full column rank. They
proposed the block SOR-type method and the PCG method for solving the problem
(1.1). They also showed that the PCG method is better than the block SOR-type
method. However there are few papers to deal with the iterative methods for solving
the rank deficient generalized LS problems. It motivates us to propose two iterative
methods, the block SOR method and the PCG method, for solving the rank deficient
generalized LS problems.

In order to speed up the convergence rate of the block SOR method and the PCG
method, the key factor is to find a good preconditioner. Several algorithms were pro-
posed recently in [1], [6] and [7] to find the preconditioners for the LS problems. By
using those algorithms, we can develop some good preconditioners of our methods for
solving the rank deficient generalized LS problems.

The outline of the paper is as follows. In Section 2, an augmented system for the
rank deficient generalized LS problem is given with special transformation. The new
system is the base of all work done in this paper. A block SOR method for the problem
(1.1) is studied in Section 3. The PCG method is established in Section 4. Comparison
of these methods and some remarks on the methods are given in the last section. We

always assume that rank(A) = k£ < n and W is symmetric positive definite in this

paper.

2. Preconditioned Systems

We suppose that A has the following partition

A
(") -

where A; is a k x n full row rank matrix, i.e., rank(A;) = k = rank(A), and A, is an
(m — k) x n matrix.
Lemma 2.1, We have

R(AT) =R(AT) and N(A) =N(4))

where R(B) is the range of the matriz B and N(B) is the null space of B.
For the rank deficient LS problems, since there are many solutions in this case, we

are interested in the minimum 2-norm solution which appears in some applications. It
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is well-known that the minimum 2-norm solution of the problem (1.1) is in R(AT), that

is in R(AY") by Lemma 2.1. Hence, we can consider the following linear transformation
= ATy (2.2)
with y € R¥. By using (2.2), the problem (1.1) could be changed into

min (AATy — b)T W1 (AATy — D) (2.3)
yeRF

which has a unique solution. By the necessary (also sufficient in this case) optimality

conditions, the solution of the problem (2.3) is given by the normal equation
A ATW L AATy = AL ATW o, (2.4)

ie.,

A AW (b - AATy) = o0.

Let r = W~1(b — AATy) be the residual, we then have an augmented system

T —
{AAlerWr—b 2.5)

AlAT’)" = 0.

Since the matrix A has the structure of (2.1), b, r and W also have the corresponding

partitions:
b
b2 T9
and
Wi Wia
W = (2.6)
Wk W

Here Wi € RF¥*E Wy € Rm—K)x(m—k) yre symmetric positive definite and Wys €
RF*(m=k)  Thus the system (2.5) can be written as

A AT W, W Yy by
AQA{ W22 WS 2 = b2 . (27)
0 14114%1 14114%1 (& 0

We therefore have the following theorem.
Theorem 2.1. The minimum 2-norm solution x of the rank deficient generalized
LS problem (1.1) is given by
z=Aly
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where y is the solution of the system (2.7) and Ay is a k x n submatriz of A with k

linearly independent rows. Moreover, the solutions of the problem (1.1) are in the form
of

r=ATy+2  VzeN(4).

3. The Block SOR Method
We introduce some notations in this section as follows:
Al = AlA{, AQ = AQA{,
1‘12 = W2_21A2, ng = W2_21W1€

We counsider the preconditioner D defined as follows,

A, 0 Wy

Then the preconditioned system of (2.7) with the preconditioner D is given by

I AW =W PT) 0 Aty
y

Ay I Wh ||| =] Wylb (3.1)
1

0 pPT I 0

where P = A3 AT'. Thus we can apply the block SOR method to solve the system (3.1)
as follows,

26 = £,20) 4.
Here
L, =
(1—w)I —wATH Wiy — W PT) 0

—w(l —w)Ay (1 =)+ W PWiy wWy (wWPWy — Wih) |,

w?(1 — w)PT A, —wE (1 —w)I +w?F



Direct Iterative Methods for Rank Deficient Generalized Least Squares Problems 443

AT'by y(®)
q=w W' (by — wPby) and z) = rék)
wPT Wyt (wPby — by) rgk)
with
E = PT[(1 — w)I 4 w*W,,' PWyy]
and

F = PTW W], — wPW ).
Therefore, the block SOR Algorithm is given as follows.
Algorithm 3.1.
1. Factorize A; and Wos, set (0 = 0, r0) =,
2. Select a relaxation parameter w.
3. Iterate for K =0, 1, ..., until “convergence”,
yt D = (1= w)y® + wAT by — (Why — Wi PT)ri?),
rékﬂ) =(1- w)rék) + wWay' (by — Wszrik) — Ayy(k+1)),
r%kﬂ) =(1- w)rgk) - wPTrékH).
It follows from (3.1) that the associate Jacobi matrix J for the Algorithm 3.1 is
0 —A7' (Wi —WyuPT) 0

J=] -4 0 -wi . (3.2)

0 -pPT 0
Now we present the convergence interval of w.
Lemma 3.1 The eigenvalues i of the associated Jacobi matriz J in (3.2) are either
real numbers or pure imaginary numbers, i.e., p> € R, such that

p? < 1.

Moreover, the spectral radius p(J) of the associated Jacobi matriz J is given by

L+ [[PIE)W |2
Amin(W22)

where Amin(Wa2) is the smallest eigenvalue of Was.

-1

p*(J) < (

Proof. The proof is similar to the proof of Lemma 3.1 in [10].
Theorem 3.1. Let 8 and « be the mazimum absolute value of the real and pure
imaginary eigenvalues of J respectively and let

2

1+v1+a2-p%

Wy =
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Then Algorithm 3.1 converges for w with 0 < w < WZ(J) and

2
Z 232
|:w,6'+ 4(12w)+w,6‘:| L i 0<w<w

2
wat/4(w—1)4w?a? . 2
2 ) Zf wp Sw < T+a

Moreover wy is the optimal relaxation factor and

a+f 2
Loy) = ( ) .
) =\I T ira =
Proof. The proof is similar to the proof of Theorem 3.2 in [10].

4. The PCG Method

In this section, we propose two PCG algorithms and give an error bound of the
PCG method.

4.1 PCG Algorithm I
We will use the preconditioners D defined as follows,

AAT 00
Dy=|AAT 1 0 ,

0 0 A AT
where P = Ay AT(A; AT)=L. Tt follows from (2.7) and

AAT W, W Yy by

Dfl AQA%—’ W22 ng 2 == Dfl b2

0 AlAg AlA{ A 0
that
I (A1 AT) "Wy (AL AT) Wy
Yy
0 WQQ—PWQ—(WIE—PWH)PT ng_PWH T9
™

0 pT I
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(A1 A7) 'y
=| b—-Pb |. (4.1)

0
Therefore from last equation of (4.1), it holds that

A1 ATy = by — (Wig = Wi PT)rs, (4.2)
_ pr _
(P, —I)W< I>7”2252—Pb1 (4.3)
and
T+ PTTQ =0.

It is evident that the matrix in the left hand side of (4.3) is symmetric positive
definite. Hence the CG method can be applied to the reduced system (4.3) and the
method converges in at most m — k steps. We present next the PCG algorithm I for
the rank deficient generalized LS problem (1.1).

Algorithm 4.1

1. Factorize Ay, and set initial values r0 = 0, v = by — Pby, p(0 = (0,

2. Tterate for k =0, 1, ..., until v**D =0 (or ||v**+D|| <tolerance),
_ pT
g=(P, —I)W I);O(’“),
_ ™3
e = <p(k),q2>7

kD) = k) _ 3 g

k+1 _ _k k

Ty =15+ Akp( ),
[[o+1)|2

Op+1 = Hv(k)H% )

plkHD) — k1) o (k).
3. Solve the extra subsystem
A1 ATy = by + (Wi PT — W)V
where rél) is the solution obtained in step 2.
4. Form the desired solution x by
z = ATy.
For the error bound of the PCG method, we have the following theorem.
Theorem 4.1. The error bound of the PCG method when applied to the rank
deficient generalized LS problem (1.1) is given by
(1+a®)B—-1 1k
|G —o®) - T

Az — zO) ||y — _(4a?)B -1 12k
[ A( )w-1 1+[(l+m)2]
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Here o = ||P||2, B = k(W) is the condition number of W, z(°) is a vector corresponding
to an arbitrary initial vector réo), %) s the k-th iterative solution and z* is the true
solution of the problem (1.1).

Proof. The proof is similar to the proof of Theorem 3.4 in [11].

4.2 PCG Algorithm II

It follows from (2.4) that
pT -1 I T pT -1
(I,PH)W P (A1A) )y = (I, P )W b

which is also a symmetric positive definite system. Then we can apply the CG method
to solve it and obtain the following PCG algorithm II for (1.1).

Algorithm 4.2.

1. Factorize A, and set initial values (0 = 0, v(0 = (1, PT)Yw =1, p(0) =40,

2. Tterate for k =0, 1, ..., until v+ =0 (or [Jo**+D|| <tolerance),
_ I
=(1, PYyw=| _ |p®,
q=( ) <P> p
_ ™3
e = <p(k)’q2>7

oD Z ) _ ) g
Z(k+1) = Z(k) + )\kp(k)7

[[o*+113
Q1 = Hu(k)Hg )

p(k+1) = fv(k+1) —+ ak+1p(k)
3. Solve the extra subsystem
A ATy = 20
where z() is the solution obtained in step 2.

4. Form the desired solution x by
= Aly.

In Algorithms 4.1 and 4.2, we do not need to compute the matrix P = A AT (A, AT)~!
effectively. Instead of computing it, we solve the subsystem A; ATy = ¢ by some direct
methods and perform the matrix-vetor product z = AyA?y. Observe that for many
problems, k is much smaller than m, so that the size of of A; AT is also much smaller

than the size of W. In these cases, it is much easier to factorize A; AT than W.

5. Comparison Results and Some Remarks

In the previous sections, we presented the block SOR method and the PCG methods

for the problem (1.1). In this section, we will give the comparison results of these
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methods. Some remarks on implementation of the methods and the operation cost are
given as well. First of all, analogue the proof of Theorem 4.2 and Corollary 4.3 in [11],
we have our comparison theorem.

Theorem 5.1. If the Algorithm 3.1 and the Algorithm 4.1 are both started with the

same vector (0 € R™, then

k k+1
“b_Angg'G“W*1 < ||b_A$F9(;_R)||W*17 k=0,1,---.

Here xg%G and xgk())R are the k-th iterative solutions generated by the Algorithm 4.1

and the Algorithm 3.1 respectively.
Next, we give some remarks on implementation of the methods. For all algorithms

proposed in previous section, we shall decompose the submatrix A7 as

a-e(}

where ) and R are orthogonal and upper triangular respectively. Now we have

P =A4,Q <I> R T,
0

Hence we can solve just one triangular system R”z = c instead of obtaining (A4; AT)~!
explicitly. By this proccess, we just need two triangular solvers at each iteration.

Finally, we consider the operation cost of our algorithms. The Algorithm 4.1 obtains
a vector 3 € R™F by the CG method and then solves the extra subsystem (4.2). The
algorithm requires only (A;A47)~! and W but not W~!. The Algorithm 4.2 obtains a
vector z € R¥ by the CG method and then solves another extra subsystem A; ATy = 2.
The algorithm requires (4;A47)~! and W~! which is very expensive. The Algorithm
3.1 obtains a vector (yT,rT)T € R™* by the SOR method. The algorithm requires
(A;AT)~! and Wy,'. Hence the Algorithm 3.1 is more expensive than the Algorithms
4.1 and 4.2. Therefore the Algorithm 4.1 is more efficient in actual applications than
the Algorithms 3.1 and 4.2. If the matrix W is diagonal, that is the problem (1.1) is
the weighted LS problem, then the Algorithm 4.2 is preferable than the others.
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