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Abstract

This paper refers to Clarke generalized gradient for a smooth composition of
max-type functions of the form: f(z) = g(x, maxjcs, fi;(), -, maxjcy,, fmj(z)),
where z € R", J;, i = 1,---,m are finite index sets, g and f;;,j € J;, i =1,---,m,
are continuously differentiable on R™T™ and R", respectively. In a previous paper,
we proposed an algorithm of finding an element of Clarke generalized gradient for
f, at apoint. In that paper, finding an element of Clarke generalized gradient for f,
at a point, is implemented by determining the compatibilities of systems of linear
inequalities many times. So its computational amount is very expensive. In this
paper, we will modify the algorithm to reduce the times that the compatibilities
of systems of linear inequalities have to be determined.

Key words: Nonsmooth optimization, Clarke generalized gradient, Max-type func-
tion.

1. Introduction

The smooth composition of max-type functions plays an important role in nons-
mooth optimization. The general form of this kind of functions is :

f(z) =g(w,§,réaj)l<f1j(w),---,;relga;(fmj(w)), (1.1)

where z € R", J;,4 = 1,---,m are finite index sets, g and f;;,7 € J;, ¢ = 1,---,m
are continuously differentiable on R™" and R", respectively. Many publications deal
with the problem related to minimizing this class of functions, see for instance [3, 8,
9]. However, authors have to restrict themselves to considering particular cases about
f, or take f as a quasidifferentiable function, in the sense of Demyanov and Rubinov
[4]. For instance, g(x,y1,- -+, Ym), where x € R"™, is supposed to be nondecreasing with
respect to each y; for i = 1,---,m in [8] and f is taken as a quasidifferentiable function
in [3, 9]. Until now, no papers on minimizing f in general case by using the technology
of Clarke generalized gradient appear. The present situation may be caused from that
one has not found a way to obtain an element of Clarke generalized gradient of f.
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The definition of Clarke generalized gradient for a locally Lipschitzian function and its
properties see [1, 2].

Gao and Xia [5] proposed two algorithms of finding an element of Clarke generalized
gradient of f, at a point. The algorithms proposed in [5] could be taken as subalgorithms
embedded in some algorithms of minimizing f, for instance, bundle methods [7, 10],
such that these algorithms become implementable ones. However, the computational
amount of the algorithms proposed in [5] is very expensive. One has to determine the
compatibilities of systems of linear inequalities ;" cardJ;(x) times to find an element
of Clarke generalized gradient of f, at the point z, where card denotes cardinality,
the definition of J;(z) see (1.2) below. It is this reason why one does apply them to
minimizing f immediately.

In this paper, we intend to modify the algorithms proposed in [5] to reduce the
computational amount. Now, we go back to [5]. Let T € R". Denote

Ji(@) =1{j € Ji | fij;(®) = g%afi(fij(f)}ai =1,---,m. (1.2)

Given each set of indices j; € J;(T) for i = 1,---,m, one construct the following system
of linear inequalities

le"'jm (me (T) — me(f))Ty <0,y € Rn,Vti € Jz(f) \ {]Z},Z =1,---,m.

It is easy to see that Lj,...j,, is a system of }i" | (cardJ;(Z) —1) strictly linear inequalities
with n variables. One has the following two theorems.

Theorem1.1.[Th-2:5) Suppose there exists a set of indices j; € J;(T) fori=1,---,m,
such that the system of linear inequalities Lj, ... is consistent. Then Vg(z, fij, (), -,
Jmijm (@))|z=z € Of(T), where Of (T) refers to Clarke generalized gradient of f, at T.

Theorem1.2.[™3% Suppose j k € Ji(z),j # k implies Vfij(x) # Vfi(T) for
i = 1,---m. Then there exists at least one set of indices j; € J;(T) fori =1,---,m
such that its related system of linear inequalities Lj, ...;,, is consistent.

In the light of Theorems 1.1 and 1.2, an algorithm of finding an element of Clarke
generalized gradient of f, at T, is constructed in [5]. The algorithm works under the hy-
pothesis in Theorem 1.2. The general outline of the algorithm is: For each set of indices
ji € Ji(%),i = 1,---,m, one determines the compatibility of the system of linear in-
equalities Lj, ..., . If Lj ...;,, is consistent, calculate £ = Vg(z, fi;, (), fmjn (2)) o=z
which is an element of Clarke generalized gradient for f, at T.

For dealing with more general case in which hypothesis in Theorem 1.2 may be
not satisfied, a modified algorithm that works without the hypothesis: Vf;;(Z) #
Vfi(@),V9,k € Ji(z),5 # k,i = 1,---,m, is presented. The general outline of the
modified algorithm is: Determine index sets J;(Z) for ¢ = 1,---,m according to the
rule below:

Jl(f) C Jl(i)7 1= ]-7 , M,
Vit € Ji(Z),3 k; € J;(T) such that Vi, (Z) = Vi, (T),i=1,---,m.
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Evidently, the index set J;(Z) is a subset of J;(Z). Particularly, if J;(Z) satisfies
that VfZJ(T) # Viu(Z),Vj, k € Ji(Z),5 # k, then 72(5) = J;(Z). Actually, 72(5) can
be determined by reserving only one index among this kind of indices that j,k € J;(T)
with Vfi;(Z) = V/fi(Z). Given each set of indices j; € J;(T) for i = 1,---,m, we
construct a related system of linear inequalities as follows:

Ejl"'jm (me (f) — VfUZ (E))Ty <0,y € Rn,Vti S jz(f) \ {]Z},Z =1,---,m.

Then we have the following theorem:

Theorem1.3.°! Suppose there exists a set of indices j; € J;(T) fori =1,---,m,
such that the system of linear inequalities Lj,...;, . is consistent. Then Vg(z, fi;,(z),- -,
fmijm (€)) o=z € Of(T).

Note that substituting J;(Z) and Lj,...;  for J;(Z) and Lj,...;., respectively in The-
orem 1.2, the theorem also holds. The lines above, Theorems 1.2 and 1.3 tell us that
at least one element of Clarke generalized gradients of f, at Z, can be obtained by
determining compatibility of L, ...;,., for each set of indices j; € J;(z),i=1,---,m.

As we know, the main work of two algorithms, as mentioned above, is due to
determining the compatibility of system of linear inequalities Lj,...;, (or Lj,..;,.) for
each set of indices ji1,--+,4m,Ji € Ji(T) (or j; € J;(T)). For instance, by the modified
algorithm, one has to determine the compatibilities of systems of linear inequalities
for [[", cardJ;(x) times. This cost is too expensive to bare for applications. Hence,
reducing the computational amount of algorithms in [5] will be a meaning work. In this
paper, we will present an algorithm that could be used to find a set of indices j; € J;(Z)
for 4 = 1,---,m such that fjl...jm is consistent, by determining the compatibility of
systems of linear inequalities less than 37" cardJ;(7) times.

2. Algorithm and Some Theorems

In this section, we will present an algorithm of calculating an element of Clarke
generalized gradient for f, at Z. In the algorithm, we first find a set of indices
ji € Ji(®) for i = 1,---,m such its related system of linear inequalities Lj,...; . is
consistent. Then, we calculate an element of Clarke generalized gradient for f, at T,
Vg(z, fij, (@), frjm (%)) |s=z. We now present two lemmas and one theorem, which
will be used to prove that the algorithm is well defined and implementable.

Definition 2.1. Let C' be a closed convex set in R™. We say x € C' is an extreme,
if there is no conver combination x = Zle Aiz;, where z; € C, Zle A=10 >0,
other than x1 =--- = x, = T.

Lemma 2.1. Suppose a; € R",i = 1,---,m with a; # aj,Vi,j = 1,---,m,1 # j.

If there exists an index ig € {1,---,m} such that a;, is an extreme of the convex set
co{a; |t =1,---,m}, then the following system of linear inequalities
a’zTy<a'z1;ya yGRn,V (S {laam}\{ZO} (21)

is consistent and its solution set is an open convex cone in R".
Proof. Assume that the system of linear inequalities (2.1) is inconsistent. Then we
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have that
0*(y [{ai}) = ayy
< max{ajy | i€ {L,---,m}\ {io}} (2.2)
=06"(y [ cofai [e € {1,---,m}\ {io}}),Vy € R,
where ¢*(- | S) denotes the support function of the set S. According to the corre-
spondence between a closed convex set and its support function, we have that a;, €
cof{a; | i € {1,---,m} \ {ip}}. This contradicts that a;, is an extreme of the set
co{a; | ¢ = 1,---,m}. Hence the system of linear inequalities (2.1) is consistent. On
the other hand, (2.1) is a system of strictly linear inequalities, so its solution set is an
open convex cone.
Lemma 2.2. Leta; € R" fori=1,---,m. If there exists an indez iy € {1,---,m}

with || a;, ||*= max{|| a; [|*| i = 1,---,m}, then a;, is an evtreme of the convexr set
co{a; |[i=1,---,m}.
Proof. It is easy to see that
I aio 7 = max{[| a; |?| i=1,---,m} 53
_ > e (2.3)
=max{|| v ||| v €cofa;|i=1,---,m}}.

According to the proof of Proposition 2.33 in [6], a;, is an extreme of the set co{a; |
i=1,---,m}.

Theorem 2.1. Let ' be an open convex cone in R"™ with intI’ # ) and a; € R",i =
L. ,m satisfy a; # aj,V1 < 4,5 <m,i # j. Then there exist an index ip € {1,---,m}
such that the following system of linear inequalities

a’zTy < ag;ya NS F,VZ € {laam}\{ZO} (24)
18 consistent and its solution set is an open convex cone in R".
Proof. Denote
Fi = {y € R" | afy < CLZTy,VJ € {17 7m} \ {7’}}72 = 17 , M, (25)

Bjk = {y € R" | %Ty = agyay 7& 0}7]7k = 17 7m7j 7é k. (26)
We first prove that the following relation holds:
(U mUc U B =R"\{0}. (2.7)
1<i<m 1<g,k<m,j#k
It is true that

(U raoyc U  Bjy) cR™\ {0} (2.8)

I<i<m 1<g,k<m,j#k
Therefore, we need only to prove the following relation holds:
RU\{oyc( J raUt U B (2.9)
1<i<m 1<j,k<m,j#k
For each vector 7 € R™\ {0}, denote
I(g) ={i€{1,-,m}|ajg= max a;7}.
]71a"'am
As we know, there are two cases about the index set I(7). In one case, I(y) is a
singleton, i.e., there is an index ig € {1,---,m} such that {io} = I(y). Then one has
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that a]Ty <aly,Vje{l,---,m}\{ig}. Thisimpliesy € [';,. In the sequel, (2.9) holds.
In another case, I(y) is not a singleton. Then, there exist j,k € I(y),j # k such that
afy = a{g. This leads to ¥ € Bj;. Formula (2.9) also holds. Here one has completes
the proof of (2.7). In the light of (2.7), one has that

noke( U mUc U B, (210)

1<i<m 1<j,k<m,j#k
According to our hypothesis that a; # ax,j # k,j,k = 1,---,m, one has that each
Bjy,j # k,j,k = 1,---,m is a subset of (n — 1)-dimensional subspace of R". In
addition, int(U;<; k<m.jzx Bjx) = 0. On the other hand, T is an open convex cone in
R"™ with int[’ # (). Then it follows from (2.10) that there exists a y € I, y # 0 such that
Yy € Ui<icm Ii- In other worlds, there exists an index ig € {1,---,m} with y € T';,.
That is to say the system (2.4) is consistent. Evidently, its solution set is an open
convex cone in R™. This completes the proof of the theorem.
For convenience of the statement, denote

Livwir  (Vfits(@) = Vfi5,@) "y <0,y € R" Wt € Ji(@) \ {Gi}i =1,
where 1 < r < m. We now present the algorithm of calculating an element of Clarke
generalized gradients of f at T.

Algorithm 2.1.

Step 0 Given a point T € R" and let r = 2.

Step 1 Compute values of f;;(Z),j € J;,i =1,---,m.

Step 2 Determine index sets J;(Z),i = 1,---,m, compute values of Vf;;(Z),;j €
J;(Z),i =1,---,m and determine index sets J;(Z),i = 1,---,m.

Step 3 If all of index sets J;(T),i = 1,---,m are singletons, calculate an element of
Clarke generalized gradient & = Vg(z, fi;, (%), -, fmj, (%)) |e=z, where J;(Z) =
{ji},t =1,---,m (in this case, f is differentiable at T) and stop, otherwise go to
Step 4.

Step 4 Finding an index j; € J1(Z) such that | Vfi;,(Z) ||= max{|| Vf1,;(T) ||| j €
J1(z)}-

Step 5 For each index ¢, € J(Z), determine the compatibility of the system Lj, .., s,
to find an index j, € J,(Z) such that Lj, ...; is consistent.

Step 6 If r = m, go to Step 7, otherwise, set 7 =r 4+ 1 and go to Step 5.

Step 7 Calculate an element of Clarke generalized gradient
§ = Vy(@, f1, (), . mjn (%)) o=z and stop.

Theorem 2.2. Algorithm 2.1 is well-defined and implementable. We can obtain
one element of Clarke generalized gradient of f, at T, by executing it.

Proof. We first prove that the algorithm is implementable. It is sufficient to prove
that Step 5 is implementable. We will use mathematical induction. By virtue of Lemma
2.2, Vf1;,(Z) is an extreme of the convex set co{V f1;(Z) | j € J1(Z)}. According to
Lemma 2.1, the system Eju ie.,

Ly (Vi (@) = V15, (@) "y <0,y € R, ¥t € J1(T) \ {1}
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is consistent and its solution set is an open convex cone in R™. Suppose Ejl"'jr 2<r<
m—1) is consistent and its solution set is a non-empty open convex cone in R", denoted
by (Arg L;, .., ). According to Theorem 2.1, we can find an index j,41 € Jp41(Z) such
that the system

(Vfr+1 tr41 (E) - vaJrl Jr+1 (E))T <0,y € AI‘g (Ejl---jr)v VtTJrl € 7T+1(E) \ {jTJrl}
(2.11)
is consistent. Evidently, the system above happen to be Lj, ..., . ,. That is to say Lj,...j, .,
is consistent. Thus it follows from Theorem 1.3 that Vg(z, fi;, (), -, fmj. (%)) o=z
is an element of Clarke generalized gradient of f, at . This completes the proof of the
theorem.

Remark. One should determine the compatibilities of systems of linear inequalities
no more than ™! cardJ;() times by executing Algorithm 2.1.

Executing Algorithm 2.1, one has to determine the compatibilities of linear inequal-
ities for many times. The proposition below tells us that determining the compatibility
of a system of linear inequalities can be transformed into solving an auxiliary linear
programming;:

Proposition2.1.[5} Let A be an m x n matrix. Then the linear system Ay < 0,y €
R"™ is consistent if and only if the minimum value of the objective function of the
following linear programming

minimize 1%
subject to ATp+ (z1,--+,2,)T >0
Yitipi =1

piZO,izl,---,m,zjZO,jZI,---,n

is non-zero, where p; is the i—th component of p.

With a slight modification, Algorithm 2.1 can be used to find more than one el-
ements of Clarke generalized gradient of f, at Z. Actually, for any t; € J1(T) that
Vi1, (%) is an extreme of the set co{Vf1;(Z) | 7 € J1(Z)}, set j1 = t1 in Step 4
and execute Steps 5-7 of Algorithm 2.1 once, we can obtain M elements of Clarke
generalized gradient of f, at , where M denotes the number of extremes of the set
co{Vfi;(Z) | j € J1(Z)}.

Example 2.1. Let

f(r) = 9(]112151%,)3 flj(«’lﬁ),jlf:lflla,gf3 f2j($)ajr:nf?'2)f3 f3j())

= Inax fij(z) — jmax, f2j(x) i, f35(x),

where
z = (z1,22,23)",
J11(z) = 21 + 22, f12(7) = 71 — T2,
fo1(x) = @1, for(x) = w2, fo3(x) = w3,
f31(z) = sinzy, fao(x) = 2% + sinxy, f33(r) = 12 + cos 3 — 1.

Take T = 0 € R3. Obviously, J1(0) = {1,2},J5(0) = {1,2,3},J3(0) = {1,2,3}. It
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follows that

vfll(o) = (17 L, 0)T7 Vfl?(o) = (17 -1, 0)T7

V fa1 (0) = (17 0, O)Ta vf22(0) = (07 L, O)Ta vf23(0) = (Ov 0, l)Ta

V f31 (0) = (17 0, O)Ta Vf32(0) = (07 L, O)Ta Vf33(0) = (Ov L O)T'
We then have J1(0) = J1(0) = {1,2}, J2(0) = J2(0) = {1,2,3}, J5(0) = {1,2}. Execut-
ing the algorithm in [5], we have to determine the following systems of linear inequali-
ties: Enl,E112,E121,3122,3131,3132,3211,3212,E22173222,E231,Ez32- For instance, E111
has the following form:

Lin (Vfi12(0) = Vf11(0) Ty <0
(Vf22(0) = V f21(0))Ty <0
(V f23(0) = V f21(0)) Ty <0
(Vf32(0) = Vf31(0))'y <0

We now execute Algorithm 2.1. Evidently,
I V£11(0) [[=1 Vf12(0) [|= max{[| V f11(0) [|, | Vf12(0) ||}

Set j1 = 1. We next turn to determine the compatibilities of the following systems:
Lii (V/12(0) = Vf11(0))"y <0

(Vf22(0) = Vf21(0)) Ty <0
(V£23(0) = Vf21(0))Ty <0
Liz (V/12(0) = Vf11(0))Ty <0
(Vf21(0) = V f22(0))Ty < 0
(Vf23(0) — V f22(0)) Ty <0
Liz  (V/12(0) = Vf11(0))Ty <0
(Vf21(0) — V f23(0)) Ty < 0
(V f22(0) — V f23(0)) Ty < 0

The systems above can be rewritten as follows:
Ell —2y2 <0
—y1+y2 <0
—1+y3 <0

L2 =2y <0

Y1 —y2 <0

—Y2+y3 <0

Elg —2y2 <0

y1—ys <0

Y2 —ys <0
It is easy to see that Ly, L1, L13 are consistent. Setting j, = 2, we then determine the

compatibilities the following systems:

Lzt (Vf12(0) = Vf11(0)) 'y <0
(V f21(0) 0)"y <0
(V f23(0) — V f22(0))'y <0
(V f52(0) (0))

Ty <0
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Liso (Vf12(0) = Vf11(0)Ty <0
(Vf21(0) = Vf22(0)) Ty <0
(V f23(0) — V f22(0))Ty < 0
(Vf31(0) — V f32(0))"y < 0
The systems above can be expressed by

Lo —2y2 <0

y1 —y2 <0

—y1+y3 <0

—y1+y2 <0

Lo —2y2 <0

y1 —y2 <0

—y2 +y3 <0

y1 —y2 <0

Obviously, Lyg; is inconsistent and Ljoy is consistent. Hence

£ =Vg(fi(z), fa2(2), f32(x))|z=0
= V(fu1(z) — f2(x) f32(2))]z=0
= V(.Tl + o — .',EQ(.T% + Sinxg))|$:0
= (1,1,0)T

is an element of Clarke generalized gradient of f, at z = 0.
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