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METHOD OF NONCONFORMING MIXED FINITE ELEMENT
FOR SECOND ORDER ELLIPTIC PROBLEMS*"
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Abstract

In this paper, the method of non—conforming mixed finite element for second
order elliptic problems is discussed and a format of real optimal order for the lowest
order error estimate.
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1. Introduction

Recently Hiptmair (see[l]) and Farhloul & Fortin (see[2]) have constructed and
analyzed some non—conforming finite element mixed methods for second order elliptic
problems:

(1.1)

—div(aVu) = f, x €9,
u =0, T € 0,

where Q@ C R™ (n = 2,3) is a bounded open field with Lipshitz continuous boundary
09, f is a given function of the space L%(Q2) and a € L (1) is assumed to be uniformly
positive and bounded:

0<a <alzr)<a, =€ (1.2)
Introducing the auxiliary variable p = aVu, the problems (1.1) may be written as the
system:
p—aVu =0, x €,
divp = —f, x € Q, (1.3)
u =0, x € 0N.

Then the mixed variational formulation of (1.3) is:
Find (p,u) € H x M such that

{ a(pJ q) + b(q7u) = 07 Vq c I?[7 (14)
b(p,v) = —(f,v), Vv e M.
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where H = H(div; Q) = {q € L*(Q)"; divqg € L*(Q), M = L*(Q), a(p,q) = (a p,q),
b(q,v) = (divg,v) and (.,.) is the inner product in L2(Q2) or L2(Q)".

Let Sy, be a regular triangulation of Q (cf.[3]) and P, be the space of polynomials of
degrees less or equal to [ (where [ > 0 is an integer). The non—conforming discretization
of the problem (1.4), constructed in [1] and [2], is to consider two finite-dimensional
spaces H; and My, such that

1) There is an integer k& > 0 such that RT*(3y,) C Hy,, where RT*(S3p,) is the space
of vector field arising from kth order Raviart ~Thomas elements (see[4]).

2) The moments up to order /(I < k) of the discrete flux are continuous across inter
elements boundaries, i.e.

/(Qh|Ki-ni + qni;nj)pids =0, Vp € B
e

for all internal faces e = 0K; (N 0OK;(i # j) and all g5, € g5 € Hj, (where n; denotes the
unite outward normal on 0K;).
3) M}, has to satisfy the following condition: if Vg, € Hj, and

Z / divgpopde = 0, Vv, € My,
K

KeSy,
then divg, x =0, VK € Sy,

The non— conformity of this discretization is due to the fact that the discrete flux
is not necessarily continuous across inter element boundaries. Hiptemair (see[l]) has
proved the convergence and given error estimates for this non—conforming mixed finite
elements for £ > [ > 1. His analysis is based so—called ” Generalized Patch Test” (cf.[5]).
Farhloul & Fortin have derived a non—conforming approximation of the lowest order in
the two—dimensional case (see[2]). We have found that Farhloul & Fortin’s format is not
optimal as the approximation of the flux pyx € P1(K )2, VK € 3y, but its accuracy
on L? norm is only O(h). One knows that if H, C L*(Q)", VYqn,pn € Hp, alpn,qn)
is continuous. Therefore, the error estimates of non—conforming mixed finite element
are due to the estimates causing by bilinear forms b(.,.). But in [1], the estimates of
non-conforming element causing by a(.,.) and b(.,.) are all discussed. Thus, much work
is in vain because a(.,.) cannot cause the error estimates of non—conforming element.

In this paper, C' denotes a positive constant independent of A, but may be inequality
in different positions.

2. The Non—Conforming Element Analysis

Let H, ¢ H, M), be satisfied 1)-2) in the section 1. Then the discrete problem of
(1.4) reads as follows:
Find (pp,up) € Hp x My, such that

{ a(pn, qn) + bulgn,un) = 0, Vqn € Hy, 2.1)

bh(phavh) = _(favh)a Yoy, € Mp,
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where
br(q,v) = Z / divgudx, Yv € M,¥q € Hy, UH (2.2)
Kes, 'K
To make sure that problem (2.1) has a unique solution and to estimate its error, we
need the following hypotheses.
Hypothesis (N;). There exists a constant « independent of h such that

algn,qn) > allanllz,  Yan € Vi, (2.3)
where
Vi = {qn € Hp; bplqn,vn) =0,V € My} = {qi, € Hp; divg, = 0}. (2.4)
and
lanlli = - (lanlls.x + Ildivanllg x)- (2.5)
KeSy,

Hypothesis (N3). There exists an operator m, : H — H}, such that Vq € H,

bn(q — Thg,vp) =0, Yoy € Mp,. (2.6)
Hypothesis (N3). When Vg € H¥1(Q)" k > 1,

lg — mhllog < CAE T |gllkr1.0- (2.7)
And Yo € HTY Q)N HL(Q), 1 >0
inf |lv— < Chtt! . 2.8
,nf v = onllon < [vlli41,0 (2.8)
Hypothesis (N;). When Vg, € V}, and Yo € H*2(Q) N HY(Q),

> / gnnvds < Ch*|gplo.alvlks2.0- (2.9)
Kesy, 'K
h
Theorem 2.1. If (Ny) and (N2) all hold, then the problem (2.1) has a unique
solution (pp,upn) € Hp X My. And if (N3) and (Ny) all hold and the solution (p,u) €
HEL Q)™ x H*2(Q) of the problem (1.4), the following error estimates hold

Ip = prlloe < CHE(Ipllks1.0 + [ullk+2,0), (2.10)
|u —unlloo < CA"™(Ipllk+1,0 + llullki2,0), (2.11)
where m =min{l + 1,k + 1}.
Proof. From [1] and (N3), we obtain the discrete inf-sup condition:

by (qn,vn
sup Onlan, vn) > Bllonllo,e,  Yun € M. (2.12)
qgn€Hp, HQh“h

Then, from (2.3), (2.12) and [6], the problem (2.1) has a unique solution. And, from
(1.4) and (2.1), we have

ba(p — ph,vn) =0,  Voup € My, (2.13)
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Therefore, from (2.5), we have

bp(mhp — phsvn) =0, Yo, € M. (2.14)

Thus, m,p — pp, € Vi,. And because p = aVu, from (2.3), (2.6)—(2.9), we have

allmp —prlls o = llmnp — pallj
< a(mhp — phy ThD — Ph)
= a(mp = p,mhp — pr) + a(p, Thp — ph) (2.15)
= a(mp —p,Thp —pr) + Y /aK(Whp—ph)nudS

KESy
< CE*Y(|Ipllks1,0 + l[ulle+2.0) |map — palloo-

By (2.15) and (NN3), we may get (2.10).
Let P, : H™(Q) — M}, be L?>-projection, then we have
lu — Prullon < Ch™||ullma, m =min{l+1,k+ 1} (2.16)
Let
Hj={an € H; qux € RT"(Sp)}. (2.17)

then, H} C HJ Hy,. Therefore, by (2.12) with the Hj, replaced by H}, and from (2.1)
and (1.4),we have

bu(qn, Phu — up,
|Pau—unlon < sup 2% )
gheH; llanln
by (qn, Pru — u + u — up,)

T gen fan]
thH}: dnilh
2.18)
a\Ph — P, 4qn (
gety  llanllog
< CO(llu = Puullogn + [lp — palloe)
< OW™(lullksz + Iplsig), m = minfl + 1k + 1}

From (2.16) and (2.18), we may obtain (2.11), which completes the proof of Theorem
2.1.

3. A Lowest Order Non—Conforming Element

Let Q C R? and 3, be a regular triangulation of Q (cf.[3]). For a vertex M, let
Q(M) denote the polygon formed by the triangles adjacent to M and let 1y, be the
pyramid function, linear on every triangle of Q(M) such that ¢y (M) = 1, ¥y = 0
outside Q(M). Then non-conforming mixed finite element spaces M; and Hj of the
lowest order element are taken:

My, = {vy € L*(Q); vy € Po(K),VK € Sp}, (3.1)
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Hj, is Crozei-Raviart’s space (see[7]), i.e.,

Hp = {qn € L*()? qyk € PI(K),VK € Sy,
for all internal vertices M, Z / gnnrPards = 0}, (3.2)
Keq(m) oK

where the degrees—freedom of Pj(K) are taken the meddle point By, B, Bs of each
side e, e2, eg on 0K = ey |JesJes, see Fig.1.

Ph A1
up
€
B . By .
A2 =B1 €l A3

Fig.1

Then, the condition 2) in the section one is satisfied:

/(Qh\fqni + qn|i;15)pods = 0, Vpy € Py(e), (3.3)
e

where e = 0K; N Kj, 1 # j.
Let 7y, : H — Hj, such that Vg € H

bn(q — Thg,vp) =0, Yoy € Mp,. (3.4)
Then, from the definition of space M}, we only need
/ (¢ — mhq)nds =0, VK € 3y, (3.5)
0K
Therefore, we may obtain
Thq| Kk = Q1AL + a2z + agds, (3.6)
where A1, A2, Az are the barycentirc coordinates associated with by e;, ez, e3, and
1 1 1
ag = —— ds+7/ ds—i/ ds, 3.7
! mes(es) /63 4 mes(ez) Jes 4 mes(ey) Je, 4 (3:7)
1 1 1
ag = ——— ds+7/ ds—i/ ds, 3.8
2 mes(eq) /61 7 mes(es) Jes 7 mes(e2) Je, 7 (38)
1 1 1
a3 = ——— ds+7/ ds—i/ ds. 3.9
K mes(es) /82 ¢ mes(e1) Je, ¢ mes(es) Jes ¢ (39)

Thus, (3.4) holds. Let 7xq = mhq|i, VK € Sp. Note that Vg1 € Pi(K)?, q; may be
denoted by
q1 = b1>\1 + b2>\2 + b3>\3.

Thanks to the properties of the barycentric coordinates (see [3] or [6]), we have

/e gids = /0 A + bo(1 — A)mes(es)dAs = (by + bo) /2, (3.10)
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1

/ q1ds = / [b1>\1 + bg(l — Al)]mes(eg)d)\l = (b1 + b3)/2, (3.11)
eo 0

L q1ds = /01[()2)\2 + bg(l — AQ)]mes(el)d)\l = (bg + b3)/2. (3.12)

Taking ¢ = ¢1 in (3.7)-(3.9), by (3.10)—(3.12) we get a1 = by, ay = be and ag = b3, in
other words,
TrqL = b1 A1 +b2do +b3d3 =q1, Vg1 € Pl(K)2. (313)

And since H2(2) — C°({2), by interpolation theory (see [3] or [6]) we have

lg = mngllo,c =l = wxalloxc < CR?llallo,xc, if ¢ € H*(K)*. (3.14)

Therefore, we get
lg - mhallog < Ch |l if g € HA(Q)?. (3.15)

If g, € Hp, then divg, g € Py(K). When

bh(qh,vh) =0, Yup € My, (3.16)
taking vy, ¢ = divgp| i, one easily gets divg, =0, ie.,
Vi = {aqn € Hp; bulgn,vn) =0, Vup € My}
= {qn € Hy; divg, = 0}.

(2.8) is obvious. Thus, (N1)-(N3) are satisfied when [ = 0 and k£ = 1. In the following
we prove that (IV4) (when k& = 1) is satisfied, too. We denote by bg the "non-conforming
bubble function” defined by (see[8])

(3.17)

b =2 — 3(\] 4+ 23+ \3). (3.18)

Let
Wy, = {vh S CO(Q), Upk € PQ(K),VK S %h}, (3.19)
Py = {dn; dnx = axbr,ax € R,VK € Sp}. (3.20)

Then W), + @ is nothing else than the non—conforming piece wise quadratic approxi-
mation (cf.[8]). Define the following spaces

Xp = {Qh S L2(9)2; dn K S Pl(K), VK € 3y,
for all internal edges e = 0K; N 0K}, (i # j),

/(Qh\Kini + qnix;1j)Pods = 0, Vpg € Po(e), and (3.21)
e
for all internal vertices M, Z / gnnrPyds =0},
KeQ(m) oK
Xi = {an; anjx = excurlbg, VK € Sy}, (3.22)

X} = {aqn € H; qui € BDM(K), VK € 33}, (3.23)
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where BDM; denotes the lowest degree finite element of Brezzi-Douglas—Marini [9].
Then, thanks to (3.3) and Lemma 2.1 in [2], one easily gets

Hy, C X\ = X} + X2. (3.24)

Let g, € Vj, then, by (3.24) and the fact that any ¢ € X} satisfying divg = 0 in  is
the curl of a stream function v, € Wp, there exists w, € W, and ¢, € P, such that

g, = curlwy, + curlgy,. (3.25)
where
curlwy, = (Owp/0z2, —0wp/0z1), (3.26)
curlpp = agcurlbg, VK € Sy, '

Thus, Yq € H%(Q)?,

Z/ gnnivds = Z aK/ (curlbg )ngvds
0K

KeSy, 0K KeSy, (327)
= Z aK/ (Obg /Ot)vds,
0K

KeSy,
where ¢ denotes the unit tangent to the boundary of K. Note

/ (Obx [0t)pads = 0, Vpy € Py(K). (3.28)
oK

If let Pyvis the interpolate of v in the W}, we have

Z /athndes = Z ak /aK(abK/at)(v—Pghu)ds

KeS3y, KeS3y,
= > / qnni (v — Popv)ds
Kegy, 7K (3.29)
= Z /th(U—PQh’U)d.T
KeSy,

IN

Ch?||qnlo.0lv]3,0-

From the above discussion, we see (N1)—(N4) all hold. Therefore, we may obtain
the following main result.

Theorem 3.1. Let (p,u) € H?(2)? x H3(Q) be the solution of the problem (1.4)
and (pp,up) the solution of the problem (2.1), then

lp = prllos < CHZ(IIpllz,e + llullse)- (3.30)
lw = unllo.0 < Ch(llpllza + [lullz.)- (3.31)

Remark. One may prove that the formats in [1] are suitable to Theorem 2.1. Using
Theorem 2.1, one may simplify the procedure of proofs in [1]. In comparison with the
result in [2], the freedom degrees of our format is the same as those in [2], but our
discrete approximation of flux function is one order higher than that in [2].
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