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Abstract

In this paper, the linear finite element approximation to the elastic contact
problem with curved contact boundary is considered. The error bound O(h?) is
obtained with requirements of two times continuously differentiable for contact
boundary and the usual regular triangulation, while I.Hlavacek et. al. obtained
the error bound O(h%) with requirements of three times continuously differentiable
for contact boundary and extra regularities of triangulation (c.f. [2]).
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1. Preliminary

The error estimate of linear finite element approximation to the elastic contact prob-
lem with curved contact boundary was considered in [2], in which the authors obtained
the error bound of O(h%) with a much complex proof, requirement of three times con-
tinuously differentiable for contact boundary and extra regularities of triangulation (c.
f. [2, Theorem 3.3, p.149]). In this paper, we obtained the error bound of O(h%) with
only requirement of two times continuously differentiable for contact boundary and the
usual regular triangulation (c.f. [1]).

According to the notations in [2], let @ = Q' U Q".

HHQ) = {v = (',0") 10" € [HH(Q)]?,0" € [H(Q")]*},
V={veH (Q):v'=0 on T'y,v! =0 on Ty},

K={veV:v, +v <0 on T},

where v, = v;n; the normal component of the displacement, then the elastic contact
problem with curved contact boundary is as follows (c.f.Fig.1):

(1.1)

to find u € K, such that
A(u,v —u) > L(v — u) Yv € K,
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where

A(u,v) :/aij(u)eij(v)dx,
Q
L(v) = / Fivid.ﬂc—i—/ Pv;ds,
Q I's
1 . .
eij(v) = E(iji + 0jv5),1,j = 1,2, —the tensor field of strain,

Oij = Cijkm€km (0),%,J = 1,2, — the tensor field of stress ditermined
by the generalized Hook’s Law,

and Cijkm = Cjikm = Ckmij>

Cijkm(T)eijerm > coeijeij, (1.2)

holds for all symmetric matrices (e;;)1<;ij<2 and all z € Q. It is well known that the
equivalent boundary value problem of (1.1) is as follows (c.f.[2]):

—Bjaij(u) = F; in Q=Q'U Q”; (1.3)

u=20 on [y,

af\]"(u)né‘/f = PiM,M g on ngf C 9OM (1.4)

u, = 0,7y =0, on [g;

Up +up <0, T, =T, <0,
(up, +up)T) =0, on I, (1.5)
T, =T/ =0,

where T, = ojnni, T, = oynjt;,n™ = (n} nd") and tY = (tM,t}) are the outer
unit normal and the corresponding unit tangential to 9QM.

Here and what follows a repeated index always means summation over the number
1, 2.

Consider the linear finite element approximation to the problem (1.1). Let 7, and
T, be the regular triangulations of Q' and Q" with consistency, which means that the
node on I'y, is the common node of 7} and 7} (c.f. Fig.2). Let V}, be the linear finite
element space corresponding to V, which particularly means that v, = 0 on I, and
vy, =0 on Ty for v, € V}, and

Ky, = {vy € Vi : (vp,,, +v1,)(P) <0 V nodes P €T}, (1.6)

then the linear finite element approximation to the problem (1.1) is as follows:

{ to find up, € Ky, such that (1.7)

A(uh,vh - uh) > L(Uh - uh) V v, € K.
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Fig.1 Fig.2

2. Error Estimate

In this section, we present the error estimate of the approximate problem (1.7).
First the abstract error estimate is the following (c.f. [2]).
Lemma 1. Let u and uy be the solutions of (1.1) and (1.7) respectively, then

u—wP <O inf {u—w+ [ Ti 0 — ) - (0 —ui)ldsh, (2)
v EKp, Ty
where C'= Const. > 0 independent of u and h, and
jof? = A(v,v) (2.2)
Noting that v}, is defined on v C I'y, with the natural extension of v}, |+ as follows:

let 7/ be the curved triangle consisted of @iaz,aias and v = asas, then v;L|g € Pl(TN’)
and v} |+ remains the original (c.f.Fig.3).

Sck?

a,
Fig.3
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Lemma 2. (c.f.[3]) VYT € T,
| wlds < C{h ol blofi )V we H(). (2.3)
oT ’ ’

We have the following error estimate

Theorem 3. Assume that the curved contact boundary I'y is two times continu-
ously differentiable, the solution u € H?(Q) of the problem (1.1), and the triangulation
Tn of @ =Q UQ" is reqular and consistence. Then for the approximate problem (1.7),
the following error estimate holds

Ju — un|? < CR|T, (w)llor, {

)} (2.4)

=1
where C'= Const. > 0 independent of u and h.

Proof. Let vy, = llju, the piece wise linear interpolation of u with respect to 7y,
then

lu —up|* < C{Ju — Myul* + /F T (u')n'[(Tpu’ — uh) — (Tpu” — uy)]ds}. (2.5)
k
By the error estimate of piece wise linear interpolation, we have
lu — Thul? < Ch2|u|%,Q. (2.6)

We now estimate the second term on the right hand side of (2.5) as follows
(i) First we have

1= [ T ) — (e~ uf))ds
k
= [ T (u)n[(Tpu' — ') — (" —u")]ds
Ly
+ [ T (W) [(v —up) — (v —uy)]ds = I + L. (2.7)
I

Also using the error estimate of piece wise linear interpolation and Lemma 2, we have

3
Iy < Ch2||T () [lo,r, Jul2.0- (2.8)

(ii) By the conditions (1.5), the second term I on the right hand side of (2.7) can
be written as follows

L=— [ T (u)n (u}, — up)ds
I
. / L—uds = 3 I, (2.9)
Yl YCT

Again taking account of the conditions (1.5) and wuy € K}, we have

Iy = — /T ! iy — ) — WM—%MMﬁ—AﬂWM%%wMM@
—Amwxm%—%wmmhwmmwa (2.10)



Error Estimate of the Curved Contact Boundary Problem 565

where [n/(u), — u})]|,, denotes the restriction of n'(uj, — u}) on v, = azaz (c.f.Fig.3).
Then

Lo < = [ Tata) oty = b, ) = uf)ds = [ Th(aynd, [(ah, = )l = (= i), s
v v

=L, +13,. (2.11)

(iii) We now estimate the term 121,7 (c.f.Fig.3). Let the chord azay = « be denoted by
s =s(t),0 <t <, which is two times continuously differentiable by the assumption
of the theorem, and s(0) = s(y,) = 0. Then by the Taylor expansion, it can be seen
that

|ds(t)
dt
and from which we have (c.f.Appendix)

| < Ch7 te [07’Yh]7

[ty —nl, | < Ch. (2.12)
Thus, with use of Lemma 2,
B3, < Ch|T, () losllunllo,y (2.13)

Next, we estimate the term I22ﬁ as follows. We have (c.f.Fig.3)

[un (P) = up (P)| < [PP'[|Vup| < Ch?[Vuy, (2.14)

and
W (P) — uf(P")] < Ch2|Vu, (2.15)

then, with use of Lemma 2,

13, < Cn* [ T, (Vu] + Vuf))ds
v

< CR2||T (u) lloy (Ve lloy + V0" [lo )
3 1
< Ch|| T (u) oy (Jup £ 7o + [uh|T 70) % (2.16)
From (2.9), (2.11), (2.13) and (2.16), and using the trace theorem, it can be seen that

Iy < Ch|IT, (u)lo,r, (lunllne + llupllory, + lugllor)
< Ch|IT ()l lunll e (2.17)
(iv) Finally |Jup||1,0 can be estimated as follows. In (1.7), taking v, = 0 implies
that

2
Jun | < L(up) <Y (|IF;

=1

lo.o + [[1Billo.r, ) lun e, (2.18)

then with use of Korn’s inequality and Poincare inequality, it can be seen that

llupllio < Clupl, (2.19)
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from which we have

2
lunllie < €Y _{lIFillog + [Billor, }-
1=1

From (2.17) and (2.20), we have

2

I < CR|IT, (u)llox, D_{Filloe + 1 Pillo.r, }-

i=1
From (2.7), (2.8) and (2.21), the proof is completed.
Appendix. Noting the Fig.3, it can be seen that

Wy = (=5'(t), 1)/, Wy, =(0,1),
then

A-1
— =2
171y = @l =22

A =./s'(t)?+ 1.

Using the inequality (2.12), we can easily obtain that

where

— —
17 |y = 7]y, |I* < OB
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