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SUPERCONVERGENCE ANALYSIS FOR CUBIC TRIANGULAR
ELEMENT OF THE FINITE ELEMENT*"

Qi-ding Zhu
(Department of Mathematics, Hunan Normal University, Changsha 410081, China )

Abstract

In this paper, we construct a projection interpolation for cubic triangular ele-
ment by using othogonal expansion triangular method. We show two fundamental
formulas of estimation on a special partion and obtain a superconvergence result
of 1 — € order higher for the placement function and its tangential derivative on the
third order Lobatto points and Gauss points on each edge of triangular element.

Key words: Finite element, Superconvergence, Projection interpolation.

1. Introduction

Although we had proved the superconvergence of quadratic triangular elements
before 1985, the superconvergence research of k(k > 3)-degree triangular elements only
has a few advances, e.g.,.Lin , Yan and Zhou (see [15]) prove that the three degree
Hermite elements possess superconvergence and Wahlbin (see [5-7]) obtains a rough
result by using a fine interior estimation, that is, the placement function or its gradient
may have weak superconvergence in the local symmetric points,e.g. the middle points
of each edge of a element. In 1989, we have pointed out that Li Bo’s example in
[8] can be explained that it is difficult to show the superconvergence of higher degree
element by the traditional interpolation expansion (see [10]), but it did not show that
there is no superconvergence for the higher degree element and we confirm that there
is superconvergence for k(k > 3)-degree triangular elements. In this paper, using
orthogonal expansion of triangular element, we construct an projection interpolation
for cubic triangular element. After two fundamental formulas of estimation on a special
partion are shown, some superconvergence results of the placement functions and their
tangential derivatives at the third order Lobatto points and Gauss points on each edge
of triangular elements are proved. Moreover we will study the superconvergence of the
complicated problem of the finite element method.

For the sake of convenience,we consider the model problem: Find u € H{ () such
that

a(uvv) = (fav)v Vv € H&(Q)a
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where a(u,v) = [, VuVudzdy, (f,v) = [ fvdedy, © is a smooth or convex polygonal
domain . We suppose that €2 is divided into uniform triangles (or local uniform triangles
if we consider local superconvergence).Let J”" denote the triangulation, S" denote the
piecewise cubic finite element space over the triangulation J*. For each triangular
element e € J" e = Az12023, let s;(i = 1,2,3) denote the opposite side of the vertex
zj of e. h; is the lenth of the edge s; (sjy3 = si), h is the maximum of all lenthes of
edges.Let s; and n; denote the direction and nomal direction of the edge, respectively
and the corresponding directional derivatives are denoted by 0; and 9,,. Py(e) and
A; denote all the k-degree polynomials and area coodinates on element e respectively.
zi(i = 1,---,9) are the points of trisection of three edges of element e and zg is the
barycenter of e (see Figure 1). For all z;, we may construct basis function ¢; € Ps(e)
such that ¢;(z;) = d;5.

(Fig.1)

2. Projection Interpolation

Now we construct a new type of interpolation, i.e. projection interpolation like Lin
and Zhu in [4] in 1994. It is constructed by projection of a function on polynomial
space according to some fashion. Consider firstly the problem of one dimension. Let

s = (zy — h,zo + h) = (a, §).

We construct following complete normalizing orthogonal system of polynomials { L, (z)}
in the sense of inner product of L?(s):
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where A(z) = 1[(z — z9)? — h?]. We further construct their primitive function like

wp = 1,
w1 = /Lodm,
I
wo = /Ll(x)dac,
; (2.2)

where I, = (xg — h, ). It is easy to prove

Proposition 1. {L;(z)} and {w;(z)} have following properties:
1) |Li(2)] < Che 2, (Li, Ly) = 035, |wi(z)] < Che'?;
2) wi(xg£h)=0,i>2;
9 i — (&= a0) = (1Yl + (o =)
4) i >3, (wi,pi-3) =0, Vpi—3 € P_3(s);
5) zfz j>0and i+j isa odd number, then (wj,w;j) = 0;
where Pp,(s) is the set of all m-th polynomials on s and

(p,q) = /S pqdz.

Assume that v € H'(s), then u' can be expanded in Fourier series:
oo
u' =Y ajLj(x) = aglo(x) + ar Ly (@) + - + a;Lj(x) + -+, aj = (u,L;)  (2.3)

Using Parserval equality,we have(see Section 1.4 of Chapter 1 in [4]).
Proposition 2. If u € H'(s), then we have expansion in the sence of pointwise

z) =Y fjwj(x)
J
where fy = u(zo —h), B = /17207 [u(wo+h) —u(zo —h)], Bj = aj 1 = (@, L;j 1),
(j > 2). Further more, if u € WFt12°(s), then
Bet1 = O(REFTI1/2) (2.4)
Now we construct so called projection interpolation:
yu = Bo + frwi(z) + Powa(z) + -+ + Brwi(z).

Proposition 3. The operator Iy has following properties:
1) 112 = I, and I; is a operator from H' onto Py(s).
2) if u € WETLP then

lu = Mgullmp,s = OB ulls1,p,5- (2.5)
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3. Projection Interpolation on Triangular Element
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Let e = Azi2z923 be any triangular element , the nodes 21, 22,23 are in order of
positive direction (opposite direction of hands of clock).s; is the edge opposite to z; (let
Si+3 = 8;). Then we can define a projection interpolation on each edge s; according to

the fashion in Section 2:

w® (5) = Bio + Brwin(s) + Biawin(s) + - + Bupwie(s), (k > 3)

where s is parameter of aec length of s;,w; satisfies

w (z;) = u(z), G =i+ 1,i+2)

wi (29) = ulzo) + O(h*2),Vz0 € {2 € 5, wigs1(2) = 0}

{z € s; t wjk4+1(z) = 0} is the set of all Lobatto points on s;.

Let
Er = Ao, (k = 1,2,3)
P (e) = span(FE\, Ea, E3) = span(E1, Es, E3, ¢q),

Let 5
1 .
Wiy = 038?(§>\i+1>\i+2)3 +Y apEy. (i=1,2,3)
k=1
which satisfies
a(@is, po)e = 0
(@ig,1)e =0
It is quite obvious that
Wi4 € P4(6),V6 c Jh, ‘Di4|si = wi4, Gji4|8k = O,k 7é 7.

Let
Ik = Ep + 011 B3 + Opa¢bo, (K =1,2)
which satisfies
a(lg,do)e =0
(I, 1)e =0
Suppose that the folowing condition holds?:
(A): {l1,l2} is linear independent
where simbol [ means

[ = Z cijxiyj, if 1= Z cijxiyj

i+j=4 i+j<4

(3.1)

(3.2)

(3.3)

The function W € S§(€2) is said to be projection interpolation of 3-th order of w,if

it satisfies
DW|s, = wl(3)7z' =1,2,3,Ve € Jh;
2)a(u — W, ¢p)e = 0,Ye € J".

obviously,there exists an unique projection interpolation W € S} (Q) for u € H(22) N

H?(9).

2 At least, condition (A) holds for equilateral triangle element
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Lemma 1. The projection interpolation W has following properties:

1) Wge is the projection interpolation of 3-th order of ulge, W € C(€2).

2) W is interpolation of 3-th degree of u in the finite element space S™(Q),and there
are estimations:

1w =W lmpe < CR " ™|ullape, (m = 0,1),Ve € JO. (3.7)

3) The tangential derivative of u— W has higher order estimations O(h*) on Gauss
points {G} of 3-th order on side s; of element e and O(h®) estimates on Lobatto points
{z0} of the 3-th order ,i.e

(aT(u —WHG) = O [lulls,coe

—W)(z0) = Ol (3:8)

|5,oo,e

Lemma 2. Let e = Azyz9z3 be a triangular element, then Yv € Ps(e), there is a
v* € P3(e) such that

v*]9e = Ve (3.9)

and the derivative 8?8%1)* of the third order on each side of element e can be represented
by linear combination of the difference quotient 5;51) (or 8531)) of the third order on the
three sides of element e, i.e.

8§8niv* = cﬁ?v + 026?1) + 036?1) (3.10)

where ¢; s independent of v.

Proof. Because each 920, is a linear representation of 93,3, 950, 0303, we only
need to prove that 930, 0505 satisfy the properties. We might as well let e be a right
triangle (otherwise using an affine transformation) and z; be the right angle vertex
and so = s3 = 1(see Fig.2). Then we only need to prove that 8%811,858“; satisfy the

1 4 5 2
properties. Let (Fig.2.)

v* = v(21)1 + v(22)P2 +v(23)P3 + v(24)Pa + v(25) 5
+u(26) s + v(27)P7 4+ v(28)1Ps + v(29)1g
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where
Y1 =—¢o/3+¢1  do=—becry(x+y—1) c=9/2
pr=—clz+y—-1@+y—1/3)(z+y—2/3)
o = —po/6+ d2 P2 = cx(x —1/3)(x —2/3)

P3 = ¢3 ¢s =cyly —1/3)(y —2/3)

g = ¢y ¢s = 3cx(z+y — 1)(x —2/3)
Ps = ¢5 ¢5:—3cx(x+y—1)(x—l/3)
6 = ¢s ps = —3cry(y — 2/3)

Y7 = ¢r ¢7 = 3ery(y — 1/3)

s = ¢s ¢s = —3cy(z +y —1)(y —1/3)
9 = g b9 = 3ey(z +y — 1)(y —2/3)

It is easy to prove (3.9) and we have
d20,0* = 50 x 9, 8§8$v* = —(2%2630 + 63v) x 9
The proof is completed.

3
Let Wy = Y Bijawis If condition (A) holds, then it is easy to prove that there is a
i=1
function Q4 = Bil1 + Bala € PY(e) such that

u—W — Wy — Q4 =0,Yu € Py(e),Ve € J"

and

|Bi(w)| < Ch?ul,ec,
|Bz(u)|e - ﬁi(u)|e’| < Ch®
for any neibourhood e, e’ € J"*. Then we have:

Lemma 3. Let W € S"(Q) be the third projection interpolation of u,if condition
(A) is valid then we have following decomposition formula:

(3.11)

u—W = Zﬁz4wz4+Q4+7‘5

h|Qallmp.e S 175 lmp.e = ORP=™)|ulls p.e,
(2<p<oo,m=0,1), VeecJ

where Q4 = Bil1 + Bala € PY(e),5; = Bi(u) is a linear functional on W5P(e),which
satisfies formula (3.11)
For each e € J" let

(3.12)

—Av* =g + aipr + azpio,
where 1 = h Y (x — 20), u2 = b (y — yo), (20, y0) = 20 € e. Using lemma 2,c;,i = 1,2
can be represented by linear combination hjafv, ( = 1,2,3).Notice that

dvle = —0vler, (3.13)

for any neibourhood e, e’ € J".
Since SP(£2) are defined on uniform meshes, due to (3.6),(3.11), (3.13), and Q4 €
P} (e), we have
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a(Q4,v*) = X (Qu, —Av")e = X (Qu, 11 + azpi2)e
eGJh EEJh
= Z ) Z Z Z Cijhjaj-s’v(ﬁﬂe—ﬂi|8/)mes(e)
ecJh j=1,2,3 ene’'=s; i=1,2
=1,

= 0RO ullspllvlls,, Yo e SHQ) 5+

1,1
P g

|5,17

where ¢;; = const. are independent of u, v, h, e.
Similarly,using (3.4) we have

Z (W47_Av*)8
ecJh . .
Z O ullspllolly, Vo€ SH@) L+l

Then we have:
Lemma 4. Under the conditions of lemma 2 and lemma 3,we have:

a(Q4,v*) = O(h°)||ullsp|lv]l5 4
> (Wi, —Av*)e = O(RO) ullspllvlls,, Vo€ SHQ) 5+

ecJh

_1, - (3.14)

4. Two Basic Estimations and Their Proofs

Theorem 1. Suppose that the uniform triangular subdivision of 2 is given and W
is the projection interpolation of S-th order of u € W5P(Q) N H}(Q). Then we have two

basic estimations as follows:
|a(Wy +r5,0%)| = O™ [ulls pllvllo—pm g0 Vv € S™M(2)
1/p+1/¢g=1,m=0,1.

3
where |[v]|, = X [|v[|L4e,0nd Wy = 3 Biawia( see section 3)
e =1
Proof. For each element e and any v € S§',using (3.7),(3.14) and (3.12) we obtain
> J(Way, —AvT),
ecJh e
SO ™ ullsplloly gy Vo€ SEE®) L+io1,.
> [rs(=Av)dz = O(h°)|uls pllv]l3,,-

ecJh e

By Lemma 1 and Lemma 2 we have

> a(Wy+15,0%),
ecJh

= Zjh fae(u - W)anv*ds + O(h6_m)||u |5,P UHg—m,q (4.1)
ec

= > > [i(lu=W)ov'ds+ O(hS=™)|Julls pllv]5_ g (m=0,1,2)
ecJhi=1,23""" ’

where 0, is normal derivative, v* € Ps(e) satisfies v*|pe = v|ge. Because W is the
projection interpolation of ul|s, and 0,v* is a polynomial of the second order, due to
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proposision 1 and 2,we have
I, = f5¢ (u—W)Opv*ds = by f5¢ w4Opv*ds
= (403 fsi[A(s)]38Z~28nv*ds

= 920, o3 / [A(s)Pds = 820,0" Buys 42)

S

1 =03 J, [A()]ds = O(AS31/241) = O(n+112),
B = / QuLs(s)ds = [, Otu(~1)05[A(s)Pds

where 0; denotes the tangential derivative along the direction of s;,v3 is a constant inde-
pendent of e, u and v. Using Lemma 2, 920,,v* can be represented by linear combination
of the difference quotient of the third order on three sides of element e:

020,0* = a187v + agdyv + azdiv (4.3)
where a1, a2, ag are constants. Therefore we have
I = B+ 3 - (a167v + agdiv + azd3v) (4.4)

For each j(j = 1,2,3),there exists an unique neibourhood element ¢’, such that for the
corresponding quantities we obtain

G = (=1)%0%v, 5= (4.5)
Packing the corresponding quantities ,we have
By y3- 630 + Ba-y3 - 63v

= [(=1)*B} + Ba] - 13870 (4.6)
= (=1*{(=1)° [}, 0juos[A(s)Pds + [, Ofuos[A(s)]*ds} - y387v.

Because s; and s’ are parallel, but their directions are opposite, there is a factor (—1)*
between the signs of the derivatives of the 4-th order along directions of s; and s}:

otu' = (=1)*0tu, on s (4.7)

)

Therefore (note (4.2)):
By ys- 630 + By y3 - 63v
= (—1)3{(—1)3/ Otuos[A(s)]3ds —|—/ Otuos[A(s)]3ds} - ')/35;51)

83

= (—1)3/ 0t - O(RS=3=12)dxdy - 735?1)
= Oulspecelolsgeves (Lp+1/a=1).

By using (4.1)—(4.8) and Holder inequality we have
a(Wy +15,0%) = Za(W4 +15,0%) = O(h6)|u|5,p|v|'37q, Vo € Sh. (4.9)

e
Then by using inverse estimation, we have the first and second basic estimations. The
proof is completed.
By (3.12), (3.14),Lemma2,Theorem 1 and inverse estimation we have
a(u — W,v) = a(u — W,v*) = a(Wy + 15,0*) + a(Qq, v*)
= O™ ulls pllvlly—mg> Vv € SH(L) (4.10)
1/p+1/g=1,m=0,L1.
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Note that
O (u —W)(2) = a(u — W, 0,G"), (u — W)(2) = a(u — W, Gh). (4.11)
where u” € SP() is the finite element approximation of u.
It is easy to obtain following result using the methods offy 1q):

Theorem 2. Under the conditions of Lemma 3 and Theorem 1, if u” is the finite
element solution, then we have following superconvergence estimations:

O (ul = W)(2) = O(h*)|lulls,c0-
(u" = W)(2) = O(h°)| log h [[u]|5 c0-
Vz € de,Ve € J"

Further more, there are estimations of higher order on the Gauss points {G} and the
Lobatto points {z} of 3-th order on each side of element e,(see (3.4)), respectively:

0r (u—uh)(G) = (") [[ulls 00,
(u — uP)(20) = O(h®] log h|)||ul5 00- (4.12)

Remark. From the theory of local estimations, if the domain U, which contains

the points G or zg, is covered by the uniform triangulation, then (4.12) is valid as well
provided u is sufficient smooth in U.(see [19)Ch.5).

Running through Lagrange triangular element with k=1,2.3, but considering
only strictly natural superconvergence for dyu,Figure of Wahlbin and etc.[7] is as fol-
lowing:

k=1 A midpoint of side parallel to z—axis
k=2 A no superconvergence for 9,u
k=3 A mitpoint of side

and our figure is following:

k=1 A midpoint of side parallel to z—axis
k=2 A second order Gauss points
k=3 A 3-th order Gauss points

Considering only strictly natural superconvergence for u,The figure of Wahlbin and etc. is
as following:

k=1 A no superconvergence
k=2 A mitpoint of side
k=3 A No superconvengence for u and our figure is as following:
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k=1 A no superconvergence

k=2 second order Lobbato points
k=3 A 3-th order Lobbato points
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