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WAVELET RATIONAL FILTERS AND REGULARITY ANALYSIS*
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(Department of Mathematics, Harbin Institute of Technology, Harbin 150001, China)

Abstract

In this paper, we choose the trigonometric rational functions as wavelet filters
and use them to derive various wavelets. Especially for a certain family of wavelets
generated by the rational filters, the better smoothness results than Daubechies’
are obtained.
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1. Introduction

We denote by ¢(x) a scaling function which satisfies

¢(x) = Z hrd(2x — k) (Z is the integer set). (1)
kez

The Fourier transform of equation (1) is

¢ =H(w/2)p(w/2) (2)

where ¢(w) is the Fourier transform of ¢(z) and

1 .
H(w) = 2 > hpe R
keZ

We call H(w) a filter.It satisfies
H0)=1, [Hw)|*+]|Hw+m) =1 (3)

When the expansion coefficient sequence { hy} of H(w) is given, the wavelets corre-
sponding to the H (w) can be derived. For the H(w) which is a trigonometric polynomial
(in this case, we call H(w) a polynomial filter), Daubechies has given the methods gen-
erating wavelets as well as the estimates of regularity!![2],

In this paper, we choose H(w) to be a trigonometric rational function to generate
wavelets and give relative methods and theorems. For I-type rational filters (see the
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second section),they include Daubechies’ filters. And for II-type rational filters,they
include B spline wavelet filters and have linear phases.Especially for a certain fam-
ily of wavelets generated by the rational filters, the better smoothness results than
Daubechies’ are obtained.

2. Rational Filters

For a filter )
1 —iw .
H(w) = (——)VP(e™™)
where F(e ™) = dokez fre ™ Daubechies has given the conditions of existence of
wavelets!!:
(n sup | F(e™) |< 2V
weR
(IT) Z | fel|k|°< oo for a certain € >0
kez

On the basis of the two conditions, we will study how to construct wavelets by a rational
filter.

Definition For a filter H(w) = ((1 + e=™)/2)¥ F(e=*), when F(z) is a rational
function or the modulus of a rational function, we call H(w) a rational filter.

Assume P(z) and Q(z) are relatively prime polynomials with real coefficients. Then
| P(e7™)/Q(e~™) | is a rational function in cosw. Riesz’ lemma allow us to conclude
that there is a real coefficient rational function F'(z) such that

) P G |- @
Let g
e P20y ®)

where S(y) and T'(y) are positive polynomials in the intervel [0,1]. For the given S(y)

and T'(y), the following two types of the rational filters can be determined by (5):

1+4ew
2

1+4ew

Hiw) = ( ;

YWF(e ™), Hp(w)=( YW F(e ™).
They are respectively called I-type rational filters and II-type rational filters. For II-
type rational filters, H;;(—w) = e'N“ Hy(w). This implies that II-type rational filters
have linear phases.We have known that the function F(e~)s in the filters of orthogonal
B spline wavelets are the moduli of the trigonometric rational functions(. Therefore,the
wavelets derived by Il-type rational filters can include B spline wavelets.

For a I-type rational filter, we may use power series expansion to obtain sequence

{hi}. By the property of power series, we know that the condition (II) can be satisfied.
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For a Il-type rational filter, since | F(e~) | is a periodic function with period 27, we
may use the expansion of the Fourier series to obtain sequence {hy}. If | F(e~*) | has
the second continuous derivative, then the condition (II) can also be satisfied.

Now, substituting (5) into the equation | H(w) |?> + | H(w + 7) [*= 1 leads to

yVSWT(L —y) + (1L -y»VS1L-yT(y) =TT ~y). (6)
Denote M(y) = S(1 — y)T(y) and N(y) = T(y)T(1 — y). Then (6) can be rewritten as
y M1 —y) + (1 -y M(y) = N(y).
Since S(y)/T'(y) = M (1 — y)/N(1 — y),we have

—iw\ |2__ M(l_y) =
| F(e7*) |°= yNM(1 —y)+ (1 —y)NM(y)’

When M (y) is symmetric about y = 1/2, equation (7) becomes

. 1 w
Fle ™) |’z ———, = cos? =. 8
In this case,sup,cp | F(e™) |= SUPyc[0,1] \/ﬁ = 27 so that the F(e™™)
VN +(1-y

determined by (8) satisfies condition (I).
Theorem 1. For a positive polynomial M (y) on [0,1], denote

K = yggg](M(y)/M(l - y)).

If K >3 V-1 then the F(e ™) determined by (7) satisfies the condition (I).
Proof. For y €[0,1],

M(1—y) _ 1
yNM(1—y)+(1—y)N M(y) yN+(1;y)NM(y)/M(1*y)
S PFRICN
< 1

minye[o,ll][yN‘i‘K(l—y)N}
(14K N-T)N-1
K

When K > 3= (V=1 we have
1+ K71 < 4K 7T

so that )
(1+ K~-1)N-1

92(N—1)
K <

The theorem is proved.
If choose M (y) = Pn(y) + q(y) + q(1 — y), where ¢(y) is a polynomial and

Pu) =3 (N”j)yj )

=0 J

<
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since yV Py (1 —y) + (1 — )Y Py (y) = 1,then we have

—in 2 Pv(—y)+q(y) +q(1 —y) C o2
e = T e s g YT (10

Theorem 2. If N > 2 and q(y) > 0 for y € [0,1],then the F(e™™) determined by
(10) satisfies the condition (I).
Proof. Since
Pyn(y) < 22D for ye[0,1]

and

y N+ (1 —y)N >

> oy forye[01],

when N > 2 and ¢(y) > 0 for y € [0, 1], we have

22NV + [q(y) + q(1 =]y + A =)V} > 220VD 428 1[g(y) + ¢(1 — y)]
> Pn(y) +qly) +q(l —y)
so that
Py(1—y) +q(y) +q(1 —y) < 92(N-1).
1+ [q(y) + q(1 = ]ly™ + (1 —y)V]
The theorem is proved.
When ¢(y) = C/2 in (10),

— Py(l-y)+C w
iwy |12__ N Y _ 2w
|F(€ )|_1+C[yN+(1—y)N]’ Yy = cos 2" (11)
For C' =0, (11) becomes
, w
| F(e) P= Py(1—y), y=cos® 2. (12)

The I-type filters determined by (12) are just Daubechies’ polynomial filters(.

3. Regularity Analysis

The function space C* is defined as C* = {f(z) | [ Fw) (14 | w |*)dw < oo}

w

Denote By, = sup,cp | Fe ™) F(e”™7) e F(e "2*-T) | and ¢n the scaling function
corresponding to the filter H(w) = (24—)NF(e~®). On the basis of the following
estimatel?!

| pn (W) |< D(1+ | w [)~NFloeBe/(klog2) (D is a constant), (13)
Daubechies has approached polynomial filters and given that
on(z) € CH N (see [2] )

where py < 1— 395 + O(*%5) ~ 0.2075 + O(*%F).




Wavelet Rational Filters and Regularity Analysis 485

Now, we will point out that the larger py for a certain family of rational filters can
be got. In fact, by (11) ,we lead to

iw PN(l — y) +C PN(l) +C N PN(l)
F = 277 (1 .
[ F(e™) | \/1+C[yN+(1 —y)N] SEREDISE ( * 2C )
Hence,
.. N-1 Py(1). N-1 Py(1)
w - 7
log | F(e ™) |< log2 + log(1 + el ) < 5 log 2 + Yol (14)
It follows that ¢y (z) € CHN =N here
1 Py(1
py =05 — — + v ()

2N  2NC'log?2

and € > 0 is an arbitrary small quantity.

(14) is only an asymptotic estimation about constant C. However, for the F(e~™)
N-—-1
determined by (8), By =272 so that ¢n(z) € CUN=ON where py = 0.5 — o
4. Examples
Example 1. For N = 3, the I-type filter determined by (11) is
14+ efz'w ap + alefiw +a’267i2w
Hi(w) = ( )’ (15)

2 by + bye—i2w

where

ay = (\/1+C+\/10+C+\/5+2C+2\/10+110+C2)/4
ap = (V1I+C—-+10+0C)/2

3
as =
2(V14+CH+v/ 10+C+\/5+2C+2\/ 10+110+C’2)

b[] = (\/1+C+\/1+0/4)/27 b2 16b0

In order to obtain sequence {hy}, we expanse (15) to be a power series. For C' = 10000,
the scaling function ¢(z) and wavelet function 1 (z) corresponding to (15) are shown
in Figure 1 . They are smoother than Daubechies’ for N = 3.

Expmple 2. For N = 3, the I-type filter determined by (8) is

l+e™ 4, 4 11 - 81,6,%
H,(w) = = iw i(2k+2)w 16
The II-type filter determined by (8) is
l4+e ™ i
Hyj(w) = (—5—)* | F(e™™) | .

2
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where | F(e™™) |= ﬁ By the Fourier series expansion,
| F(efz'w) |: Z fkefikw
keZ
here o rm f
cos kw
foe=Jfe=— k=0,1,...

———dw,
mJo V14 3cos?w
The scaling function ¢(x) and the wavelet function v (z) corresponding to the
Hir(w) are shown in Figure 2. ¢(z) is symmetric and 1 (z) is antisymmetric.

®

- — N\ U

Fig. 1. The scaling function ¢ and wavelet function ) corresponding
to the I-type rational filter of Example 1 with C'=10000.

Fig. 2. The scaling function ¢ and wavelet function ) corresponding
to the II-type rational filter of Example 2.
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